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PREFACE. 



Li the preparation of the New UniTcrsity Algebra, care has been taken 
to pi-escrve every feature of the original work, on which rested, in any 
dcgix^e, its chiims to sniieriority. The aim has been to make that Vliich 
was ffoody decidedly better. Hence the changes that have been made, con- 
sist, for the most part, in more apt ai'rangcment, in large additions of orig- 
inal matter, and in presenting the whole in more attractive form. 

The treatise, as now submitted to the public, is, indeed, far more com- 
plete than the fonner, not only in the range of topics, but also in gen- 
eral discussions and practical ai>plications. In many parts the methods 
of investigation are essentially different, — the object being, in some m- 
stances, to secure simplicity in logical arrangement, and in others, to es- 
tablish principles and rules by more general and rigorous demonstrations. 

The articles on Inequalities, Differential Method of Series, and Interpo- 
lation, which, in the old treatise, appear as an appendix, have been elabo* 
rated, and made to take their appropriate place in the body of the work. 

The section on Badical Quantities is quite full, embracing the more 
important properties of Imaginary Quantities and Quadnitic Surds, be- 
sides a ooniplete logical development of the Theory of Exponents. 

As, In the author's New Elementary Algebra, the Binomial Theorem 
has been fully iuvestig:ited with reference to integral exponents, it has 
been deemed unnecessary to repeat here the particular demonstration. 
Accordingly, the whole subject is deferred till the. section on Series is 
reached, where a general demonstration of this theorem is given in a con- 
cise way, and a full variety of applications added. The whole subject^ 
as presented in this connection, with the accompanying illustrations, can 
not fail to interest the lovers of Algebra. 

The General Theory of Equations is treated in two sections, the one 
embracing th» general properties of equations, and the other the solution 

(iin 



IV PREFACE. 

of nnmerical eqiudons of all degree& The whole sobjeci is here pre- 
sented, howerer, in a condensed form, the student bdng ctmdncted, in a 
manner direct as possible, fix>m the theoretical to the practicaL The 
section on the Properties of Equations, it is proper to say, owes its im- 
proved character to the able hand of Prof L F. Quixbt, of the University 
of Rochester, whose services in perfecting other books of this Series de- 
serves especial mention. 

The effort which has been made in this treatise, to combine the bed 
pracUeal with the highe&t theoretieal character, is specially commended to 
the notice of the true educator. Great care has been taken everywhere 
to set forth in distinct form the prineipUs of the science, their exact log- 
ical relations being noted by proper references ; while due prominence has 
been given to those numerous precepts and expedients which are so nec- 
essary to the constitution of an expert Algebraist. 

Tlie design throughout has been, not to conceal, but fully to reteal the 
difficulties of the science, and to encourage the learner, not to awid, but 
to grapple with, and overcome them ; smce, to the student of Mathemat- 
ics, labor rightly directed, is discipline, — ^and discipline, after all, is the true 
end of education. 

It is but just to state, that J. C. Porter, A. M., has had the constant 
care and supervision of the present work, having also rendered important 
assistance in the preparation of some other works of the Scries, — a fact 
which, considering his long and distinguished success as a teacher of 
Mathematics, and his acknowledged ability as a mathematical scholar^ 
ought to afford a sufficient guarantee for the utmost accuracy and class- 
room fitness on every page. 

Thus distinguished for fhllness of matter ; for scientific arrangement ; 
for ample discussion and rigid demonstration; for clear statement and 
close definition ; for rules brief and of easy application ; for examples 
numerous, apt and strictly practical; for the nicest adaptation to the 
purposes of teaching ; for the finest mechanical execution ; for whatever, in 
short, care, skill, science and taste can accomplish ;~the New University 
Algebra is submitted to the puVlic. 

July, 1809. 
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A TREATISE Olf ALGEBRA. 



SECTION* I. 
DEFINITIONS AND NOTATION. 

1. Quantity is anything that can be increased, diminished^ or 
measured ; as distance, space, weight, motion, time. 

A quantity is measured by finding how many times it contains a 
certain other quantity of the same kind, regarded as a standard. 
The conventional standard thus used is called the unit of measure, 

S. Mathematics is the science which treats of the properties 
and relations of quantities. It employs a peculiar language, con- 
sisting of symbols, to express the values of quantities, and the 
operations to which these values are subjected. The symbols are 
of three kinds, as follows : — 

1st. Sf/mbols of Quantity, consisting of figures or numerals used 
in arithmetical computations, letters and other characters used in 
general analysis, and graphic representations or drawings used in 
geometrical investigations. 

2d. St/Tfiboh of Operation, consisting of the signs or characters 
employed to indicate those mathematical processes by which quanti- 
ties are made to undergo changes of value, such as addition, sub- 
traction, multiplication and division. 

3d. Symhoh of Relation, consisting of the signs used in com- 
paring quantities with respect to their relative magnitudes, and 
certain abbreviations employed in the process of reasoning. 

3« Algebra is that branch of mathematics in which quantities 
are represented by letters, and the operations and relations are 
indicated by signs. The object of algebraic notation is to abridge 
and generalize the analysis of mathematical problems. Algebra is 
therefore a species of universal arithmetic, 

(9) 



10 ALGEBRAIC QUANTITIES, 

SYMBOLS OP QUANTITY. 

4. An Algebraic Quantity is a quantity expressed in alp^cbraio 
language. There are two kinds of algebraic quantities — known and 
unknown, 

5. Known Quantities are those whose values are given ; when 
these are not expressed by figures they are represented by the 
leading letters of the alphabet, as a, b, c, d, 

O. Unknown Quantities are those whose values are to be deter- 
mined ; they are represented by the final letters of the alphabet, as 
«, a:, y, z, 

7» The small italic letters just given are the more common s3Tn- 
bols of quantity. In addition to these, capital letters arc sometimes 
employed, as -4, jB, C, Z>, X, Y, Z, etc. 

Quantities which have like relations to a series of quantities in 
any investigation, are sometimes represented by a single letter 
repeated with different accents, as a, a', a", a'" a"", read, a, a 
prime, a second, a third, etc. ; or by a letter repeated with different 
subscript figures, as a, Oj, a^, Qj, a^, etc., read, a, a sub one, a sub 
two, a sub three, etc. 

In certain investigations it is convenient to represent quantities 
by the initial letters of their names. Thus, S or s may represent 
sum ; D or d, diffrrence or diameter; R or r, ratio^ remainder or ror 
dius. In some cases the capital and the small letter may be used to- 
gether to distinguish between two quantities of the same kind. 'J'hus, 
in a problem relating to two circles, r may represent the radius of 
the smaller, and B the radius of the larger circle. 

SYMBOLS OP OPERATION. 

8. The Sign of Ad^tion is the perpendicular cross, -f, called 
plus. It indicates that the quantity written after it is to be added 
to the other quantity or quantities in the expression. Thus, in 
a-\-h, the sign indicates that the quantity 6 is to be added to the 
quantity a ; and the expression is read, a plus h, 

9. The Sign of Subtraction is a short horizontal line, - , 
called minus. It indicates that the quantity written after it is to be 
subtracted irom the other quantity or quantities in the expression. 



// 
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DEFINITIONS AND NOTATION. 11 

Thus, in a — 6, or — 6+a,the minus sign indicates that the quantity 
& is to be subtracted from the quantity a; and the expression is 
read, a minus b, or minus h plus a. 

The sign ^ may be written between two quantities to indicate 
that their arithmetical difference is to be taken, when it is not known 
which is the greater. 

10. The Double Sign, ±, is written before a quantity to indi- 
i*/ate that it is to be both added and subtracted ; it serves to unite 
in a single expression two combinations of the same quantities. 
Thus, a±6 is equivalent to a-\-h and a — 6, and is read a plus oi 
minus h. 

11. The Sign of Multiplication is the oblique cross, x. It in- 
dicates that the quantity before it is to be multiplied by the quantity 
after it. Thus, in a x6, the sign indicates that a is to be multiplied 
by 6. Instead of the sign, x, a point is sometimes used to denote 
multiplication ; as Bor'y, which signifies the same as 3 x x xy. 

The multiplication of quantities which are represented by letters, 
is generally indicated by writing the factors one after another with- 
out any intervening sign. Thus, 3a6c signifies the same as 
3 xa X 2> X c, or Z'a-h-c. It is evident that this notation cannot be 
employed when the several factors are represented by figures. We 
cannot represent 3 times 4 by simply writing the factors together, 
thus, 3 4 ; for the product thus indicated could n«t be distinguished 
from the number 34. 

Notes. 1. Tlie result of any multiplication is called a product^ and the 
quantities multiplied are called /actor*. 

2. When the quantities to be multiplied are represented by letters, 
they are called literal factors ; when they are represented by figures, 
they are called numerical factors. 

12. The Sign of Division is a short horizontal line with a 
point above and one below, -f-. It indicates that the quantity 
before it is to be divided by the quantity after it. Thus, in a-f-^, 
the sign indicates that a is to be divided by b. 

Division is also expressed by writing the dividend above, and the 

divisor below, a short horizontal line : as _. 

b 

13. The Sign of Involntion is a number written above and tu 
th^ right of a quantity, to indicate hovr many times the quantity is 
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to be taken as a factor. Thus^ in a*, the number 5 indicates that 
a is to be taken 5 times as a factor; and the expression is equivalent 
to aaaaa. 

A factor repeated to form a product is called a root ; the product 
itself is called a power ; and the figure which indicates how many 
times the root or factor is taken, is called the exponent of the pow- 
er. Thus, in the indicated product a*, a is the root, a* is the power, 
called the 5th power of a, and 5 is the exponent of this power. 
When no exponent is written over a quantity, the exponent 1 
may always be understood. 

Note.— For the sake of brevity, the exponent of the power may be 
called the exponent of the letter or quantity over which it is placed. 
Thus in a*, 5 may be called the exponent of a. 

14. The Sign of Evolution, or Eadical Sign, is the character 
^. It indicates that some root of the quantity after it is to be ex- 
tracted. The name or index of the required root is the number 
written above the radical sign. Thus, \/a denotes the cube root of 
a; Va denotes the 4th root of a; and so on. When no index is 
written over the sign, the index 2 is understood ; thus, \/a denotes 
the square root of a. 

Fractional Exponents are also used as the sign of evolution, the 
denominator being the index of the required root. Thus, in a^y 
the denominator, 3, indicates that the cube root of a is required, 
and the expression is equivalent to Va. 

Fractional exponents are used to denote both involution and 
evolution in the same expression, the numerator indicating the 
power to which the quantity is to be raised, and the denominator 
the required root of this power. Thus, the expression a* signifies 
the 4th root of the 3d power of a, and is equivalent to %/«*• 



SYMBOLS OP RELATION. 

15. The Sign of Equality is two short horizontal lines, =. 
It indicates that the two quantities between which it is placed are 
equal. Thus, in a=h-\-c^ the sign, =, indicates that a is equal to 
h plus c. An expression of equality between two quantitieis is 
ealled an equation. 
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16. The Sign of Inequality is the angle, >. It indicates that 
the quantities between which it is written are unequal, the opening 
being always turned toward the greater. When the opening is 
toward the left, it is read greater than ; when the point or vertex 
is toward the left, it is read less than. Thus, a>6 signifies that a 
is greater than b ; x-\-y<,z signifies that x plus y is less than z. 

17. The Signs of Aggregation are the parenthesis, (), brackets, 

[ ], brace, | }, vinculum, , and bar, | . They indicate that 

the quantities included within, or connected by them, are to be ta- 
ken collectively and subjected to the same operation. Thus, 

(a+i — c) X, \a-\-b—c\ Xf {a+b — c}x, a+b — c x x, 



+a 
and +b 



X 

are expressions signifying that the whole quantity. 



a-\-h — c, is to be multiplied by x. Two or more of these signs 
may be used correlatively in the same expression, in which case the 
brackets should include the parenthesis or vinculum, and the brace 
should include the brackets ; thus, 

im — a[c — 6(m-f-«?)]+«}. 

18. The Sign of Continuation is a succession of points, indicating 
that a series of quantities may be continued indefinitely according to 

the same law. Thus, in the expression, a +a*+^*+^^+ j 

the points indicate that the series has an infinite number of terms, 
all formed according to the same law. 

19. The Sign of Katio is two points like the colon, : , placed 
between the quantities compared. Thus, the expression, a : by sig- 
nifies the ratio of a to b, 

SO. The Sign of Proportion is a combination of the sign of 
ratio and the sign of equality, : = : ; or a combination of points 
only, : :: : . Thus, a : 5=c : ef, signifies that the ratio of a to 6 
is equal to the ratio of c to c^ ; and the expression a \ b:ic ', d 
signifies the same, and may be read, a is to 5 as c is to cf. 

31. The Sign of Variation is the character oc . It signifies 
that the two quantities between which it is placed, whether equal or 
unequal, increase or diminish together, so as to preserve constantly 
the same ratio. 

Note. — The signs of ratio, proportion, and variation, will be more M- 
ly explained hereafter. 
2 
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COMPOSITION OF ALGEBRAIC QUANTITIES. 

33. An algebraic quantity may consist of a single letter oi 
element, or a combination of symbols as factors, or several combina- 
tions or parts. Tbe parts are called terms ; hence, 

33. The Terms of an algebraic quantity arc the parts or divis- 
ions made by the signs + and — . Thus, in the quantity 
5a-\-2b* — ex, there are three terms, of which 6a is the first, -fii^' 
the second, and — ex the third. 

24:« When a quantity consists of a single term, it is said to be 
simple ; when it is composed of two or more terms, it is said to be 
compound, 

Sti. Positive Terms are those which have the plus sign ; as 
-\-x, or j-'Zc'd, The first term of an algebraic quantity, if written 
without any sign, is positive, the plus sign being understood. 

S6. Negative Terms are those which have the minus sign ; as 
— 3a, or — 2mx*. The sign of a negative quantity is never omitted. 

37« A CoefS.cieiit is a number or quantity prefixed to another 
quantity, to denote how many times the latter is taken. Thus, in 
Sxj the number 3 is the coefficient of Xy and indicates that x is 
taken 3 times; hence, th6 expression 8j: is equivalent to x-\-x-\-x. 
In 4ax, 4 may be regarded as the coefficient of ax, or 4a as the 
coefficient of x. In ^(a+x), 5 is the coefficient of a+x. When 
no coefficient is written, the unit 1 is understood. 

28. It should be observed that in a term having the plus sign, 

the coefficient shows how many times the quantity is taken ruhlitlve- 

ly ; and in a term having the minus sign, the coefficient shows how 

many times the quantity is taken sidAractively, Thus, 

-|-3a= -\-a-\-a'\-a 

— 3a = — a — a — a 

SO. Similar Terms are terms containing the same letters, 
affected with the same exponent-s ; the signs and coefficients may 
differ, and the terms still be similar. Thus, ^x* and 7a;* are similar 
terms ; also, 2m(Z* and — bm^r are similar terms. 

30. Dissimilar Terms are those which have different letters or 
exponents. Thus, axy and ayz are dissimilar ; also 3ar'y and 3ar V* 

31. A Monomial is an algebraic quantity consisting of only one 
term ; as 3a::, or — Ixy. 
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3S« A Folynomial is an al<rebraic quantity consisting of more 
than one term ; as ar-}-,y, or4rf' — Sx-\-m, 

33. A Binomial is a polynomial of two terms; as a>|-&, or 

34. A Eesidual is a binomial, the two terms of which arc con- 
nected by the minus feign; as a — 6, or Ax — 3y. 

3tl. A Trinomial is a polynomial of three terms; as x+i/+Zf 
or 1(1 — '6ff*-{-(L 

30* The Degree of a term is the number of its literal factors. 
Since the exponents show how many times the different letters are 
tiikeu as factors, the degree of a term is always found by adding 
the exponents of all the letters. Thus, x and 5y are terms of the 
first degree ; a* and Aab are terms of the second degree ; x*, 3 jr'y, 
3xy', and 4xi/z are terms of the third degree. 

37. A Homogeneous Quantity is one whose terms arc all of 
the same degree ; as x* — 5x*^+3xy«. 

35. A Function of a (Quantity is any expression containing 
that quantity. Thus cu;* is a function of x; 3y*-|-2y— 4 is a func- 
tion of y. 

AXIOMS. 

39* An Axiom is a self-evident truth. The following axioma 
underlie the principles of all algebraic operations : 

1. If the same qrpr.tity or equal quantities be added to equal 
quantities, the sums will be equal. 

2. If the same quantity or equal quantities be subtracted from 
equal quantities, the Remainders will be equal. 

3. If equal quantities be multiplied by the same, or equal quanti- 
ties, the products will be equal. 

4. If equal quantities be divided by the same, or equal quantities, 
the quotients will be equal. 

5. If a quantity be both increased and diminished by another, its 
value will not be changed. 

6. If a quantity be both multiplied and divided by another, its 
value will not be changed. 

7. Quantities which are respectively equal to the same quantity, 
i^ro equal to each other. 
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8. Like powers of equal quantities are equal. 

9. Like roots of equal quantities are equal. 

10. The whole of a quantity is greater than any of its parts. 

11. The whole of a quantity is equal to the sum of all its partai 



EXERCISES IN ALGEBRAIC NOTATION. 

40. In the examples which follow, it is required of the pupil 
simply to express given relations in algebraic language. 

1. Give the algebraic expression for the square of a increased by 
by 4 times b. Ans. a'-|-46. 

2. Give the algebraic expression for 7 times the product of x and 
^, diminished by 5 times the cube ofz. 

3. Indicate the quotient of 12 times the square of a minus 5 times 
the cube of 6, divided by the sum of a and c. 

4. If d represent a person's daily wages, what will represent his 
wages for 6 days 1 Ans. Qd, 

5. An army drawn up in rectangular form, has b men in rank, 
and a men in file ; of how many men is the army composed f 

6. If a man labor m days in a week at c dollars per day, what 
will his earnings amount to in 7 weeks 1 

7. The length of a prism is a, the breadth c, and tlie altitude 
a—c) required the solid contents. Ans, a/c{a — c). 

8. A has 4m dollars, 6 has m times as many dollars as A, and C 
has 3 times as many dollars as B wanting d dollars; how many 
dollars has C ? 

9. A dealer sells h sheep and c calves, at an average price of m 
dollars per head ; how much does he receive for all ? 

10. A man haa 3 square lots measuring m rods on a side ; how 
many acres in the 3 lots % m 3m' 

^* 160' 

11. From a rectangular piece of land whose length was a rods 
and whose width was h rods, there were sold c acres ; how many 
acres remained unsold ? 

12. A ship laden with a barrels of flour, valued at m dollars per 
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barrel, met with a disaster by "which h barrels were lost, and the 
remainder damaged to the amount of d dollars per barrel ; what waa 
the worth of the remainder ? Ans. (a — 6)(m — d), 

18. A man haying c acres of land worth b dollars per acre, divi- 
ded its yalue equally between m sons and one daughter; how many 
dollars did each receive 1 

14. A company of n persons began business with a joint capital 
of c dollars. The first year they gained h dollars^ the second year 
they lost d dollars, the third year they doubled the capital with 
which they began that year, and then dissolved partnership, sharing 
ex^ually their accumulated capital ; what was each man's share f 



COMPUTATION OF NUMERICAL VALUES. 

41. The Numerical Value of an algebraic quantity is the num- 
ber obtained by assigning numerical values to all the letters, and 
performing the operations indicated. 

1. What is the numerical value of (a*— ic)a, when a=30, 
5=25, and c=28 ? 

OPERATION. 

(a«--5c)a=: (30 X 30-25 X28)x80=200x30=6000, Ans. 
Find the numerical values of the following expressions, in which 
a=12; 6=10; c=8; m=6j n=5; d=2. 

2. a*— be. Ans. 64. 

3. (a+bd)m. Ans. 192. 

4. am+c* — fnd\ Ans. 40. 

5. (a+6)m— (c+rf)». Ans. 82. 

6. [4a«-(86*— 2c)]A Ans. 584. 

7. (a«_6) (&•— a). Ans. 11792. 
1^=:^ Ans. 8. 



8. 



10. 



n 



Zam-(b'+2c) a*-d' ^^ ^ 

2* B 
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Find tho numerical values of the following expressions, in wliiob 
a=8 ; A=6 ; c=4 ; d=2 ; m=3 ; n=l. 

11 ^ ^ ^ > Am. 6. 

12. (6a«n— 4m«(Z) (m«-7n). Aum. 836. 

a'{-b-\-c-\'d-{-m-{-n 

14 f^_25)c. ^».. 28. 

15. (2c(aV—m*) — 2(56*+4»») +«}<*•. -<!«». 8424. 

16. K±^) C^-^+O ^„. 80. 

m'—c (»+l)+l 

17. h -J—, )• ^M. 71. 

m.\ c ' m*— i/ 

18. - ] [a4-2cXm— dT»»— 2 («*+">*) } ' -*"*• ^*- 

m-j-n 

6«'-22rt+18 . , . 

22- a.-6a'+lTa-6 - ^"^ ^^8»- 

12 8 J 1 8 

28. ,-=3+— 2+^- ^"••M,. 



SIQNIFICATION OF THE PLUS AND MINUS SIGNS. 

42. The sijms, ,+ si"^ — > ^^^^ ^®<5° defined as tymhoh of 
openition^ the former indicating addition, and the latter subtraction. 
Now when we meet with detached or single terms affected with the 
plus or minus signs, as for instance in the examples of addition, 
subtraction, multiplication or division, wo are to consider the positive 
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terms as quantities taken adfh'twpJi/y and the negative terms as 
t|uuntities takon suUravtictft/ ; and this is the only signification that 
Dced be attached to these signs, at present 

It is obvious tliat positive and negative terms, as just explainad, 
are in an important sense opposites. And it will be shown in a 
future section (183 ) that quantities sustaining to each other various 
other relations of opposition or contrariety, are distinguished by the 
plus and minas signs. 

43* In order to establish general rules for algebraic operations, 
it will be necessary in this place to recognize the following principles, 
consccjuent upon the peculiar manner of considering quantities in 
Algebra : 

1. — A quantity may be considered as having two kinds of 
value, — an absolute or numerical value determined simply by the 
number of units it contains, and an algebraic value depending on 
the sign. 

2.— Two quantities having the same absolute value, but affected 
with unlike signs, are not algebraically equal. Tints, 5fi is not 
equal to — 5rr, for the former expression signifies that a is taken 
additively five times, and the latter signifies that a is taken subtract- 
ively five times. 

3. — Two quantities having the same absolute value, but aficcted 
with unlike signs, are together equal to zero. Thus if a denote the 
absolute value of any (|uautity, then 
+«— rf=0 

+2ci— 2ci=0 
4-3a-3a=0yeto. 



BNTIRB QUANTITIES. 



ADDITION. 



44. Addition, in Algebra, is the process of uniting two or more 
quantities into one equivalent expression called their mm, 

4ti. The term, addition, has a more general meaning in Algebra 
than in Arithmetic, because the quantities to be added may be cither 
positive or negative. 

46. The Arithmetical Sum of two or more quantities is the 
Bum of their absolute values, and has reference simply to the num- 
ber of units in the quantities added. 

47. The Algebraic Sum of two or more quantities is a quantity, 
which, taken with reference to its sign, is equivalent to the given 
quantities, each taken with reference to its particular sign. 

48. To deduce a rule for addition, which will conform to the 
nature of positive and negative quantities, let us consider the fol- 
lowing examples : 

1. Add 4a, 3a, and 5a. 

Since in these quantities a is taken additivel^y 4, 3, and 5 timeSi 
or 12 times, the algebraic sum required must be -f I2<^ } or simply, 
12a. That is, 

4a+3a+5a=12a 

2. Add — 4a, — 3a, and — 6a. 

Since in these qantities a is taken Buhtraciively, 4, 3, and 5 timeS| 
or 12 times, the algebraic sum required must be — 12a. That iS| 
—4a — 3a — 5a= — 12a 

Hence, 

The algebraic sum of two or m>ore similar terms having like signs, 
is the sum of their absolute values taken unlh their convmon sign, 

3. Add la and — 3a. 
From Ax. 11 we have 

7a=4a+3a 
The sum of 7a and — 3a is therefore the same as the sum of 
4a, 3ff, and — 3a. But since 3a and — 3a taken together are equal 
to nothing, (43. 3), the required sum must be the remaining tenUi 
4a. That is 

7a+(— 3a)=4a-f3a — 3a=:4a, Ans. 
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4. Add — 7a and 3a. 

From Ax. 11, 

— 7a= — 4a— 3a 

The sum of — 7a and 3a is therefore the same as the sum of 
— 4a, — 3a, and 3a. But, since — 3a and -\-^a taken together are 
equal to nothing, (43, 8), the required sum must be the remaining 
term, — 4a. That is, 

— 7a-f-3a=~4a — 3a-|-3a= — 4a, Ans. 

Hence, 

The algebraic sum of two similar terms having unlike signs, is the 
difference of their absolute values taken toith the sign of the greater 
term. 

It may further be observed, 

1st. That three or more similar terms, having different signs, may 
be added, by first finding the sum of the positive terms, and the sum 
of the negative terms, separately, and then adding these results. 
Thus, 

8a — 6a — 4a-|-2a+8a=13a — ^9a=4a 

2d. Dissimilar terms cannot be united into one term by addition, 
because the quantities have not a common unit. We can there- 
fore only indicate the addition of dissimilar terms, by connecting 
them by their respective signs. Thus, the sum of a, 6, and — c is 

a-{-h — c 

3d. It is indifferent in what (yrder the terms of an algebraic 
quantity are written, the value being the same so long as the signs 
of the terms remain unchanged. Thus, 

a+6— c:=ft-|-a^— c=a — c-\-h^ — c-|-a-|-6 

For, each of these expressions denotes the sum of the three terms, 
a, 5, and — c. 

49. From these principles and illustrations we deduce the 
following 

KuLE. To add similar terms : 

I. When the signs are alike, add the coefficients, and prefix the 
srnn, with the given sign, to the cmn/mon literal part. 

II. When the signs are unlike, find the sum of the positive and 
of the negative coefficients separately/, and prefix the difference of 
the two sums, with the sign of the greater, to the common literal 
vart 
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To add polynomials : 

I. Wnte the quantities to he addedj placing the similar teitns 
tofjf'ther in st^parate columns, 

II. Add each column, and connect the several results hj/ their 
respective sit/ns, 

SXAMPLES FOR PRACTICE. 



(1) 


(2.) 




(3.) 


(4.) 


8^ 


— 6./'6 


+ 


a*cx 


— 9^V« 


ay 


— 2a'6 


— ia*cx 


x*yz 


4ry 


— a'b 


+C 


a*cx 


4jc*i/z 


6ry 


—Sa'b 
— 17a*6 


— 


a*cx 


— 3.i> 


14jy 


+2 


a*cx 


— 7u:*j/z 


(5.) 




(6.) 




(7.) 


Ax'—Sxy 


—7. 


i*e+ m 




Sa—2y/c 


«'+2^ 


+4. 


i*c— 3m 




4a+3%/c 


2x*— ay 


—5. 


Ai+bm 




a — 7y/c 


»x'+5xy 


+ a'c— 2i» 




ba-\-2y/c 


5.,'— 4.ry 


+9./V+4»ft 




2a— y/C 



15x" — ay 

(8.) 

4fc— 2r?)— m+ 4 

3(c— 2a)+4m— 8 

— 8(<--2c/)— 3m+12 

12(r— 2r0+ wi-~I6 

llCc— 2a)+ wi— 8 

10. Add 12a% ba% — 



4aV-|-5»i 



15a— 4v^c 



(^.J 



11. Add 4aicZ», 
Talfd^. 



4(fy— x')— 2V^a— a;+ 8 

2(a— 3:*)— Sl/^HI'— 12 

_ (,i_.t«)-^2l^tf— J-— 1 

10(a— a;") — 5K a— x 
a"a:, 6.t'^-, and — lOa'x. 

2aZ»<?, 7aft<r, aftcZ", — SaftcT, — 13a!*<^, and 

jln«. — aUr. 



12. Add 2a!y— 2a', 3a«+2ay, a'+ay, 4a'— 3ry, and 2xy— 2a'. 

Ans, 4a*+4a-y. 

13. Add 8a'x' — 3./y, 5ax — 5jy, ^jcy — 5ax, 2a*-c'+^y> 8^<i 
box — 3ay. Ans, lOoV — Q:y-\-baiX, 
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14. Add a'—2ac-{-cd+l, 3a*— 3ac— 3ref— 26, 2a«+ac— 5rcZ-t- 
66, and a*—iac+2cd^Sh. Ans, 7a'— 8ac— 5cJ+26. 

15. Add 2aV— 3m.r+4m«r7, 3mV+5aV— 5ma:, Qmx—Am'd 
--3aV, and 2mx— 3aV— 3mV. Ans. aV. 

16. Add 26x— 12, 3x'— 26x, 5x*— 3/x, 3|/x+12, and x*-|-3 

Ans. 9x'+3. 

17. Add 106*— 36x*, 26V— 6% 10— 26x«, 6V— 20, and 36x«-U 
^.^ ^,w. 106«— 26x*+36V— 10. 

is! Add 96c«— 18ac«, 156c«+ac, 9ac*— 246c«, and 9ac'-2. 

Aus, ac — 2. 

19. Add 6w'+2am+l, 6ainr-2m«+4, 2m«— 8aw+7, and 3m* 
_j ^«s. 9»i'+ll. 

20. Add 5x*-3x«+4x«-2.T+10, 7x*+2x«+2x«+5.r+2, and 
^._3^. Am. 12r*+Gx»+12. 

21. Add 3xy— 5xy— xV— a:^*+5jy, 7x«j^«— 4xV+2xVM 
2xj/«+xy , and xY—xf- 2xY +6xV+2xy. 

Ans, 6xy+8xy. 

22. Add 5a+3l/i;?^+4, 7a— t/«i'— 1— 5, 3 q— 5l/ wt*— 1 
_8, and 2a+2l/m*^+2. ^ws. 17a— l/m»— 1— 7. 

23. What is the sum of 3a*c^— 2c'ai+a^ci, 2a»c2-|.3c'a2— 
5ai*, and aV— Sc'a^+Sai* f Am. 6aV^-4c'a^4a'^ck 

24. What is the sum of 9a(a — 6) — imVm — c, ImVm — c — 
Qa{a — 6), and 12 mVni — c — 8a(a — 6) ? , 

Am. \bmvm — c — ba(a — 6). 

25. What is the sum of a-^-h+c+d-^-m, a+6+c+(/— m, a+ 
^-^-c— J — m, a-|-6 — c — d — »i, and a—h—c — d — m ? 

Am. 5a-f 36+c — d — 3m. 
SO. The Unit of Addition is the letter or quantity whose co- 
efficients are added, in the operation of finding the sum of two or 
more quantities. Thus, in the example, 
3x+2x+4x=9x 
the letter x is the unit of addition. Also, in the example, 

5V^;^4.4V^^4r^— 3l/aHpc=6l/a^ 
the quantity, va-\-c, is the unit of addition 
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SI. When diBBiiniUr terms have a common literal part, this may 
be taJcen as the unit of addition. The sum of the terms will then h% 
expressed by inclosing the sum of the coefficients in a parenthesisi 
and prefixing it to the common unit. 



(1) 

005* 

ha? 



EXAMPLES FOB PBACTIOE. 

(2.) (8.) 

Vlaocy* (pa — b)i/x 

— Soay" (2c — a)|/x 

2mxy* ( b — c)|/x 



(12a+2OT)jy» 






(4a+c)|/x 

(5.) 
( a^—Sb) (m«— 1) 

(8a +3/>) (m*— 1) 

Ans. (a-{-2c-\-id)x. 



(a-|.6_c)(x»_y») 

6. Add ttXy 2cXf and ^dx. 

7. Add ay -{-ex, ^ay-\-2cXy and 4jf-\-6x. 

An$, (4a+4)y-f(3c+6)x. 

8. Add Sx-\'2xy, 5x-|-cay, and (a-|-Z»)x-|-2cfltry. 

Ans. (a+26+3)x-f(2cc?+c+2)ay. 

9. Add ax+7y, 7ox — 3y, and — ^2wC+4y. 

Ans. (8a— 2)x+8y. 

10. Add (6 — a)|/x, and (c-f 2a — b)i/x. Ans. (c-\-a)i/x, 

11. Add (a +.2^) w* — cy/m, (2a — 6c) m — 3a\/m, (5c — 4a) m^ 
6\/wi, and (2a — 3^)m+4a\/m. Ans, (a — 6— c) (m-\-y/ni), 

12. Add ax-|-y+«j ^c+ay+a;, a?w? x-\-y-\-az. 

Ans. (a+2)(x+y+«\ 
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SUBTRACTION. 

S3. Subtraction, in Algebra, is tlie process of finding the differ- 
ence between two quantities. 

tS3. It is evident that 5 units of any kind or quality subtracted 
from 8 units of the same kind or quality, must leave 3 units of the 
same kind or quality. That is, 

+8ar— (-f6a)=-(-3a 
Also, — So — ( — ^^) = — ^^ 

But these remainders are the same as we shall obtain by changing 
the signs of the subtrahends and then adding the results, algebra- 
ically, to the minuends. Thus, 

+8ft— (+5a) = 4.8a— 5a= +3a 
_8a— (— 5a)=— *a+5a=— 3a 
Hence, in Algebra, 

Svhtr acting any quantity consists in adding the same quantity with 
tts sign changed. 

S4:. This principle may be established in a more general manner 
as follows : 

Let it be required to subtract the quantity h — r. from a. 
OPERATION. We first subtract b from a, indicating the 

tfinuend, a Operation, and obtain for a result, a — b. 

Subtrahend, b — c But the true subtrahend is not b^ but b—c; 

. and, as we have subtracted a quantity too 

ntffeienoe, a — b-\^ great by c, the remainder thus obtained 
must be too small by c ; wo therefore add 
c to the first result, and obtain the true remainder, a— &-f-c. Bis" 
this result is the same as would be obtained by adding — b-\-c to a. 
SSm It follows from the principle enunciated above, that any 
quantity is subtracted from nothing or zero, by simply changing i<g 
sign or signs. Thus, 

0-(+a)=-« 
0— (— a)=-t-a 
0—(ar-i)=-a+b 
8 
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56. From these principles and illustrations we deduce the fol- 
lowing 

E.ULE. I. Write the subtrahend underneath the minuend^ placing 
the dmilar terms together in the same column, 

II. Conceive the signs of the subtrahend to he changed^ unite the 
nmUar terms as in addition^ and bring d^ywn all the remaining ternit 
with their proper signs, 

EXAMPLES FOB PBAOTICE. 



(1.) 

12a:V 


(2.) 
5mc* 
9mc* 


(3.) (4.; 
Sa'bc —bxYz 
^2a*bc ^7xYz 


Qx'if 


— 4mc* 


ba'bc 2xYz 


(5.) 
4«+2x— 3c 
a-\-ix-Se 


(6.) 

3aa5+2y 

ax — 2y 


(70 

7aV— 4Vaj:— 3xV 
6aV— 6l/^i— 4j;V 


3a— 2x+3c 


2ax+4y 


aV+ V'^+ xhj 


(8.) 
4a*x+c*d-^^md^ 
a'x+cd'—Smd^ 


(9.) 
2m+5 — c« 


Ba*x+c*dn--cd'+7md^ 


3wi^6«_54.c«+c 



10. From 2x* — 3a;+y* subtract a — x* — 4x. 

-Irw. 3^*-|-"^+y* — ^• 

11. From 7a — 5c+2 subtract — a+c+2. ^n«. 8a — 6c. 

12. From 8x*— 3a:y+2/+c subtract a;*— 6a;^+3y*— 2c. 

Am. 7x*4-ary— y'+Sc. 

13. From a-f-^ subtract a — h. Ans, 2b, 

14. From lx+^ subtract Jcc — ^. jlrw. y. 
16. From a+^+c subtract — a — b — c. j1?w. 2a-f 26-f 2c. 

16. From 3a-6— 2x+7 take 8— 3ft+a+4x. 

Ans, 2a+26— 6a;~l. 

17. From 6/— 2y— 5 take _8y_5y+12. 

Ans. 14y4-3y— 17. 
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18. From S^+g'-j-i^— 3« take j— 8r+2»— 8. 

Ans. 3p+9r— 5a \-S. 

19. From 13a'— 2a2;+9x* take ba^—7ax—x\ 

Ans. 8a*+5ax+10xV 

20. From a*— 3x*+5x*— 7x+12 take a;*--4x*+2x*— 6j;+15. 

Ans. x*+3x'— CD— 3. 

21. From a»— 3a*c+6aV— 2a*c"+4ac*— c» take a»-4a*c+ 
2aV— 5a*c"+3ac*— c». Ans. a*a+3aV+3aV*+ac*. 

22. From 2x*+28x*+134a;*— 252x+144 take 2a;*+21a;"+ 
C7x«— 63X+84. Ans. 7x"+67x«— 189a:+60. 

23. From x»+6a;V+10xy +10xy +5xy*+y» take x*—bx*t/+ 
iOxy—lOxy+^xy*-^\ Ans. 10a;V+20xy+2y» 

24. From the sum of 6a;*y — llax" and 8j;*y-{-3aic", take 4x'y— 
4ax'+a. Ans. lOx'y — 4ax" — a. 

25. From the sum of Scdx+l^a^h—^ and 2cf;a>-8a"J+24 
take the sum of 12a*6 — Scdx — 8 and cdx — 4a*64-16. 

Ans. 12cdx— a'6+13. 
S7» The difference of two dissimilar terms may often be conven- 
iently expressed in a single term, as in (SI), by taking some com- 
mon letter or letters as the usiit of subtraction. 





EXAMPLES. 




(1.) 


(2.) 


(3.) 


2 ex 


mxY 


ax+by 


mx 


— 4xy 


ex — y 



(2c— m)x (m+4)xy (a--c)2;+(&+l)y 

4. From c*(f m+4ax' take cTm+Zax*. 

Ans. (c* — V)cPm+(ix*. 

5. From CLX+hy+cz take mx+ny'\'pz. 

Ans. (a — m)x+(h — w)y+(c— ^)«. 

6. From ax+bx-\'CX take x-\-ax-{'hx. Ans. (c — l)x. 

7. From (a+26+c) V^ take (2b—c)V^. 

Ans. (a4-2c)K ccy. 

8. From (3a— 2m)x*+(5a+2m).'c*4-(4fl^— m)x take (a-~m)x^ 
-(2a +n)x'+(2a-3m)x. 

Ans. (2a— m)x*+(7a+3m>*+(2a+2m>. 
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9. From I+2a«H-SaV+4aV+5aV take ^•+2aa*-j-3aV+ 

Ans. l+(2a_l);5«+(3a'— 2ay+(4a*— 3a«)2«+(5a*— 4aV- 



USE OF THE PARENTHESIS. 

S8* The term, parentTiesis, will be employed hereafter as a gen- 
eral name to designate the yarions signs of aggregation employed in 
algebraic operations. The following rules respecting the use of the 
parenthesis should be thoroughly considered by the learner, if he 
would acquire facility in algebraic transformations. 

SO* From the definition of the signs of aggregation, (17), we 
understand that if the plus sign occurs before a parenthesis, all the 
terms inclosed are to be added, which does not require that the signs 
of the terms be changed ; but if the minus sign occurs before a 
parenthesis, all the terms inclosed are to be subtracted, which re- 
quires that the signs of all the terms be changed. Hence, 

1. A parenthesis preceded hy tlie plus sign may he removex!^ and 
the inclosed terw^ written with their proper signs. Thus, 

a — h-\-(c — d-\-e)z^a — h-\-c — d-\-e 

2. Conversely : Any nwmher of terms^ with their proper signsj may 
he inclosed hy a parenthesis, and the plus sign written he/ore the 
whole. Thus, 

a — h-\-c — d'\-e=i a-(-( — h-\-c — d-\-e) 

3. A parenthesis preceded hy the minus sign may he removed^ 
provided the signs of aU the inclosed terms he changed. Thus, 

a — (h — c-\-d — c) = a — h-\-c — c?-|-c 
4« Conversely : Any numher of terms may he inclosed hy a parcn- 
them, preceded hy the minus sign, provided, the signs of all the given 
terms he changed. Thus, 

a — h-\-c — d'\-e=a — Z»-{-c — ((^ — e) 
60* When two or more parentheses are used in the same expresA- 
ion, they may be removed successively by the above rules. Thus, 
a — I h — c — (d — c) I =a — j h — c — d-\-e\=za — h-\-c-^d — e 

Or, in a different order, 

-| h — c — (d — e) }=a — h-{-c-}-(d—-€)z=:a — h-\-c-^d — e 
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EXAMPLES f OB PRACTIOE. 



61. Remove the paxentheses from the following expressions, and 
reduce the results : 

1. Sa-\-(2h*—ar-d+m). Ans. 2a+2h^-^+m. 

2. 4x*— 5^— (3a>- .7y+5)+2a;. Ans. 4a;*-f %— <»— 5- 

3. a+2c— (4c— 3a+2m*). Am. 4a— 2c— 2m'- 

4. 4a;"— 2x«— [x"— (2a;«+6x— 7)— 6x+l]. 

Ans, 3x*+llx— 8. 

5. a-\-2m — Ic-\-x — [a — m — (c — 2x)]|. 

Ans. 2a-^m — 2c+a;. 

6. 3x'— 4x— awir— /a;'— a>— [3aw^— (2a;+2am)-f 2a:"]— 5aml. 

Ans. 4x* — 5x-|-6am. 

7. 3a— 1 2m"+[5o— 9a— (3a+m")]+6a— (m"+6c) } . 

Ans. 9a. 

8. x"— |5?iic*— [x*— (3c— 3mc*)+3c— (x"— 2mc"— c)] }. 

J.w«. a;'-|-c. 

9. m»— m— 1— / m"— 2m— 2— [m"— 3m— 3— (m*— 4?^-^)] 1 . 

^n«. 2m4-2. 
10. 5;?"— 3«"+4;3— 1— [2a?"— (3«"— 2;s?+l)— «•+«]. 

11 4c"— 2c"+c+l— (3c"— c"— c— 7)— (c"-^c"+2c+8). 

^n«. 3c*. 

12. Sa^b — Acd — (3ccf — 2a"&) — [ a" + c — (5cc£ + 3a"i>) + (3a' 
+2ccZ)+a"]. ^w«. 8a"Z>— 4cc;— 6a"— c. 

13. — ^4a"m+3mV— (7m*c^9a"m— w)— /5w— [m'c?— (2w+ 

a"m)4-3aw"]— 5a"m}— 12a"m y 

Ans. 3m'(f+6ri — 5a"m^ — 3an". 
G3, In Algebra, addition does not necessarily imply augmenta- 
tion, nor does subtraction always imply diminution, in an arithmet- 
ical sense. 

We have seen that one quantity is added to another by annexing 
it with its proper sign ; but a quantity is subtracted from another 
by annexing it with its sign changed. Hence, 
8* 
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Ist Adding a positive quantity has the same effect as subtracting 
a negative quantity ; and adding a negative quantity has the same 
effect as subtracting a positive quantity. 

2d. If to any given quantity a positive quantity be added, the 
result will be greater than the ^ven quantity; but if a negative quan- 
tity be added, the result will be less than the given quantity. 

3d. If from any given quantity a positive quantity be subtracted, 
the result will be less than the given quantity ; but if a negative 
quantity be subtracted, the result will be greater than the given 
quantity. 

03« Let — a denote any negative quantity. Add — h to this 
quantity, and subtract -|-5 from it ; and we have 
— a-|- ( — V) = — a — h 

But according to the last two propositions, the result, — a — 6« 
should be less than the given quantity^ — a. That is 
— a — h < — a 
Now, the quantity, — a — 6, contains a greater number of units 
than — a. These cases, however, are not exceptions to the laws 
enunciated above ; for in an algebraic sense, the less of two nega- 
tive quantities is that one which contains the greater number of 
units. (Seel97). 

G4:« If a represent the greater of the two numbers, and h the 
less, then a+h h their sum and a — h their difference ; and the 
sum and difference may be combined in twQ ways, as follows : 
1st; To a-\-h 2d; From o-f-J 

Add a — h Subtract a — h 

2a 26 

Hence, 

1. 1/ the difference of two numhen be added to their sum, the 
result wiU be twice the greater number. 

2. If the difference of two numbei i be subtracted from their 
sum, the result wiU be twice the less number. 
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MULTIPLICATION. 

6S Olnltiplication, in Algebra, is the process of tiikiug one 
quantity «fl many times as there are units in another. 

GG* Xn order to establish general rules for multiplication, we 
must firs* consider the simple case of multiplying one monomial by 
another; ^nd we will investigate, first, The law o/ coeffwierUs; 
second, T\e law of ea:ponent8 ; third, The law of signs. 

Ist The law of coefficients. 

Let it be required to multiply ba by 3&. Since it is immaterial 
in what order the factors are taken, we may proceed thus : 6x3=15; 
aXh=ah; and loX«&=15ai. Or 6aX36=15a6. Hence, 

The coefficient of the produ>ct is eqiial to the product of the coeffir 
dents of the multiplicand and multiplier, 

2d. The law of exponents. 

Let it be required to multiply a* J* by a*5'. Since a*b*=z 
aaaahhh, and a*h*=aaa hhj we have 

a*h* X «'^* = aaaabhhaaahh = a*Z>'. Hence, 

The exponent of any letter in the prodiict is equal to the sum of 
the exponents of this letter in the midtiplicand and multiplier. 

3d. The law of signs. 

In Arithmetic, multiplication is restricted to the simple process of 
repeating a number ; and the only idea attached to a multiplier is, 
that it shows how many times the multiplicand is to be taken. In 
Algebra, however, a multiplier may be affected by either the plus or 
the minus sign ; and it is necessary to consider how the sign of the 
multiplier modifies its signification. 

For this purpose, suppose it were required to multiply any quantity, 
as a, by c — d. Now it is evident that a taken c minus d times, is 
the same as a taken c times, diminished by a taken d times ; or 
•aX(c — d)=ac — ad. In the first term of this result, a is taken c 
times additively, or a+a+a+a etc., to c repetitions; and this is 
the product of a by -\-c. In the second term, a is taken d times 
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suhtractiveli/y or — a — a — a — etc., to d repetitions ; and this is the 
product of a by — d. Hence we conclude that the signs, + and 
— , when prefixed to a multiplier, must be interpreted as follows : 
The plus sign before a multiplier shows thai the multiplicand is to 
be successively added ; and the minu^ sign be/ore a multiplier shows 
tJiat the multijylicand is to be successively subtracted. 

To exhibit the law which governs the sign of a product, ac- 
cording to this principle, we present the four cases which involve all 
the variations of signs. It will be observed that according to the 
above interpretation, the multiplicand is to be repeated with its 
proper sign when the multiplier is positive, but with its sign changed 
when the multiplier is negative. We shall therefore have the fol- 
lowing results : 

1. -|-aX(+^)=+«+«+a+etc;=+aft. 

2. +"X( — ^)= — o — a — a— etc.= — ab. 
8. —aX (+'>)= — « — a — a— etc.= — ab, 
4. — aX( — b)=+a-^a-^a-\-eto.=:-\-ab. 
Comparing the first result with the fourth, and the second with 

the third, we observe that 

WTien the two factors have like signs, the product is positive ; and 
when the two factors have unlike signs , the product is negative. 

67. This law applied in the case of three or more negative factors 
gives the following results : 

(— a)X(— ^) =+ab 

(-«)X(-OX(-c) =(+ah )x(~c)=-«^c 

(-^)X(-2^)X(— c)X(— <0 =(,—abc)Xi—d)=+abcd 

(— «)X(— 6)X(— c)X(— ^0X(— 0=(+«*^^X(— «)=— a^»cc?€ 

Hence the general truth : 

The product of an even number of negative factors is positive; 
and the product of an odd number of negative factors is negeUive. 

CASE I. 

68. When both factors are monomials. 

From the principles already established we derive the following 
Rule. I. Multiply the coefficients of the two terms together for 
the coefficient of the product. 
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n. Write aU the letters of both terms /or the literal party giving 
each an exponent eqiial to the sum of its exponents in the two terms, 

in. If the signs of the two fennsare alike, prefix the plus sign to 
the product; if unlike, prefix the minus sign. 



EXAMPLES FOR PRACTICE. 

(1.) (2.) (8.) (4.) 

7x^1/ a*cm* — 6c*m' — 4a;y«* 

5xy* — 6ac*rf Sc*(P —Ix^yz 



35a;y —^a'c^m^d — ISc'm'ci* Sx'yV 
6. Multiply 17a"6V" by 7ac. 

6. Multiply \\a%\ by 10a*JV. Ans. 110a"5'V*. 

7. Multiply WlaVc^x by 2a*5'c. 

8. Multiply 7a;"^2* by — ^xyz, Ans, — 28a;VV. 

9. Multiply —Ucd'm* by lOc*. Ans. — I20c»c^'m*. 

10. Multiply —15a'5xV by —So^V- ^w«. 4ba*b*xy. 

11. Multiply a* by a\ Ans. a"*+*. 

12. Multiply x^t/ by ary*. Ans. a:*+y+*. 

13. Multiply 4a'»5"c by — 6aWc. Jn». — 24a*+'2»*+V. 

14. Multiply 3xy by 2.r*»y«-. Ans, 6x»«^**. 

15. Wbat is the continued product of Sx, 2a;*y, and 7x^i/*z ? 

Ans. 42xy«. 

16. What is the continued product of 5a*h, ab*, Sa*c, and — 5a^ ? 

^n8. — 75a*6V. 

17. Wliat is the continued product of 7ory, — 2x*, 3x'y, — ay*> 
»nd xy* ? 

18. What is the continued product of — Sc^dm, — 2c<Z*m, and 
— 5crfm"? Ans. — 30cVZ*m*. 

19. Whac IS the continued product of — a, — ab, — abc^ — abcd^ 
— abcdh, and — abcdhm ? Ans. a*b*c*d*h*m. 

20. Multiply 2(x +y) by 4a"(x+ y). ^ns. 8a'(x+ ^)\ 

21. Multiply 4m'(x— «)• by — (z—a;). Ans. —4m\x—zy. 

22. Multiply (0—0)*+* by (a— c)"^\ ^n«. (a— c)«-. 
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CASE II. 

69, When one or both of the factors are polynomials 
1. Multiply X — y+* ^7 a-\-b — c. 

OPERATION. 



a+ b — c 
Prodaotbf Oi CLX — ay'\-az 
Product by b, hx — l^-^hz 
Product by — c, CX-^CI/ — CZ 



Entin Product, OX — ay-\'aZ'\'hx — Zy-|-6«— ca:-|-cy— c« 

Hence the following general 

Rule. Multiply all the terms of the multiplicand by each term of 
the mvUlplier^ and add the partial products. 

EXAMPLES FOR PRACTICE. 

(1.) (2.) (3.) 

So — 2hc 6x*y+2ay 4a'?w — Zcd^ 

2a' Say — 3ac* 



6a*— 4a"6c 15xy+6xy — 12a"c'm+9ac*(r 

(4.) (5.) 

3x+ 2y * 2a;«+ary— 2y 

4x — by Zx — 3y 



12x'+ 8a:y 6x"+3xV— 6xy" 

— 15xy— lOy — 6a:V— 3a3<'+6y* 



12a;'— 7rry— lOy 6a;*— Sx'y— 9xy+6j^* 

6. Multiply 3a*a;*-^*;?+«* by 2a;2*. 

Am. 6a*a;V— 2ay2"-f-2a«*. 
7 Multiply a;*— 3x*4-2x*— 6a;+3 by 3x". 

jlns. 3:r*— 9x»+6a;*— 15x*+9a;«. 
8. Multiply a^c^^^a^^-^-a^c — ac*+^* — ^+1^ ^7 ^ 
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9. Multiply 2ax-^Sx by 2a;+4y. 

Ans. 4<ix^-\-Saa:t/ — 6a' — 12xy, 

10. Multiply 3a'— 2aft— fc* by 2a— 46. 

Ans, 6a'—iea'h+Qah'+4h\ 

11. Multiply X* — ay-fy* by x-^y. Ans. x*-\-r/*. 

12. Multiply a* — 3ac+c* by a — c. -4ns. a* — 4:a'c4-4ac* — c". 

13. Multiply 2x'— 3x+2 by a;— 8. 

Ans, 2x"— 19x*+26x— 16. 

14. Multiply a*+2a'h+2ah*+h* by a*—2a*b+2ah*—b\ 

Ans, a* — b*, 

15. Multiply or +i>- by a*»+i*. 

Ans. a""'^+a*6"'+^"*^*+^'*^* 

16. Multiply 4x"+8x*+16x+32 by 3a:-6. Ans. 12a;*— 192. 

17. Multiply a'+aJ'b+ah^+b* by a— fc. Ans. a^—b\ 

NoTB. — The product of two or more polynomials may be inculcated, by 
inclosing each in a parenthesis, and writing them one after another, with 
or without the sign, x , between the parentheses. Such an expression is 
said to be expanded^ when the indicated multiplication has been actually 
oerformed. 

18. Expand {a-\-m) (a-\-d). Ans. a*-\-am-\-ad-\-d7n, 

19. Expand (a+2m— 1) (a+1). Ans, a'+2am+2m— 1. 

20. Expand (z"+42'+55?— 24) («•— 4z+ll). 

Ans. ai^+lSla?— 264. 

21. Expand (a«— 4a'+lla— 24) (a'+4a+5). 

Ans. a'-41a— 120. 

22. Expand (m— 3) (w^— 1) (m+l) (m+3). 

Ans. m*— 10m"+9. 

23. Expand (x*— 2aj*+3:r— 4) (4x«+3a;'+2x+l). 

Ans. 4a;«— 5x»+8x*— lOa*— 8x*— 5a;— 4. 

24. Expand (y*+2y+/^y— 11) (y«_2y+3). 

Ans. y-(-10y— 33. 

25. Expand (c«— c+1) (c'+c + l) (c*~c'+l). 

.4/1*. c«+c*+l. 

26. Expand (x»— 5x*+13x*-^r*— x-f 2) (x'— 2x— 2). 

Ans. x^-7a;H21a;*--17x*— 25x"+6x«— 2x— 4. 

27. Expand (16x*— 8x"+4x'— 2x+l) (2x+l). 

Ans. 32a:'4-l 
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FORMULAS AND GENERAL PRINCIPLEa 

ZO. A FonxLula is the algebraic expression of a general tmUi 
or principle. 

The following formulas are useful, as furnishing rules for obtain- 
ing the products of certain binomial factors. 

If a and b represent any two quantities whatever, then 
a-f 6=their sum, and 
a—h=. their difference ; 
and we have, after performing the indicated operations, the results 
which follow : 

L (a+&)'=(a+5) (a-f ^»)=a'+2ai+i' 

Or, expressing the result in words, 

The square of the sum of two quantities is equal to the square of 
the firstj plus twice the product of the first and second^ plus the 
square of the second, 

II. (a— i>)»=(a— i) (a— 5)=a'— 2a6+J« 
Or, in words. 

The square of the difference of two quantities is equal to the 
square of the first j minus twice the product of the first and second, 
plus the square of the second. 

III. (a+b) (a—b^^a^—h* 
Or, in words, 

The product of the sum and differevvce of two quantities is equal 
to the difference of their squares. 

By the aid of these formulas we are enabled to write the square 
of any binomial, or the product of the sum and difference of any 
two quantities, without formal multiplication. 

EXAMPLES FOR PRACTICE. 

1. What is the square of Sa-{-2ahf 

The square of the first term is 9a', twice the product of the two 
terms is 12aV), and the square of the second term is 4a'6*; hence, 
by the first formula, 

C3a+2a&)*=9a'+12a'6+4a«i', Ans. 
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2. What is the square of 2x* — 5 ? 

The square of the first term is 4j5*, twice the product of the two 
terms is 20x'', and the square of the second term is 25 ; hence by 
the second formula, 

(2x«— 5)'=4x*— 20^«+25, Ans. 

3. What is the product of 5x-f-y* and 5a; — y* ? 

The square of bx is 25j3*, and the square of y' is ^* ; hence hs 
the third formula, ^ 

(5x+/) (5x— /)=25x'— y, Ans. 

4. What is the square of c-\-m? Ans. c'-f 2fm-|-m*. 

5. What is the square of x — y ? Atis. x* — 2xi/-\-y^. 

6. What is the product of x-f-y and x — y ? Ana. x* — y*. 

7. What is the square of 3x'+4y ? Ans. 9j;*+24xV+16/. 

8. What is the square of 5c* — 2cd ? 

Ans. 25c*— 20cV+4c«J«. 

9. What is the product of 4«*-|-3y« and 42* — 3y« ? 

Ans. 16^*— 9yV. 

10. What is the square of Za^x-\-2ay ? 

Ans. 9aV+12a*a:y4-4ay. 

11. What is the square of x+1 ? Ans. a;*+2x+l. 

12. What is the square of 22*— 1 ? Ans. 4a*— 4«*+l. 

13. What is the product of m-\-\ and m — 1 ? Ans. m' — 1. 

14. What is the square of «*— ^0 f Ans. «*— 60;5* +900. 

15. What is the product of 3a*&+(^ and 3a»i — d^ ? 

Ans. 9a*i*-<Z* 

16. What is the square of x — }y? Ans. x* — xi/-{-\y*. 

17. What is the square of 2c+} ? Ans. 4c*+2c+}. 

18. What is the square of x^-fy*? Ans. x^-\-1x^y^-\-y^\ 

19. What is the product of x*^-\-y^ and a;* — y"? Ans, .t** — y'*. 

yi. The binomial square occurs so frequently in algebraic ope- 
rations, that it is important for the student to be perfectly familiar 
with its form. The higher powers of any binomial may be obtained 
by actual multiplication. The 3d, 4th, and 5th powers, however, 
may sometimes be easily written, without actual multiplication, bj 
means of the formulas which follow : 
4 
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1. (a+&)"=a«+3a'fc+3a&»+ft«. 

2. (a— 6)"=a«— 3a«i>+3afc«— fcV 

3. (a+6)*=a*+4a«6+6a«6'+4a&"+6\ 

5. (a+6)*=:a»+6a*&+10a"?*«+10a'Z>»+5a6*+i»». 

6. (a^&)»=a»— 5a*J+10a*6«— 10a«6"+6ai*— t'. 
Let the pupil verify the above by actual multiplication. 

73. A polynomial is said to be arranged SiCGording to the descend- 
ing powers of any letter, when the terms are so placed that the 
exponents of this letter diminish from left to right throughout all 
the terms that contain it. Thas, the polynomial 

Is arranged according to the descending powers of x, 

73. A polynomial is said to be arranged according to the ascend- 
ing powers of any letter, when the terms are so placed that the 
exponents of this letter increase from left to right throughout the 
terms that contain it. Thus, the polynomial 

d — aX'\-cx* — bx* 
is arranged according to the ascending powers of x. 

74: • A term or quantity is said to be independent of any letter^ 
when it does not contain that letter. 

7S» The product of two polynomials has certain special proper- 
ties, which may be stated as follows : 

1, — If both polynomials are arranged according to the descending 
powers of the same letter, then the first term obtained in the partial 
products will contain a higher power of this letter than any of the 
other terms ; and as this term can not be reduced with any of the 
others, it will form the first term of the entire product. 

2. — If both polynomials are arranged according to the ascending 
powers of the same letter, then the last term obtained in the partial 
products will contain a higher power of this letter than any of the 
other terms ; and as this term can not be reduced with any of the 
others, it will form the last term of the entire product. 

3. — If both polynomials are homogeneous, then the product will 
br. iiomogeDeous ; and the degree of any term will be expressed by 
the pum of the indices denoting the degrees of its two factors. 
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DIITSION. 

76. Division, in Algebra, is the process of finding hotr many 
times one quantity, called the divisor, is contained in another quantity, 
called the dividend; the result of division is called the qiwtient. 

It follows, therefore, that the quotient must be a quantity which 
multiplied by the divisor, will produce the dividend. Thus, revers- 
ing the process of multiplication, we have, 

ahc-T-a=hc, because hcy(^a:=ahc 

77* It was shown in the multiplication of monomials, (G6), that 
the coefficient of the product is found by multiplying together the 
coefficients of the factors ; and that the exponent of any letter in 
the product is found by adding together th^ exponents of this letter 
in the factors. Hence, in division, 

1. — The coefficient of the quotient must he found hy dividing the 
coefficient of the dividend bu that of the divisor ; and 

2. — The exponent of any letter in the quotient muAt he found hy 
subtracting the exponent of this letter in the divisor from its exponent 
in tlie dividend. Thus, 

It was shown in multiplication, (06), that when two factors have 
like signs, their product is positive ; and that when two factors have 
unlike signs, their product is negative. In division, therefore, when 
the dividend is positive, the quotient must have the same sign as the 
divisor; and when the dividend is negative, the quotient must have 
the sign unlike that of the divisor. And there will be four cases, 
with results as follows : 

1. +ah-^(+a)=:^h 

2. +rti»-^(— a)=— fc 
8. —ab-^l-\-a)=:—h 

4. — ah -=- ( — a) = + 6 Hence, 

3. — Jf the dividend and divisor have like signs, the quotient wiU 

he positive ; but if tJie dividend and divisor have unlike signs, the 

quotient wiU be negative. 
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CASE I. 

78. When the divisor is a monomial. 

From the principles already given we have the following 
KuLE. To divide one monomial hy another; — 

I. Divide the coefficient of the dividend hy the coeffi/cient »f thf 
divisor^ for a new coefficient. 

II. To this result annex the letters of the dividend^ with the expO' 
nent of each diminished hy the exponefnt of the same letter in the' 
divisor J suppressing all letters whose exponents hccome zero. 

III. If the signs of terms are alike, prefix the plus sign to Uie 
quotient ; if they are unlike, prefix the minus sign. 

To divide a polynomial by a monomial ', — 

Divide each term of the dividend separateily, and connect the qno^ 
tients hy their proper signs. 

Note. — It may happen that the dividend will not exactly contain the di- 
visor ; in this case the division may be indicated^ by writing the dividend 
above a horizontal line, and the divisor below, in the form of a fi-action. 
The result thus obtained may be simplified, by suppressing all the factors 
common to the two terms; thus, 

Gx^pig Sp 

But as this process is essentially a case of reduction of fractions, we shall 
omit such examples till the subject of fractions is reached. 

EXAMPLES FOE PEACTICE. 

1. Divide IQah by 4a. Ans. 46. 

2. Divide 21aV<Z by 7ac\ Ans. Ha\L 

3. Divide — i2x*yz* by 6xV. Ans, - ^^x'yz. 

4. Divide 2a* by a\ Art^ 2a\ 
6. Divide — a' by a*. Anr — o- 

6. Divide 16j:* by 4a;. Ans. 4x*, 

7. Divide Ibaxy* by — Say. Ans. — 6xy'. 

8. Divide 117a^h*c* by Sa*hc\ Ans. m*c. 

9. Divide QSa*h*cd^ by 2lahcd. . Ans. ha*h*d. 
10. Divide OSa* by 7a\ Ans. Oa"*"*. 
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11. Divide 34x'»y» by — llxt/. Ant. — 2x^'y*-». f 

1 J. Divide (a— c)» by (a—cy. Ans (a^-<i)\ 

13. Divide 35(a;+y)" by 6(x+y). J[n«. 7(x+y)«. 

14. Divide 12mV;(c— x')' by 3mc;(c— x')V 

15. Divide Ucd-\-\2hca^-Wc by 3^»c. * ^n«. rf+4x— 3ft. 

16. Divide 15a'Z>c — 15acx*+5ac^c by — 5ac. 

17. Divide 10x»— 15u;*— 25x by bx. Am. 2x'— 3x— 5. 

18. Divide 15x»— 45x*+10x*— 105x' by f>x\ 

19. Divide oTc — a**~*c'4-a*-'c" — a*~V+a*~*c* by ac, 

Ans. dr-^ — a*»-"c-|-a"^c'— a"^*c"-f a"*-*c*. ' 

20. Divide 3/»*(a— ft)'— 3m(a— ft) by 3(a— ft). 

Ans. am* — ftw* — m. -4^ 

21. Divide 7a(3m— 2a)— (3wi— 2a)' by (3m— 2a). 

. Ans. 9a — 37». 1 

CASE n. 

79, When the divisor is a polynomial. 

Suppose both dividend and divisor to be arranged according to the 
descending powers of some letter. Then it follows, from (7«l, 1), 
that the fii*st term of the dividend must be the product of the first 
term of the divisor by the first term of the quotient similarly ar- 
ranged. We can therefore obtain this term of the quotient, by 
simply dividing the first term of the dividend by the first term of 
the divisor, thus arranged. The operation may then be continued 
in the manner of long division in Arithmetic; each remainder 
being treated as a new dividend, and arranged as the first. 

1. Divide 6a*+a"ft—20a«ft«+17aft»- -4ft* by 2a'— 3aft+ft\ 



OPERATION. 

6a*-f a»6— 20a'ft*+17aft*— 4ft* 

6a*-..9a'ft+ 3a'ft' 

10a"ft— 23a'ft*+17«ft* 
10a'ft--15aV>'+ 5nft' 

— 8a'ft«+12aft"--4ft* 
— 8a«ft«+12aft'— 4ft* 
4* 



2a*— 3aft+ ft', Bi^i-o'. 



3a*-f6aft— 4ft', Quotient 
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Ilence we liave the following 

KuLE. I, Arrange both dividend and divisor according to the 
descending powers of one of the letters. 

II. Divide the first term of the dividend hy the first term of the 
divisor, and write the result in the quotient. 

III. Multiply the whole divisor hy the quotient thus found, and' 
suhtraci the product from the dividend. 

IV. Arrange the remainder for a new dividend, with which pro- 
ceed as before, till the first term of the divisor is no longer contained 
in the first term of the remainder, 

V. Wi^e the final remainder , if there he any, over the divisor in 
the form of a fraction, and the entire result will he the q^ioti^nt 
taught, 

EXAMPLES FOB PRAOTIOB. 

1. Divide a*+3a*a;-|-3aa;*+a;* by a-^-x, Ans. a*-|-2aa5-|-aj'. 

2. Divide a* — 4a*c-|-4ac* — c* by a — c. Ans. a' — Zac-\-c* 

3. Divide a«— 6a'+12ar— 8 by a«— 4a+4. Ans. a— 2 

4. Divide Sx^—2x*+x'—x*—2x—15 by a;*— 6— 4a;. 

Ans. a:*— 2x+3. 

5. Divide 25x*— <r*— 2x*— 8a;* by 6x«— 4x*. 

Ans. 5a;«+4x*+3x+2. 

6. Divide 6a*+9a*— 15a by 3a*— 3a. Ans. 2a*-2|-2a+5. 

7. Divide x*— y* by x*+2x*y+2xy*-{:y\ 

Ans. x" — 2x*y-^2xy* — y* 
*?. Divide ox* — (a*-|-ft)x*-|-ft* by aX' — h, Afis. x* — ax — h 
9. Divide a*+45* by a*— 2ai+22»«. Ans. a«+2a«>4-2A« 

10. Divide x*— a?*+x«— x'+2x— 1 by x*+x— 1. 

Ans. x* — ^x"+x* — x+1, 

11. Divide l+3x by 1— 5x. Ans. l+8x+40x'+200x"+etc. 

12. Divide 1— x— a:* by l+x+xV 

Ans. 1— 2x+2a:"— 2x*+2x«— 2x^+2a:*— 2a7"+eto. 

13. Divide x*— 2x"+l by x*— 2x+l. 

Ans. x*+2x«+3x*+2i;+L 
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14. Divide a*+2i«+c«— 3aic by a+h+c. 

Ans. a*+Z»*+c* — he — ac — ah. 

15. Divide 2x'y^5xy-^llxy+bxy—2Qxy+7xy^l2xi/' 
by x*'-Ax*i/+xy—Sxi/\ Ans, 2x*i/+Bxy—xi/*+4y\ 

16. Divide a»+c»+a*+c*—a*o—ac*—2aV by a*+c*^a^o—ac\ 

Ans. a'+c'+a-f-c. 

17. Divide 4a;«— 5a;»+8a:*— 10a?*— 8ar*— 6^— 4 by 4x*+Sx*-{-2x 
+1. . Ans. x*-^2x*+Sx—4. 

18. Divide x* — a* by x — a. Ans. x*+x*a-|-a;*a'4-xa*-f a*. 

19. Divide a'+x* by a—x. Ans. a*+ax+x*+^^^* 



a — X 

20. Divide a"* — ccy*~* — a;"^'y+y"* ^7 ^ — y« -^^» ^c*^* — ^y**~*. 

21. Divide a«+*_a»6*— a-i^^+Z^"-*^ by a*— &*• ^n«. b"— Z»*. 

22. Divide x** — 2x**y^ — ^2a;*y**+y"* ^7 a;*+y*' 

-4/M. x^ — Sxy+^^. 

EXACT DIVISION. 

80. Division is said to be exact wben the quotient contains no 
fractional part ; the quotient in this case is said to be entire. 

81. It follows from the rule of division, (78), that the exact 
division of one monomial by another will be impossible under the 
following conditions : 

1. — When the coefficient of the divisor is not exactly contained 
in the coefficient of the dividend. 

2. — When a literal factor has a greater exponent in the divisor 
than in the dividend. 

3. — ^When a literal factor of the divisor is not found in the divi- 
dend. 

88. It is also evident, from (79), that the exact division of 
one polynomial by another will be impossible, 

1. — When the first term of the divisor arranged with reference 
to any one of its letters, is not exactly contained in the first term of 
the dividend arranged with reference to the same letter. 

2. — ^When a remainder occurs, having no term which will exactly 
contain the first term of the divisor. 
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GENERAL RELATIONS IN DIVISION. 

83. The algebraic value of a quotient depends upon the compar- 
ative values and relative signs of the dividend and divisor. Now 
if either the dividend or the divisor be changed with respect to its 
value or sign, the quotient will undergo a change, according to a 
certain law. As these mutual relations are frequently concerned in 
algebraic investigations, we present them in this place, considering 
first the law of change with respect to absolute value ; and second, 
the law of change with respect to algebraic signs. 

Ist Change of value, 

84. In any case of exact division, the quotient is composed of 
those factors of the dividend which are not included among the 
factors of the divisor. It is evident, therefore, that if we introduce 
a new factor into the dividend, the divisor remaining the same, we 
shall introduce the same factor into the quotient ; and if we exclude 
a factor from the dividend, the divisor remaining the same, we shall 
exclude this factor from the quotient. 

Again, if we introduce a factor into the divisor, we shall exclude 
it from the quotient; and if we exclude a factor from the divisor, 
we shall introduce it into the quotient, — the dividend remaining the 
same in both cases. 

Hence we have the following general principles : 

I. Midtipli/ing the dividend multiplies the quotient, and dividing 
the dividend divides the quotient, 

n. Multiplf/ing the divisor divides the quotient, and dividing the 
divisor multiplies the quotient, 

III. Multiplying or dividing both dividend and divisor hy the 
same quantity does not change the quotient, 

2d. Change of signs. 

8tJ, To show in what manner the sign of the quotient is affected 
by changing the sign of dividend or divisor, we observe that two 
signs can have only three relations, as follows : 

+ + 

+ - 
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N^ow if one of the signs, only, in any of these couplets, be changed, 
the relation of the signs in that couplet will be changed, either from 
like \o unlike, or From unlike to like ; but if both of the signs in 
any couplet be changed, their relation will not bo altered. Hence, 

I. (hanging the sign of eitJier dividend or divisor, changes the 
9ign of the qvxjtient 

n. Chwiiging the signs of both dividend and divisor, does not 
alter the su^ of the quotient. 

RECIPROCALS, ZERO POWERS, AND NEGATIVE EXPONENTb 

86. The Reciprocal of a quantity is the quotient obtained by di- 
viding unity b^ that quantity. Thus^ _ is the reciprocal of x ; 

X 

is the recijirocal of a— c. 

Sy. In dividmg any power of a quantity by any other power of 
the same quantity, we subtract the exponent of the divisor from 
the* exponent of the dividend, to obtain the exponent of the qua 
tient Thus, 

a*-r-a*=a^*=a* } a''-i-a*=a'''-*=ia* 
And in general, we have 

a*_ ^^^ 

If in this expression n=im, the exponent of the quotient will be 
; and if 7i>m, the exponent of the quotient will be ncgatlTe. 
Thus, 

-. =a* : --=a'-"=a-' ; - =a'"*=a""*, etc. 
a' a a* 

}^S» It has been found useful for certain purposes in Algebra, 
to employ the notation, a*, a""*, a"*, a"*, etc. We will therefore 
proceed to interpret the meaning of zero and negative exponents, 
in general. 

Let a represent any quantity, and m the exponent of any power 
whatever. Then by the rule of division, 

— z=a'*^^==ar 
a* 
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But the quotient obtained by dividing any quantity by itself 
must be equal to 1. That is 

-"=1 

a* 
Therefore, by Ax. 7, we have 

a*=l 
Hence, 

1. Any guantity having a cipher for its eocponent is equal to 
unity. 

Again, by the rule of division we have 
a*___ ^__ ^ 
a"* 
But we have already shown that a*=l. Substituting this value 
for the dividend, we obtain the quotient in another form ', thus, 

a'_l 
a* a* 
Therefore, by Ax. 7, we have 

a- 

Hence, 

2. Any quantify having a negative exponent is equal to the recip* 
rocal of tluit quantity with an equal positive exponent. 



DIVISIBILITY OP QUANTITIES JN THE FORM OP a»±^. 

89. There are certain cases of exact division of quantities in the 
form of a*-(-^* or a*-^6"*, which have important applications 
These may be exhibited in four general problems, as follows : 

1.— Divide a*+&- by a+5. 

Commencing the division, we have 



a- + h'' 
or -|-a"-*& 



a+h 



*"^'— a"^*6 



iftwm. —a'^'b + 6- =--2»(a"^*— ft—') 

2d rem. -^a'^*h*+ ft* =+6' (a*-* +&•"•) 

Now if this operation be continued, it is evident from the form 
which the first and second remainders assume, that when the expo- 
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oent, m, la an odd number, tbe mth remainder will be 

— i^-Ca-*— 6-^)=— ^-(a*— ^•)=— i-(l— 1)=0 
and the division will therefore be exact But if m be even^ the mth 
remainder will be 

4-i»"(a-*+i»"^)=+2»-(a«+2i*)=+6-'(l+l)=+26- 
and the division will not be exact. Hence, 

The sum of the same powers of two quantities is algebraically di' 
visible by the sum of the quantities^ if the exponent is oddy but not 
otherwise, 

2. — Divide a*+2>* by a — h. 

Commencing the division, we have 



a* -j- Ir \a — h 



^1 

+a-^'h—a^b^ 

If this operation be continued, it is evident that whether m be 
odd or even, the mth remainder will be 

and the division can not, therefore, be exact Hence, 

The sum of the saws powers of two quantities is never algebra* 

ically divisible by the difference of the quantities. 
8. — Divide a"* — 6"* by a+5. 
Commencing the division, we have 
a"* — J/^ 



or +a"-*6 



a+5 



i**~* — a"^5 






Istx 



2d rem. -|_a"^'i»* 6* =+ft*(a'*-' — t"^) 

If this operation be continued, then it is evident that when m is 
odd, the mth remainder will be 

and the division can not be exact. But if m be even, the mth re- 
mainder will be 

-|-&«(a— — 6-*)=+6'»(a*— ^•)=+5"'(l— 1)=:0 

and the division in this case will be exact Hence. 
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The difference of the same powers of two quantities is algebraically 
divhible by the sum of the quantities^ if the exponent is even, but not 
otherwise, 

4. — Divide a* — i* by a — b. 

Commencing the division, we have 



or 
a" 






a-^h 



tt"-*+a"^"6 



Ifltrenu 






= _|_2,(a"-»— i"^*) 



2d rem. ^ar-^b*— 6* =-|-i»«(a"^*— 2»"^*) 

If this operation be continued, then it is evident that whether m 

be odd or even, the mth remainder will be 

-f 6"»(a"-*— 2»"-*) = +6"'(a*— Z>*) = -\-b\l—l)=zO 

and the division will therefore be exact. Hence, 

The difference of the same powers of two quantities is atways 

divisible by tlie dtffere:nce of the quantities. 

90. If we continue the division in the 1st, 3d, and 4th of the 
preceding problems, then in the cases of exact division, the form 
of the quotients will be as follows : 

"*+^'* =a'^'---a'^'^+g"^^*— «*"''^' + — a&"^+&-^» (1) 

^|^=a— *— a—* i»+a-^6«— a— *i»'+ +a6-— — ^»— ' (2) 



a — b 



.=a— »+a-^*i»+a— 6«+a— *6*+ +a2»— •+&*-' (3) 



91. By giving particular values to m in (1), (2) and (3), wo 
tibtain the following results, which maybe useful for reference: 



a+b 

a+b 
a^^b^ 

a-\-b 
a'—b' 



^.a^'-ab+b* 
=a*-^'b+a*b^'-ab^+b* 
=a — b 
a^^a^h^ab^—b* 



0) 



a f 5 
a+6 



(») 
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a»— i* 



a — b 
a'—h' 
a—b 
a*—b' 
a — 6 
o*— 6' 



=a+b 



a — 6 
la fiks manner Tre may obtain 



=a*+ab+b* 

=a*+a*b+ab*+b' 

=a*+a*b+a*l*+ab'+b* 



m 



x+l 
«•+! 

g*— 1 

a*— I 

x+l 
a?—l 



=x'—a:+l 



+1 



W 



=x—l 



x+l 
«*— 1 



^a*—a^+a*—a*+x—l 



9) 



x—1 
se«— 1 



=aH-l 



=a?+x+l 



x—1 

p:^=.<^+a»+x+i 



(«) 



FACTORING. 

93. The Pactors of a quantity are those quantities whioh, 
being multiplied together, will produce the given quantity. 

93. A Prime Factor is one which can not be produced by the 
multiplication of two or more factors ; it is therefore divisible only 
by itself and unity. 

5 D 
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94. Ad algebraic expression may be factored by in8]cction, 
oy trial, or by its law of formation. 

To express the prime fa«tors of a monomial, we nave only to 
factor the coefficient, and repeat each letter as many times as there 
are units in its exponent. Thus^ 

1 ba^x^y = 3 X 5 X aaaxxy 

OS. The following remarks will aid in factoring polynomials : 

Ist. If all the terms of a polynomial have a common factor, the 
quantity may be factored by writing the other factors of each term 
within a parenthesis, and the common factor without. Thus, 
2a«a;"— 6a'ic'+4a*x— 10a"=2a*(x"— 3x*+2x— 5a) 

2d. If two of the terms of a trinomial are perfect squares, and 
the other term is twice the product of the square roots of the 
squares, the trinomial will be the square of the sum or difference of 
these roots, (TO, I and II), and may be factored accordingly. Thus, 
in the trinomial, 4a* — 2{)a%-\-2ibh'^ , the two terms, 4a* and 25^', 
are the squares of 2a' and 56 respectively, aad the other term, 
20a'6 is equal to 2x2a'X56 j and we have 

4a*— 20a'6+256'=(2a*— 56)(2a'-^6) 

3d. If a binomial consists of two squares connected by the minus 
sign, it must be equal to the product of the sum aD4 4*ff^rsnce of 
the square roots of the terms, (70, III). Thus, 
9x«— /=(3aj+y) (3x— j^) 

4th. Quantities in the form of a'^±,l/^ may be factored by refer- 
ence to the principles and formulas relating to these qaaLUues. 

Thus, 

a«+6"=(a+6) (a"— a6+6*) 

NoTB.^It may happen that when there is no factor conmion tc ?*• th« 
terms, a portion of the polynomial may be factored. 

EXAMPLES FOB PBAOTICE. 

1. Factor a^h-^-a^y+a^hc. Am, a}h(a-\-h' |-c) 

-;. Factor 3xy— 3x*y«+3a:y--6xy. 

^Am, Zxy(l—x^+y^—2xy). 
3 Factor 5a«6c«— 15a'6*c«— 5a*6cV. 

Arts, 5a'WCa — 36c — <f). 
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4. Factor a*4.c*j5+cma;. Ans. a'-|-c(c+m)r. 

6. Factor x* — x*^+a:y* — y*. 

6. Factor a*b*+2a*h*+a'h*. Ans. a*h\a+h) (a+h). 

7. Arrange (x* — £c)a-|-(a5*+aj)(3ft— c) — q according to the pow- 
era of X. Am. (a+36— c)a;* — (a—Bh+e)x^-^. 

8. Factor a^m — 9am*. Ans. am{a* — 3m) (a*4-3m). 

9. Factor %a*~x\ - Ans. (4a*+2a«4-a:«) (2<^— a;). 

10. Factor y»+243. Ans. C^— 3^+9/— 27y+8l) (y+3). 

11. Find the factora of x^—y\ 

Am. (x«+iry+y) {7?—xyJ^y*) (a+y) (a>— y). 

12. Find the factora of a"— a6*-|-2aftc— ac«. 

Ans. a(a-|-6— c) (a — 6+c). 

SUBSTITUTION. 

96. Substitution, in Algebra, is tbe process of patting one 
quantity for another, in any given expression. 

1. Substitute y — 1 for a, in aj'+a;* — hx — 3. 

OPERATION. 

cr«= (y-l)"=y-3y+3y~l 

x«= (y-l)'= y-2y+l 

— 5aj = — 5(y — 1) == — %+S 

—3 = --3 

x'+a;*— 5x— 3 =y»_2y»— 4^+2, ^n«. 
Hence; for substitution we have the following 
KuLE. Performs the same operations upon the substituted quantity 
as the expression requires to be performed upon the quantity for 
which the substitution is made. 

EXAMPLES FOB PRACTICE. 

1. Substitute a — b for a in a*-|-«^ +"^*» -4w«. a* — ab-^-b*, 

2. Substitute x-\-2 for a in a' — 2a+l. Ans. x*-|-2a;4-l. 
8. Substitute a;+3 for y in y*_2y4-y— 6. 

Ans. a;*+10aj*+37»*+60x+30. 



A 
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4. Substitute s+r for x, in x*-\-ax-\-hj and arrange the result ao- 
cording to the descending powers of r. 

Ans. r*+(2«+a)r+«*+a«+6. 

5. What will a*+a"6+a'5*+ai»*+5* become, when h=za ? 

AnsTWa*. 

6. What will x^-^-ax^-^-a^x-^-a* become, when m-|-l is put for x 
and m — 1 for a ? -4.7M. 4m(m*+l). 

7. What will x*-\-i/* become^ when a+& is put for x and a — b 
fory? Ans. 2(a*+6a*b*+h*). 

8. What is the value of (x-|-a+6-|-c)*-|-(a5 — a — ^— c)*, when 
o+6+c=«? Am. 2(a;»+10xV+6x«*). 

9. In a;" — 7x — 6 substitute y — 2 for x. Ans. y* — 6y*-|-5y. 
10. In x»— 2a;*+3x*— 7x*+8x— 3 substitute y+1 for x. 



11. K a — 5=x, ft — o=y, and c — ar=«, prove that 2(a — i)*(6 — c)" 1 

+2(a— ft)*(c— ay+2C6— c)'(c— a)*=x*+y*+«\ 



THE GREATEST COMMON DIVISOR 

97. A Common Divisor of two or more quantities is a quantity 
which Will exactly divide each of them. 

98. The Greatest Common Divisor of two or more quantities 
is the greatest quantity that will exactly divide each of them ) it is 
composed of all the common prime factors of the quantities. 

The term, greatest, in this connection, is used in a qualified sense, 
and has reference to the degree of a quantity, or of its leading term, 
not to its algebraic or its arithmetical value. Thus, if x — 3 and 
x'-|-4x-|-2 are the prime factors common to two or more quantities, 
then according to the above definition, (x'4-4x+2)(x — 3)=:x"+ 
X* — lOx — 6, is the greatest common divisor. But this product is 
not necessarily greater in value than one of the prime factors. For^ 
il' x=:4, then we have 

a;«_|_4a;+2=34, and x"-|-x'— lOx— 6=34. 

99. Several quantities are said to be prime to ecuch other when 
they have no common factor. 



DIVISION. 58 



CASE I. 



lOO. When the given quantities can be factored by 
inspection. 

It is evident from (81, 2) that no factor of the greatest common 
divisor can have an exponent greater than the least with which it 
enters the given quantities. Hence the following obvious 

BuLE I. Fijid h/ inspection, or otherwise, all the different prime 
/actors that are common to the given quantities, and affect each vrith 
tJie least exponent which it has in any of the quantities. 

II. Multiply together the factors thus obtained, and the product 
will he the greatest common divisor required, 

EXAMPLES FOB PRACTICE. 

1. Find the greatest common divisor of a* — ^2a*a*-f-aa;*, and a*— 

Factoring, we have 

a»— 2aV+a x^=a (a*— 2aV+a:*)=a(a— a:)*(a+x)* 
a*— 2a'x 4-aV=a'(a*— 2aa: -{'x'')=a\a—x)* 

The lowest powers of the common factors are a and (a — a;)* ; and 

we have 

a(ji — xy = a" — 2a*x + ox* 
the greatest common divisor required. 

2. Find the greatest conunon divisor of 2a*6c*, ^ah^c^, and 
10a"i»c». Ans. 2a*c*. 

3. Find the greatest common divisor of bx^y^z^, 6x*i/z*, and 
12x*yz*. Ans. x^yz*. 

4. Find the greatest conunon divisor of x* — y' and x* — ^xy+y* 

Ans. x — y, 

5. What is the greatest common divisor of a*m — h*m and 
2ac*m — 2c*hm? Ans. m(a — b). 

6. What is the greatest common divisor of a*x* — Sa*x*-\'a^x and - 
Saxz* — axV — az* ? Ans. a(x' — 3a; 4-1). 

7. What is the greatest conunon divisor of 16x* — 1, x — 4a;*, and 
1— 8x+ 16x* ? Ans. 4aj— 1. 
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CASE n. 

101. When the given quantities can not be factored by 

inspection, 

103. The greatest common divisor is found in this case by a 
process of decomposing the quantities by division. But in order to 
deduce a rule for the method, it will be necessary first to establish 
certain principles relating to exact division. 

103. First, suppose J. to be a quantity which is exactly divisible 
by another quantity, D^ and let q represent the quotient. Then, 

A 

If we now multiply the dividend by m, we shall have, from (84 I)» 

in which ^ is entire. Thus we have shown that if D divides A^ 
it will also divide Am, Hence, 

\, If a quaiUity vnU exactti/ divide (me of two quantities, it unU 
divide their prodvcL 

Again, let A and B represent any two quantities, and S theur sunu 

Now suppose both A and B are exactly divisible by D, and let 

A B 

j=q, and j~q'' We shall have 

A+B=zS 
And dividing each term by D, 

'+^=§ 

or 

in which ^ must be entire, because its equal, q'\-q', is entire. Hence, 

2. IfaquaTUity vnU exactly divide each of two quantities, it loUl 
divide their sum. 

Finally, let d represent the difference of A and B, and suppose 
A and J? to be divisible by D, q and q' being the quotients, as 
before. TVe shall have 

A—B^d 
And dividing every term by D, 

"^ D 
in vMoh -. is entire, because q — q' is entire/ Henoe, 
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S' I/a quantify wiU exactly divide each of two quantities^ it will 
divide tlieir differeiice, 

104. We may now show, by the aid of these priticiples, wb »4 
relation the greatest common divisor of two quantities bears to thft 
parts of these quantities when decomposed by division. 

Suppose two polynomials to be arranged according to the powers 
of the same letter, and let A represent the greater and B the less. 
Then let us divide the greater by the less, the last divisor by the 
last remainder, and so on, till nothing remains. If we represent the 
several quotients by q, 5', g^', etc.; and the remainders by i?, /?', /?", 
etc., the successive operations will appear as follows : 

(1.) (2.) (3.) 

B) A(q R) B iq' R) R (/ 
Bq Rq' R<^' 

R Rf 

To investigate the mutual relations of A, B, R, and R\ we ob- 
serve that in division the product of the divisor and quotient, plus 
the remainder, if any. is always equal to the dividend. He.nce, from 
the operations above, we have the three following conditions . 

RY =R 
Rq' +R=B 
Bq +R=^A 

Now from the first equation it is evident that R' divides R with- 
out remainder; it will therefore divide Rq\ (103. 1). And since R' 
divides both Rq' and itself, it must divide their sum, Rq'-{-R\ or 
B, (103, 2) ; consequently, it will divide Bq, (103, 1). Finally, 
since it divides both Bq and R^ it must divide their sum, Bq-\-R, 
or A, (103, 2). Hence, 

I. The last divisor j R\ is a common divisor of R^ B, and Ay or 
of aU the dividends. 

Again, the dividend minus the product of the divisor and quo- 
tient, is always equal to the remainder. Therefore, from the firat 
and second operations above, we have 

A—Bq =R 
B'^Rq'=R' 
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Now any expression which will divide -B, will divide Bq^ (I03. 1) ; 
hence, any expression which will divide both A and B^ will also di- 
vide A — Bq^ or R, (103, 3). Whence it follows that the greatest 
common divisor of A and B will divide i2, and is therefore a common 
divisor of B and R. For like reasons, referring to the second equa- 
tion, the greatest common divisor of B and R will also divide R\ and 
is therefore a common divisor of R and R\ But the greatest common 
divisor of R and R' is R' itself. Consequently, R' is the greatest 
common divisor of R and By and also of B and A, Hence 

II. The last divisor, R'y is the greatest common divisor of the 
given quantities^ and also of the dividend and divisor in each siibfc- 
guent operation, 

1. TV hat is the greatest common divisor of 12j;" — 2x* — Iz — 3 
and 3x"— 2aj— 1 ? 

FIRST OPERATION. 



12x"— 2x«— 7a>— 3 
12x«— 2x'— 4x 



3x*— 2x— 1 



4x+2 



6u:«— 8x— 3 
6x*— 4x— 2 

a?— 1 1st Rem. 
SECOND OPERATION. 



3aj«— 2a>-l 
3a;«— 3x 



re— 1 



x—1 



3x+l 



Am, a?— 1. 



The process here employed for finding the greatest common divi- 
sor of two polynomials, is subject to two modifications, which we will 
now investigate in their order. 

Ist. Suppressing monomial factors. 

It is evident that any monomial factor common to the given poly- 
nomials, may be suppressed in both, and set aside as one factor of 
their greatest common divisor. We may then apply the process of 
division to the resulting polynomials, and obtain the remaining fac- 
tor or factors of the greatest common divisor required. 

Again, if either polynomial contains a factor which is not common 
to both, this factor can form no part of the greatest common divisor 
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required, and may therefore be suppressed. And since tlie greatest 
common divisor of the given polynomials is the same as that of the 
dividend and divisor in each operation following the first, (II), ii 
is evident that we may suppress the monomial Motors in every 
remainder that occurs. And it should be obser>^ed, that If all the 
monomial factors of the given quantities have been previously sup- 
pressed, no monomial factor of any one of the remainders can belong 
to the greatest common divisor sought, or be common to any two suc- 
cessive remainders, (II). This modification of the process will be 
illustrated by the example which follows : 

2. What is the greatest common divisor of 12x*-\-22x^-\-^x and 
6x'— 15x"— 36x1 

The first polynomial contains the monomial factor 2x, and the 
second contains the monomial factor 3x. We therefore suppress 
these factors, setting aside x, which is common, as one factor of the 
greatest common divisor sought. We then apply the process of di- 
vision to the resulting polynomials, as follows : 

PIRST OI-ERATION. 



6x*+llx*+ 3 
6x*— 15x"— 36 



2x*— 6x*— 12 



3 



26x»+39 

Suppressing the factor 13 in this remainder, we have 2x'-f3 for 
the next divisor. 

SECOND OPERATION. 



2x'— 5a;'— 12 


2x*+3 


2a;«+3a;' 


a;'— 4 


— 8x'— 12 
—8a;*— 12 





Taking -the last divisor, and the common factor^ Xy which was set 
aside at the beginning, we have 

(2x"-f3)Xx=2x"+3x. Ans. 

2d. Introducing monomial factors. 

It may happen at any stage of the process, that after suppressing 
every monomial factor of the divisor, its first term will not be 
exactly contained in the first term of the dividend. In such cases, 
the dividend may be multiplied by such a factoi as will render its 
first term divisible by the first term of the divisor. No factor thus 
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introduced can be common to the diyidend and diyisor, since by 
hypothesis all the monomial factors of the divisor have previously 
been suppressed. Consequently, if the process of division be con- 
tinued under this modification, the last divisor must be the greatest 
common divisor sought. This point will be illustrated by the fol- 
lowing example : 

3. What is the greatest common divisor of 2x* — 12x"-f-17x'-|- 
6x— 9 and 4x"— 18x*+19x— 3 ? 

We first multiply the greater polynomial by 2, to render its first 
term divisible by the first term of the other polynomial. 



FIRST OPERATION. 



4x*— 24x"+34x*+12x— 18 
4x*— 18x"+19x'— 3x 



4x"— I8x«+19x— 3 



— 6x"+16x«+15x— 18 

— 2x"+ 6x*4- 5x— 6 

— 4x'-|-10x' -f-lOx — 12 New prepared dividend. 

— 4x'+18x»— 19x+ 3 

— 8x»+29x— 15 

In the above operation, we suppress the factor 3 in the first 
remainder, and multiply the result by 2, to render the first term 
divisible by the first term of the divisor. We thus obtain — 4x"-f- 
lOx'-f-lOx— 12 for the second dividend. As the two partial 
quotients, x and — 1^ have no connection, they are separated by a 
comma. 

Multiplying the last divisor by 2 for a new dividend, we proceed 
as follows : 

SECOND OPERATION. 



8x»— 36x"+ 38x— 
8x»— 29x»+ 15x 



_8x«+29x— 15 



-x,+7 



— 7x'+ 23x— 6 

— 56x'-fl84x — 48 New prepared diyidend. 

— 56x'+203x— 105 

— 19x+ 57 
Dividing this remainder by — 19, we have x — 3 for the next 
divisor. 
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THIRD OPERATION. 


— 8a:«+29a:— 15 


a>— 8 


— 8x'+24x 


-8x+5 


6x— 15 


5x— 15 





59 



Thus we find that the greatest common divisor is x — 3. Had 
we suppressed +19 instead of — 19, in the final remainder of the 
second opemtion, we should have obtained — x+3, or 3 — x for the 
greatest common divisor. It should be remembered, however, that 
the term greatest, in this connection, has reference to exponents 
and coefficients, and not to the algebraic value; (98). Consequent- 
ly either x — 3, or 3 — x may be considered the greatest common 
divisor of the given polynomials. And it is immaterial what sign 
is given to any monomial factor which we may suppress or introduce 
at any stage of the work. 

10«S. From these principles and illustrations we deduce the fol- 
lowing general 

Rule. I. Arrange the two polynomials with re/erence to the same 
letter ; then suppress all the monomial /actors of each, and if any 
factor suppressed is common to the two polynomials, set it aside as 
one /actor of the common divisor sought. 

II. Divide the greater of the resulting polynomials hy tJie hss, 
and continue the division till tJie first term, of the remainder is of a 
lower degree than the first term of the divisor ; observing to suppress 
the monomial factors in every remainder, and to introduce into any 
dividend, if necessary^ such a factor as will render its first term 
exactly divisible hy the first term of the divisor. 

III. Take the final remainder in the first operation as a neio 
divisor, and the former divisor as a new dividend, and proceed as 
before ; and thus continue till the division is exact. The last divisor, 
multiplied hy the common factor^ if any^ set aside at the beginning^ 
will be the greatest common divisor required. 

. IV. If more than two polynomials are given, find the greatest 
common divisor of the first and second, and then the greatest com- 
mon divisor of this result and the third polynomial, and so on^ 
The last win be tJie greatest common divisor required. 
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EXAMPLES FOR PRACTICE. 

Find the greatest common divisor, 

1. Of X*— 2x*— 4a:»+lla>-6 and x*— 8x*+17x— 10. 

Am. X* — 3x-|-2 

2. Of 6x*+x«— 44x+21 and 6x*— 26x*+46x— 42. 

Ans. Sx—T 
/ 8. Of X*— 6ax*+10a»x— 3a" and 3ax*— 14a*x +15a». 

Ans, X — 3a, 

4. Of X*— 8x"+14x*+16x— 40 and x«— 8x"+19x— 14. —X +" oL 

5. Of a"+6a*+5a+l and a"+l. Am, a+1, 

6. Of 2a*— 5a"6-3a'6*+7a6" + 3Z>*and4a"— 2a»Z>— 4ai»«-3^'. 

Am, 2a— 36. 

7. Of 3x*— 4xV+3x^'— 2j^" and 4x*— 7xy+3/. 

Am, X — y, 

8. Of 4x»— 2x*+4x"— 27x'+4x— 7 and 2x*+6x"— 19x»+4x 
—5. Am. 2x"-4x'+x— 1. 

9. Of a^cn-^a'cm+Sacm* and a*c*--6aV»m+5c'w». 

Ans, c(a* — m). 

10. Of x*--4x*— 16x'+7x+24 and 2x"— 15x»+9x+40. 

Ans, x" — 5x — 8. 

11. Of 15x*+71x*+60x»— 56 and 3x*— 17x*— 20x"+84. 

Am, 3x*+7. 

12. Of 3a*+14a'm*— 5wi*,6a*— 14a'm»+4m*,and3a*— 22a*7»« 
+7m\ Am, Sa*--m\ 

13. Of 2aV— 2a»6x"j^+a6"xj^'— 6yanda»6xV— 2a6«xy« + 6y 

Ans. ax — bi/. 

14. Of 9a*+12a"+10a«+4a+l and 3a*+8a*+14a*+8a+3. 

Am, 3a»-f2o+l. 

LEAST COMMON MULTIPLE. 

106. A Multiple of any quantity is another quantity exactly 
divisible by the given quantity. 

It follows from this definition that if one quantity is a multiple 
of another, the multiple must be equal to the product of the other 
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qnantity by some entire factor. Thus, if ^ is a multiple of B, tlieu 
A^=jBm, in which m is entire. 

107. A Common Multiple of two or more quantities is one 
which is exactly divisible by each of them. 

108. The Least Common Multiple of two or more quantities 
is the least quantity which is exactly divisible by each of them. 

CASE I. 

109. Wlien the quantities can be factored by inspec- 
tion. 

From the principles of exact division, we may make the follow- 
ing inferences : 

1.— ^A multiple of any quantity must contain all the factors of that 
quantity. 

2. — A common multiple of two or more quantities must contain all 
the factors of each of the quantities. 

3. — The least common multiple of two or more quantities must 
contain all the factors of each of the quantities, and no other factors. 

Hence the following 

IluLE. I. Find hy inspection aU the different prime factors that 
enter into the given guantities^ and affect each with an exponent equal 
to the greatest which it has in any of the quantities. 

II. Multiply together the factors thus obtained^ and the product 
toiU be the lea>st common multiple required, 

EXAMPLES FOR PRACTIOB. 

1. What is the least common multiple of a"-f-a5, a^d — b'^d, and 
a''c^2abc+b*c? 
Factoring, we have 

a* -|-a& =a(a-f-^) 

a^d—h'd =d(a—b){a^b) 

a*c — 2afcc+&*c=c(a— 6)' 
The highest powers of the different prime factors are a, d, c, 
(a — by, and (a-[-6) ; and we have 

acd(a — by (a-\-b)z=zct^cd — a*bcd — aVcd-\-ab*cdj An$. 
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2. Find the least common multiple of 2a*bc, ba^c*, lOaO'c?, and 
Ibubcd. Am, BOa'b*c*d, 

3. Find the least common multiple of 3a;'y, 15:ry', lOory^', and 
bxYz. Ans. SOicVV. 

4. Find the least conmion multiple of ac'-f-ay, ^ — y*, and a:"— y . 

-4n«. x*y — xy*, 

5. Find the least common multiple of x* — a*, x* — a', ac'+a*, 
and X* — 2aV4-a*. Ans, x* — a*x* — aV-j-a*. 

6. Find the least common multiple of x* — x, x* — 1, and a'+l. I ^ 

7. Find the least conmion multiple of aj*+2x*-|-l, x* — 2aj*-(-l, 
a;«-f.2x+l, X*— 2x+l, x+1, and x— 1. jlrw. x*— 2x*+l. 

8. What is the least conmion multiple of 4a:"4-2x, 6x* — 4x, 
and 6x»+4a; ? -4n4J. 36x'+2x"— 8x. 

9. What is the least common multiple of x* — 4a', (x-j-2a)", 
and (x — 2a)*? y/'^ 11^'' - -■( '^' ^ - <- d^ 

10. What is the least common multiple of a* — Z>*, a* — 6*, a* — 6*, 
and a— 6 ? ^/w. a*+a»6+a*Z**— a'i»*— a6'— i*. 



CASE n. 

no. When the quantities can not be factored by 
i ispection. 

The rule for this case may be deduced as follows : 

L — If two polynomials are prime to each other, their product 
must be their least common multiple. 

2- — If two polynomials have a common divisor, their product 
must contain the second power of this common divisor \ their least 
common multiple will therefore be obtained, by suppressing the first 
power of the common divisor in the product, or in one of the given 
quantities before multiplication. 

3. — ^If we find the least common multiple of two polynomials, and 
then the least common multiple of this result and a third polyno- 
mial, and so on, the last result will evidently contain all the factors 
of the given polynomials, and no other factors. It will, therefore, 
be the least common multiple of the polynomials (lOO, 3). 
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Hence the following 

KuLE. I. When only two polynomials are given : — 
IHnd the greatest common divisor of the given poh/nomiaU; 
suppress this divisor in one of the poh/noniials, and midtiply the 
result hy the other polt/nomial. 

II. When three or more polynomials are given : — 
Find the least common multiple of any two of the polynomials ; 
then find the least common multiple of this result and a third poly^ 
nomial ; and so on, till aU the polynomials have been vMd, The 
last result wiU he the least common multiple required. 

Note. — ^It will generally be found preferable to commence with the 
greatest and next greatest of the ^ven quantities. 

EXAMPLES FOR PRACTICE. 

Find the least common multiple 

1. Of ^•+a;*-4a:+6 and «•— 5x'+8a;— 6. 

Ans. «*— 2aj»— 7a;*+18a:— 18. 

2. Of a;*— 2x*— 19a;+20 and a;'— 12a;+35. 

Ans. a;*— 9x*— 5x'+153aj— 140. 

3. Of 6a*m*-—am'— 1 and. 2a"m*+3am'— 2. 

Ans, 6a»m*-f-lla*m* — 3am*— 2. 

4. Of 2a;»— 6a;*— ar+l and a;*-5x«+7a5— 2. 

Ans. 2x*— 9ar"+9a;«+3aj— 2. 

5. Of 3x'+6x»— 5aj— 10 and 6a:*— 4x»— 10. 

Ans. 6a;'+12a:*— 4x"— Sx*— 10a>— 20. 

6. Of a;»+7x+10, a;*— 2x— 8, and x'+a:— 20. 

Ans. a;'4-3x*— 18a>— 40. 

7. Of a*— 3a5+25% a*— <i6— 25% and a»-6». 

Ans. a'— 2a*6— a6*+2i". 

8. Of 2x*— 7ay+3y», 2x*— 5xy+2y, and x*— Sarj^+G/. 

Ans. 2x*— llxV+17xy*— 6y*. 
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FBACTIONS. 

DEFINITIONS AND NOTATION. 

111. We have seen (t9) that division may be indicated by 
writing the dividend and divisor on opposite sides of a horizontal 
line. The term Fraction, in Algebra, relates to this mode or form 
of indicating division. Hence, 

11 3. A Fraction is a quotient expressed by writing the dividend 

above a horizontal line, and the divisor below. Thus ^ ifi a frac- 

b 
tion, and is read, a divided by h. 

113. The Denominator of the fraction is the quantity below the 
line, or the divisor. 

114. The Numerator is the quantity above the line, or the 
dividend. 

11 tS. Any fraction may be decomposed as follows : 






Hence, 

1. — The value of a fraction is equal to the teciprocal of the 
denominator multiplied by the numerator. 

2. — In any fraction, the reciprocal of the denominator may be 
regarded as a fractional unit ; and the numerator shows how many 
times this unit is taken in the fraction. Hence, 

3. — A fraction is a fractional unit or a collection of fractional 
units, the value of each depending upon the denominator. 

116. An Entire dnantitv !s an algebraic expression which has 
no fractional part ; as x* — 3cry. 

117. A Mixed duantity is one which ha£ both entire and frao- 
tional parts; as a* _j i. 
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GENERAL PRINCIPLES OF FRACTIONa 

1I8, Since a fraction is a form of expressing division, it is evi- 
dent that all the operations in fractions must be based upon the 
general relations subsisting between the dividend, divisor, and 
quotient. These principles relate, first, to change of value ; second, 
to change of sign. 

1st. Change of value. 

110. By modifying the language of (84), we may express the 
mutual relations of the numerator and denominator of a fraction, as 
follows : 

I. Multipli/ing the numerator mvltiplie$ the fraction^ and dividing 
the numerator divides the fraction, 

II. Multiplying the denominator divides the frojction^ and dividing 
the denominator multiplies the fraction. 

111. Mvltiplymg or dividing both numerator and denominator by 
the same quantitj/, does not alter the value of the frajctUm. 

2(1. Change of sign. 

130. The Apparent Sign of a fraction is the sign written 
before the dividing line, to indicate whether the fraction is to be 
added or subtracted. Thus, in 

a* — ox" 

the apparent sign of the fraction is plus, and indicates tbat the 
fraction is to be added. 

131. The Real Sign of a fraction is the sign of its numerical 
value, when reduced to a monomial, and shows whether the fraction 
is essentially a positive or a negative quantity. Thus, in the fraction 
just given, let a=2 and a;=3. Then 

g'— aa;' _ 4~-18 _— 14 
4a— 2x - 8—6 "" 2 ""^^ 
The real sign of this fraction therefore is minns, though Its 
apparent sign is plus. 

1S3. Each term in the numerator and denominator of a fraction 
has its own particnlar sign, distinct from the real or apparent sign 
6* B 
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of the fraction. Now tho essential sign of any entire quantity is 
ebanged, by changing the agns of all its terms. Hence, 

I. Changing aU the ngm of either numerator or denominator^ 
changes the real sign of the fraction; (8«S^ I). 

II. Changing aU the signs of both numerator and denominator, 
floes not alter the real sign of the fra,ction ; (8«S, 11). 

HL Changing the apparent sign of the fraction, changes the real 
iign. 



REDUCTION. 

133. The Bednotion of a fraction is the operation of changing 
its form without altering its value. 

OASE I. 

134. To reduce a fraction to its lowest terms. 

A fraction is in its lowest terms, when the numerator and denom- 
inator are prime to each other. And since it does not alter the 
value of a fraction to suppress the same factor in both numerator 
and denominator, (110^ III), we have the following 

BuLE. I. Resolve the numerator and denonihiator into their 
prime factors, and cancel all those factors which are common 
Or, 

II. Divide both numerator and denominator btf tJteir greatest 
common divisor. 

EXAMPLES FOB PRACTICE. 

1. Beduoe to its lowest terms. 

a*+a* 

a^-1 _(ia--.A)(a^+l)_a'-l 

2. Beduce J^~^f^ . ., to its lowest terms. 

4a — 2a' — oa-f- 1 



RBDUOTION. 67 

THe greatest common divisor of tlie numerator and denominator, 
as found by (10«S), is a—1 ; hence, 

(3a«— 2a— l)-5-(a— l):=3a+l 
(4a«— 2a«— 3a+l)-4-(a— l)=4a*+2a— 1 
And we have for the reduced fraction, 
3a+l . 

4a«+2a-.r ^'"- 
Reduce each of the following fractions to its lowest terms : 

'^' 21ay«« 3/ 
4. _. Am. 

a* — ah* M o* — ab 

^' a*+2ab-f9* "** "H^* 

O. --4 — iT' -***• 



8. 
9. 

10 



12. 
13. 
14. 



a;* — ^x* — x*-\-x 



^ 2a;»— 16a>— 6 . 2 

'• 3x"— 24:r>--9 3 



2x'— 7a;^+14a;— 12 j^ g»— 2^4-4 

4x"— 4x«— I3a;+15 * 2*»+a>— 6 

a*c-|-2a5c-f-&'c j 



o»4-3a»6+3a6«+6' a+6 

o* — 3a"a5-|-3aa:*-— 05* * o*— 2aa;-|-a5* 

a' — a^ a+x 

6a*-|-7aa5 — 3a5* . 3a — x 

^^' 6a'+llax+3x*' '"'So+i' 



'•— +1 ^n,. f!±l 



(x+t/y—x'—f/' ' 3 

(3x'-l) (2x'-l)-^«(5a^-T) ^^ 1 
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CASE n. 

18t5. To reduce a fraction to an entire or mixed qnan- 

tity. 

The division indicated by a fraction may be at least partially 
performed, when there is any term in the numerator whose literal 
part is exactly divisible by some term in the denominator. Ilence, 

KuLE I. Divide the numerator by the denominator as/ar aspos- 
nbley and the quotient will he the entire quantity, 

II. Write tJie remainder over the denominator, annex the fraction 
thus formed to the entire part, vrith its proper sign, and the whole 
result wiU be the^ mixed quantity. 



EXAMPLES FOR PRACTICE. 



Reduce the following fractions to entire or mixed quantities : 



1. 



ab^x 



2 g'+fta ; 

a 
g 5gy4-a5+y 

X — y 

3x 
24x*-18a>-6 



6 



^x 



^ 3x'— Tx'+Tx+BO 

g 56x'+126.T— 140 

7a:+21 

x — y 



X 

Ans, a+r- 
hx 



Am, a-\- 

Ans. 5a+lH . 

Arui. 2(a^+xy+y'). 
An$. aj— 4a— 3+g^ 
An$. 3a>— 2- 
Ani. 3x+5+ 



"3x 
a+3 
4x 
3a:-10 



Ans. Sx-^6- 



a;«— 4x-|-8 
2 



Ans, a;*+a;V+«^y+^*+y*- 



x+S 
2y 



a— y 
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OAsx m. 

136. To reduce a mixed quantity to the form of a 
fraction* 

This case is the converse of the last, and may be exjilained by it. 

Hence the following 

KuLE. Multiply the entire part hy the denominator of the Jrao 
tion ; add the numerator if tfie iign of the fraction he plus, hut 
tuhtract it if the sign he mimitj and write the retuU over the denomi^ 
nator, 

EXAMPLES FOR FRAOnOX. 

Reduce the following mixed qnantiiieB to fractions : 
, , «■ A^. h+ah+a* 

o o 

2. 26 ' -4W. ^• 

c c 

* h h 

^ b b 

3 rf 

a-|-3 a+o 

7. «+y+ -^— . ^»"- 

a?— y x—y 
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a — 6 a — 6 

10. l+2y+2y«+2/+?^i^ Am. 1^ 

^ ^ X X 

12. :^+5a3,+/+ ^z::g^. ^- jti^.' 



0A8S IV. 

137. To transfer a factor from the denominator to the 
numerator, or the reverse. 

Let us take any fraction, as ^ — , and multiply botli numerator 

and denominator by y"*, observing that any factor having zero for 

its exponent is equal to unity, (88, 1), and may therefore be omitted. 

We shall have 

ax^ aa^y^ ax'^y^ ax'^jf^ 

If we multiply both numerator and denominator of the stoie fiao 
tion by a;"*, we shall have 

a.c* oaf"* oa* a 

In like manner we may transfer any factor having a negative ex- 

ponent For example, let us take the fraction, — ,and multiply 

h 

both numerator and denominator by a:;' ; we shall have 

ax""* ax~*+* aj5* a 

h ~~6^ bx*^^ 

By the same principle also, any fraction may be reduced to the 
form of an entire quantity.; thus, 

a;** 05"^"* x"^"* af^y^ 
^n— yn^ ~" y* "~ 1 "~^^^^y 

In all operations of this kind, the intermediate steps may be 
omitted, and the results obtained by the following 
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Rule. I. To transfer any &ctor from the denominator to the nu- 
merator, or the reverse : — Change the sign of its exponent. 

II. To reduce any fraction to the form of an entire quantity : — 
Transfer all the factors of the denominator to the numerator f oh^ 
serving to change the signs of the exponents of the factors iramferred. 



EXAMPLES rOB PRAOTIOE. 

In each of the following fractions, transfer the unknown factors, 
or factors containing unknown quantities, to the numerator. 



Ans, 



axxf^ 



"" cY c« 

2 . Ans. — 

* 5mx" • 5m 

8 J- ^ £>:!£:. 

' CLxyz a 

J^— . Ans. <P^=^ 



4. 
5. 

6. 
7. 



a(ao— y) 

2a'xy ^^ 2a*x^ 
5o*xy' 5a* 

^'^ An*. 4^'* 



Box-* 3a 

SbXa—x) j^ 86'(a— x)' 

5cm(o— «)"• ' 6cm 

4m(x — y)*(l — x) 4m 

In each of the following fractions, transfer the known facton ^ 
the denominator, and the unknown factors to the numerator. 

9 ^^^ An,. '■'•^^ 

(«— 6)(a5— g)* ^^ ^— ay 

^"- (»— o)-(*— 6)» ' (o— &)• 
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In the following fractions, transfer the factors having negative 
exponents. 

12. ?f:!^. Ans ^^^* 

0»w 5a*m 

13. K^'-^) ^^ 6xV-l)* 
3aa:-*(x«— 1)-* 3^ 

14. ^--^""^-^' ^n,. ^«'^* 



Reduce each of the following fractioDS to the form of an entire 
quantity. 

15. ^ Ans. ba'h^^K 

16. ^ Am. 7a-*m-*ay*. 

17. -?!^. Am*, ^'-'a'har'y' 






18. ^^' . .iiw. 4a5«(a~ir)-« 



OAny. 



128. To reduce one or more fractions to a common 
denominator. 

We have seen (124) that a fraction may be reduced to lower 
terms by division. Conversely, a fraction must be reduced to higher 
terms by multiplication, and each of the higher denominators it may 
have, must be some multiple of its lowest denominator. Hence, 

1 — A common denominator to which two or more fractions may 
be reduced, must be a common multiple of their lowest denomina- 
tors; and 

2. — The least common denominator of two or more fractionSy 
must be tl e least common multiple of their denominators. 

c d • 

1. Reduce — and — , to their least conmion denominat<». 

a*6 ab' 
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We find by inspection that the least common multiple of the 
given denominators is a*&*. And 

If, therefore, we multiply both numerator and denominator of the 
first fraction by 2»*, and of the second by a, we shall reduce the two 
fractions to their least common denominator, a*h*. Thus, 

cX^*=^*C7 Jiew numerator of first fraction ; 

dy^a^=ad^ new numerator of second fraction. 

Hence A A^ill^,, ^, Aris. 

From these principles and illustrations we deduce the following 
Rule. I. Find the least common multiple o/ all the denominators^ 
for the least common denominator. 

n. Divide this common denominator by each of the given denomr 
tnatorSy and multiply each numerator by tJie corresponding guotient. 
The products vriU be the new numerators. 

Noi^.— Mixed numbers should first be reduced to fi'actions, and all 
Cractions to their lowest terms. 



EXAMPLES FOR PRACTICE. 

In each of the following examples, reduce the fractions and 
mixed quantities to their least common denominator : 

2a , 36 , 4ac 36a; 

X 2c 2cx 2cx 

2a , 3a+26 , ^ac 3a6+26« 

5a 36 ,., . lOac ^bx 24cdx 

«• ^' 2^'"^^^^ ^'"- 6^' 67x' -6^- 



a 05 + 1 J y 
A -_, ~ , and — - — . 
*• 6 c '• x + a 

acx + a*c (bx + 6) (x + a) bey 

' bcx -|- a6c bcx -|- a6c bcx -(- abc 

6.«.+ « and -±- Ans. «*^*-'* '^ 



7 



y ay— i «y"— ^ '/—y 
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^- a + 6' a— fc' a« — 6* 






a« — 5«' a« — ft"' a* — 6" 



a 



» — 1 a? — r a;* — 1 

. aCx' + x' + aj + l) 6(a;* + l) c 

Am, J = > — I =—» —J — =•• 

a* — 1 a* — 1 a* — 1 

g' + g + l a;«_a; + l 

^' a*-6a:* + 6x— 5 »• — 4«- — 4x — 6' 

' «•— 5x*+x'— 5x*+x— 5' x»— 5x*+x*— 6x"+x— 6 



ADDITION. 

130. We have seen (llt!^) that a fraction is eqnal to the r^* 
ciprocal of its denominator multiplied by the nnmerator. Hence, 
if two or more fractions have a common denominator, they will have 
a common fractional unit, which may be made the unit of addition. 
Thus, 






Or thus, 



a h aA-h 



c ' c - ■ ^ g 

The intermediate steps may be omitted ; hence the following 

EuLE. I. Reduce the fractiom to their least common denomt' 
nator, 

H. Add the nwmeraiorsy and write the remit over the common 
denominator. 

Notes. 1. If there are mixed quantities, we may add the entire and 
fractional parts separately. 

2. Any fractional result should be reduced to its lowest terms. 
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EXAMPLES FOB PRAOTIOX. 



^ . , , 8a; 2x , a; , 63«4.30x+35a5 128aj 

1. Add -g-, y,aiidg. Am. ^^ = 353- 

2. Add -7 and --i— Atu.- ^ ^ — 



he 'he 

8. Add -5 and —I— ^n*. _E_^[_-r 

4. Add r and r-r« Am. i — rr- 

o — 6 0+6 a" — 6" 

a4-8 2a— 5 14a — 13 

5. Add 2a+--g-and4aH j — Avu.ea+ — ^ • 

X — 2 2a>— 3 6x" — 4a>— 9 

6. Add 5a;+ -5 — and 4x-| — r — • Ans. 9x-| =-^ • 

7. Add , .and—- — Am. ' 

a-\'C a — c ar\-c 



8. Add f>=^, !fjhV.,aud^^l=^. ^n.. ^t^^. 
5** ' 5xy ' 101/ 10 

(6 — c) (c — a) (c — o) (a — 6) (a— 6) (6 — c) 

■ ^°- ^^^ («_i) («-i)' (j+iKi=^)'"\i-a)a+i)- 

^n#. 0. 

^^- '^'*'* (^Il6)-(^II^ (jHOTS^^'"" (c-a)(cl^)' 

^nt. 1 

. Saj*— 12a!+14 

• "*• ««_6»'4.11x — 6 
„ . ,, as «• , »•— 2.'— 3x 

18- -^dd j^-j-^, ^.^3^^2' ""'* x'+6x« + llx + 6" 

3 x(x + l) 
^"•- x' + Sx+.e' 
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SUBTRACTION. 

130. If two fractions have a common denominator, they will 
have the same fractional unit; and the one may be subtracted from 
the other, by taking the difference of the numerators. Thus, 

c c e c c e 

Or thus, 

e e ^ e 

Hence the following 

EuLE. I. Bednce the Jractums to their least common denominator 
II. Suhtract the numerator of the suhtrahend from the numereUor 
of the mmuend, and torite the result over the common denominator. 



EXAMPLES FOB PRACTIOX. 

l^ From — . subtract — . Ans. -^•. 

_ 7x ,, ^ 2aj— 1 . 17x + 2 

2. From -^ subtract — - — . Am. ^ — . 

2 3 

8 From subtract . Ans. , ^ , 

4, From 3a -| — take 2a -| — . 

15 7 

6. From — ^—rr take — - . Ant. 




a'-'b* 



6. From cc + -f^-^ take ^piiL. A»s. x it-.. 



7. From 3x -j- — take x 
o 



^+x-b ^^^^ x'^x^l 



8. From ^ . \, — -— - take 



2x' — llx + 12 2ar* + 5« — 12 

.. 4a;+ 8 
«•— 16 
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9 From _?^±A_ take " + ^^ , 
a« 4- Sab + 26* a* + 5a6 + 66« 

. 2(a-~5) 

10. From-—- — — r=r take 



^ab(a-'h) — 2(a•— b*) 8ai(a+6)— 2(a*-f 6*) 

An$. -7 --. 



MULTIPLICATION. 

131. Any firactioii may be multiplied by an entire quantity in 
two ways : 

1st. By multiplying its numerator ; or 
2d. By dividing its denominator; (110^ I and II). 
133. A general rule for the multiplication of fractions is fur- 
nished by the following example : 

I. Multiply — by —. 

6 . a 

OPERATION. 

Bj observing the result, we find that the new numeratoi: is the 
product of the given numerators, 'and the new denominator is the 
product of the given denominators. Hence the following 

Rule. I. fleditce entire and mixed quantities to fractUmal fomn, 

II. Mvltiply the numerators together for a new numerator, and 
the denominators for a new denominator ^ canceling aU factors comr- 
mon to the numerator and denominator of the indicated product. 

jsxamples for PRAoncx. 

1. Multiply 2- by -. AnM. ^. 

ox X 

7* 
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« ^c 1.. 2x+By .2a - 2x+8y 

8. Mnltip.y -^ by g-. ^«. _gi 

4. Multiply ^Izifby^^. ^«. ^:=^. 

*^-'2y-'a + x y 

6. Multiply ^^ by 1^«. ^n,. 6y. 

6. Multiply -^ by -^-^ ^n.. -^-^ 

7. Multiply "''" by g^^^^j- -^»w- 8(o+a:). 

8. Multtplya-I- — by a — i- An*. ■ — jj =-• 

bo o 

10. Multiply together ^ , — —> and . ^m. a. 

X fl5+y * — y 

11. MulUply — by 



a— 2ft ^ 8a*+82aft+32ft* 



2a+Ah 



12. Multiply together 7" > — --r and Sa. 
2a a+o 



8(x-— 1) 



18. Multiply together — -7-, ; — r-,and a^ 



^u,. '•^"-^>. 



14. Multiply together ^ — r^i *^- . , , and . 



uiiM. a-[-a$. 



15. Multiply together — - — 1 tt— 1 «^d ?• 

6c 6+c » — o 



6-<-c 
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le. Multiply together <V^^ „ <^-i4^>and^^ 



An*, 

CbX 



17. Moltiplj (a+h^cXa^+c) ^ c+h^ 

Arts. — 1. 



DIVISION. 

133. Any fraction may be divided by an entire quantity in two 
ways: 

1st. By dividing its numerator; or 
2d. By multiplying its denominator; (119, I and TI). 
We may, however, derive a general rule for the division of frac- 
tions, from the following example : 

1. Divide — by — • 

OPERATION. 

a c , , j_, ah"* ad 

— 2 — = ah -7- ccT' ==. = — 

h d cdr^ he 

By inspecting this result, we find that the new numerator may be 
obtained, by multiplying the numerator of the dividend by the de- 
nominator of the divisor ; and the new denominator may be obtained, 
by multipljring the denominator of the dividend by the numerator 
of the divisor. Hence the 

BuLE. I. Meduce entire and mixed quantities to Jractional forms. 

XL Invert the terms of the divisor, and proceed as in midtiplica^ 
tion. 

EXAMPLES FOR PRACTICE. 

1. Divide — by — Ans. — Xr = — r* 

a c a o ab 

2. Divide ^* by ' An». ^^. 

c a-\-b c" 
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FKACTIONS. 



4. 

6. 

6. 

7. 

8. 

9. 
10. 
11. 
>^12. 
13. 
14. 
15. 
16. 
• 17. 
18. 



Divide 
Divide 
Divide 
Divide 
Divide 
Divide 
Divide 
Divide 
Divide 
Divide 
Divide 
Divide 
Divide 
Divide 
Divide 
Divide 



I5ab - lOac 
a — X a*— x" 



2x"— 7 



by 



x*—h* x+b 

a:^—2bx+b' ^ aj— 6' 

2ax+x" , X 
, , by • 

a — x' '' a — CB 

14x— 3 , 10a>--4 



jifij. 



2c 
(2.r«-7) (r-l-g) 



by 



25 



9a;'— 3x 
5 

6av-7 



by 5 

x—\ 



X'\-7^ 2ax-\-2ax* 

-8^^y 7 

o'— «• 



—5— ^y 5 • 



a"+ax-j-x" 
a — X 



a+6 



nx . wia — WM5 
by 



a-i-b 



a by — r-X 



3(x«— 1) 



^y (^)fc) 



2(a+6) 

10a5+3o'+36' 3a+& 6 

10a6— 3a*~36' ^ 6— 3a 



Am. x^+b\ 



Am. 



«• 1 ^ «_L . 1. 

X* ' a ^ X* X* a 

a — 1 . 6—1 c — 1 



An$. 



2a+ x 
70x— 15 



Am. 

Ans, 



10^—4 
9x— 3 



X 



-i"— 1 



An*, a«+x* 
9y-3 



Am. 



Am. — 
m 



An*. 



- J^, 



Am. 3a. 

3qft+g' 
a6— 36* 

a-f"* 



Am. 



■'''-a4+9- 



^/w. 1. 
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REDUCTION OP COMPLEX FORMa 

134. A fraction is said to be simple^ when botli numerator and 
deuominator are entire ; otherwise it is said to be complex, 

13t!^. To reduce a complex to a simple fraction, we may regard 
the quantity above the line as a dividend, and the quantity below it 
as a divisor, and proceed according to the last rule. 

A more convenient method may be derived from the following 
observations : 

1. — If a fraction be multiplied by its own denominator, the 
product will be the numerator. 

2. — If a fraction be multiplied by any multiple of its denomina- 
tor, the product must be entire. 

Hence to simplify a complex fraction, we have the following 

KuLE. Multiply both numerator and denominator hjf the least 
common multiple of t\e denominators of the fracUondl parts. 



EXAMPLES FOR PRAOTICE. 



1. Sunplify 5!=^ 



a'\'X 
Multiplying both numerator and denominator by (a — oc) (a-^-x)^ 
or by it» equal a* — «", we have 

-1 1 

- a a" — X* — ar'\-ajx ax — or a — x 

a-\-x 

2. Simplify !_£. j,^ ^^, 

a + - 



7BACnON8. 



8. Simplify 






be 



4. Simplify 



a>— 1 ai+1 

m n 

a+1 , a>— l' 



«+l 



5. Simplify 



-^^ 



A 



S. Simplify 



*" ~ ac ^ -*^ 



6c 



a6 






7. Simplify £±^ 



o-f^ a — h 



-^8. Simplify ^•-^' ^•+^' 



a4-6 ct— i 



a — 6 

1 



a+5 



9. Simplify 



1 1 

:r-T + 






■ a;(i»-|-«»)+(«— »»)' 



iln«. 



a—l^l 



An*. 






^n<. 



Ant. 



ae — hd 
ac-\-bd' 



ah 



Ans.<^=^. 



10. 



a+\ &+1 c+l (f+1 

Simplify _?^ *^ L 1. ^^ («±JKit£) 

abed 



cd 



ab 



c+J o+d 
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SECTION II. 

SIMPLE EQUATIONS. 

ISO. An Equation is an expression of equalitj between two 
quantities. Thus, 

is an equation, signifying that the sum of x and y is equal to a. 

137. The First Member of an equation is the quantity on the 
left of the sign of equality ; and 

The Second Member is the quantity on the right of the sign of 
equality. Thus, in the equation, 

the first member is x — 3y, and the second member is a — h. The 
two members are sometimes called the two sides of the equation. 

138« It is important to observe that the kind of equality sub- 
sisting in an equation is algebraic ; that is, the two members must 
have the same essential sign, as well as the same arithmetical value. 

139. The Unknown Quantity of an equation is the letter to 
which some particular value or values must be given, in order that 
the statement contained in the equation may be true. And such 
value or values are said to satisfy the equation. An equation may 
contain two or more unknown quantities. 

140. A Boot of an equation is any value which, being substi- 
tuted for the unknown quantity, will satisfy the equation, for ex- 
ample, in 

a;*+2x=35 

let us substitute 5 for x ; we shall then have 

5'+ 2X5=35 

25 +10=35 

35=35 
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Hence, 5 is a root of tlie equation, because if snbstitnted for x, it 
will render the two members equal. Again, let x=: — 7. We have 

(-7)'+(-7x2)=35 
49—14=36 
35=35 
Hence, — 7 is also a root of the given equation. 
141. A Numerical Equation is one in which all the known 
quantities are expressed by figures as, 3x* — a;*-|-2j;=17. 

143. A Literal Equation is one in which some or all of the 
known quantities are expressed by letters; as ax" — ^hx=ibd. 

143. An Equation of Condition is one which must exist be- 
tween certain known or arbitrary quantities, in order that certain 
other equations may be true. Thus, the two equations, 

x-\-c=zba 
X — c= a 

can not both be true at the same time, unless 

c=2a 
That is, the last equation expresses the condition which will render 
the other two equations true ; it is therefoi*e called an equation of 
condition. 

144. An Identical Equation is one in which the two members 
are the same algebraic expression, or are reducible to the same. 
Thus, 

o* — 3a;=a* — 3a5 
a" — a*=(x-(-a) (x — a) 
are identical equations. 

145. Equations are said to bo of different degrees or dimen- 
sions. 

The Degree of an equation is denoted by the greatest number of 
unknown factors occurring in any term. Hence, 

1. — If an equation involves but one unknown quantity, its degree 
is denoted by the highest exponent of this quantity in any term. 

2. — If an equation involves more than one unknown quantity, ks 
degree is denoted by the greatest sum which the exponents of the 
unknown quantities give in any term. 
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Thus, for example ; 

x-\-ax = h 

'- are equations of the first degree ) 
ax+t/ : 






x*+Ax = 8 

'- are equations of the second degree; 
x'+xy : 



ax*+hx^+cx = 2a'l\ 

' are equations of the third degree. 



14 6» A Simple Equation is an equation of the first degree. 

147. A Quadratic Equation is an equation of the second 
degree. 

148. A Cubic Equation is an equation of the third degree. 



TRANSFORMATION OF EQUATIONS. 

149. The Transformation of an equation is the process of 
changing its form without destroying the equality of its members 

From the nature of an equation, it is evident that all the opcrar 
tions to which it can be subjected without destroying the equality, 
are embraced in the axioms (39) } they may be stated as follows : 

1. — ^The same or equal quantities may be added to both members; 
(Ax. 1). 

2. — The same or equal quantities may be subtracted from both 
members; (Ax. 2). 

3. — Both members may be multiplied by the same or equal 
quantities; (Ax. 3). 

4. — Both membei-s may be divided by the same or equal quanti- 
ties ; (Ax. 4). 

5. — Beth members may be raised, by involution, to the same pow- 
^r; (Ax. 8). 

6. — Both members may be reduced, by evolution, to the same 
root ; (Ax. 9). 
8 
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0A8E I. 

130. To transpose tlie terms of an equation. 

Transposition is the process of changing a term from one member 
of an equation to the other, without destroying the equality. 

To exhibit the law of transposition, let us consider the three 
following examples : 

1. — Let x-^-a = b. 

If we subtract a from both members of this equation^ the result 
will be 

X ^ h — a'j 
and we perceive that the term, -{~<>9 ^^ been removed from the first 
member, and appears as — a in the second member. 

?. — Let X — a = h. 

If we add a to both members of this equation, the result will be 
•^ x = b+a', 

and we perceive that the term, —a, has been removed from the first 
member, and appears as 4-<> ii^ ^be second. 

3. — Let • a — x = 6. 

Subtracting a from both members of the equation, we have 
— X = — a-\-b. 

If we now multiply both members of this result by — 1, we shaU 
have 

X = a — h; 
and by comparing this last result with the given equation, we 
observe that -{-^ bas been removed from the first to the second 
member, but the signs of both the other terms of the equation have 
been changed. 

Hence, for changing the sign or place of any term of an equation 
we have the following 

Rule. I. J.ny term may be transposed from one m^eniber of an 
equitation to the other by changing its sign; (1, 2). 

n. Any term may be transposed without changing its sign, pro- 
vided the signs of aU the other terms be changed; (3). 

III. The sign of any term may be changed without transposition, 
by changing the signs of aU the term^ simjdtaneously ; (3). 
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EXAMPLES FOR PRACTICE. 

In the following equations, transpose the unknown teims to the 
first member, and the known terms to the second, by (I). 

1. a^x-^hc = aJb — 2ax. Ans. a*X'\-2ax = ah — he. 

2. 36'-— 2aj— 5 = 3c— Sox— cfx. 

Ans, bax+dx~'2x = 3c— 36"-|-5. 
8. 4c*ic — a-|-35 = X — ah — 2cic. 

Ans, 4c*x — 05+2635 = a — Bh — ah, 
4. 5aZ>" — x-{'4cd = ax — ca5+a'. 

Ans, ex — ax — xs=ia* — 5a5* — 4c<f. 
In the following, transpose the unknown terms to the first mem- 
ber, and the known to the second^ by (II). 

6. aa5+5c = a"+c'a5. Ans. <?x — ax=^he — a*. 

6. 4cc2" — a"a5 — Bern = ox — m". 

Ans. a'flc+oos = 4cc2" — 8cm+m". 

7. ax — 7+5c<f = 6c+a*ca5 — 4m". 

Ans, d^ex — ax = bed — 7 — &c+4m'. 

8. a* — c"a5— 3^ = c"c?'a5— 56". 

Ans. c'(i'x+c"a;+3d:2; = a"+56'. 



CASE n. 

151. To clear an equation of fractions. 
We have seen (139, 2), that if a fraction be multiplied by any 
multiple of its denominator, the product will be entire ; consequent- 
ly, if several fractions be multiplied by a eommon multiple of theii 
denominators, all the products will be entire. 
Let us take the equation, 

8a! 2x 
To"- 15=^^- 
Multiplying every term by 30, whiofa is tihe leatt common imdtipU 
of the denominators, we have 

9x-4x = 860, 
in whicb all the terms are entire. 
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Again, let == -JZL. 

a* a6" a*b 

Multiplying every term by a"6", observing that tbe prodaot 
obtained from tbe second fraction is to be subtracted^ we have 
6"x — ax-\-ac =z bx+bc. 

Hence tbe following 

KuLE. Multiply aH the terms of the equation by the least common 
multiple of the denominators, observing that when a fraction hn» the 
minus sign before ttj the signs of the terms derived from its numera- 
tor must be changed. 

Notes. 1. The pupil should observe that in multiplyiug any fraction 
it will be most convenient to divide tlie multiplier by the denominator 
and multiply the numerator by the quotient. 

2. It will be obvious, also, that the equation will be cleared of fractioDB 
by multiplying by the several denominators, successively. 

EXAMPLES FOB PBACTIOB. 

Clear the following equations of fractions : 
1. I -}. ^ _ ?^ = 10. Ans. 6x+8»— Ox = 120. 



2. 



2 ' 3 4 

3x _ 2x+S _ x^^ ^^ 18a^-6x~9 = 2x-10. 
7 14 ■" 21 



3. — — I =— ; r- -^*"« <KC+<*'+<5»— «c = d. 

X — a «+<* ^ — * 

X — a 2x — 3a x-^-ae 

c ac* "" a" 

Ans. a*cx — a'c — 2aX'\'Sa* = c'x+o^* 

ax — bx ex — 005 bx — ex 

8c 10a " 4ac 

Ans, ba*x — babx — 4c*a5-f-4aca; = 106a; — 10ca5. 

12 ""16 + "24 20~= ' 

Ans. lOOa— 45x4-30— 10x—60x+24 = 480, 

7. -1 = -^ + A + 4. Ans.x=: a'+&-+c-. 

abc bcx OCX ahx 



4. 



5. 
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REDUCTION OP SIMPLE EQUATIONS. 

153. The Eednction of an Equation is tlie process of findiDg 
the value or values of the urfknown quantity, or the roots of the 
equation. 

lt>3. A root of an equation is said to be vert/ted, if the two 
members of the equation prove to be equal after the root has been 
substituted for the unknown quantity. 

194. A simple equation may be reduced, by transforming it in 
such a manner that the unknown quantity shall stand alone, and con- 
stitute one member of the equation ; the other member will then ex- 
press the value of the unknown quantity, or the root of the equation. 

Let it be required to find the value of x in the equation 
bx—2 x—7 bx 

-3 r=^ + T ^'^ 

Clearing of fractions, we have 

20x— 8— 3a;+21 = 48-f lOaj. (2) 

By transposition, we obtain 

20a— Sx—lOx = 484-8 — 21. (8) 

Uniting similar terms, 

7x = 35. (4) 

And dividing both members by 7, we have 

a = 5. (5) 

To veri/i/ this value of a;, substitute it for x in equation (1); we 
shall have 

25—2 5—7 , . 25 ^ 

"3 r=^+ e"- 

Reducing each term to its simplest form, we obtain 

7}+J = 4+4t; 
whence, by addition, we have 

SI = 81, 
and the value of as is therefore verified. 

ISS* It should here be observed that an equation of the first 
degree, containing but one unknown quantity, can not have more 
than one root For, whatever the equation may be, suppose it to be 
8* 
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cleared of fractions^ and the unknown terms transposed to the first 
member, and the known terms to the second. Then if we represent 
the algebraic sum of the coefficients of x by a, and the second 
member by 5, the equation will take this general form : 

ox = ft (1) 
Now, if possible, suppose that this equation has two roots, r and 

r'. Then since eveiy root must satisfy the equation, (140), we 
shall have, by substituting r and r' successiyely in (1), 

ar = 6, (2) 

ar'z= b. (3) 
whence, by Ax. 7, we shall have 

ar = ar'', (4) 
or, by transposing and factoring, 

«(^— '•0 = 0. (5) 

But equation (5) is impossible, since, by supposition, r — r' is not 
zero, and a is not zero. Hence, 

An eguation of the first degree can not have more than one root. 

136. From these principles and illustrations we derive the fol 
lowing 

KuLE. I. If necessary, clear the equation of fraMions^ and per- 
form aU the operations indicated. 

II, Transpose the unknown terms to the first member and the 
known terms to the second j and reduce ea^^h member to its simplest 
form^ factoring, when necessary, with reference to the unknown 
quantity. 

III. Divide both members by the coefficient of the unknovm quan- 
tity y and the second m^ember wiU be the value required^ or the root 
of the equation. 

The three principal steps in the reduction of a simple equation, 
containing but one unknown quantity, may be briefly stated as 
follows : 

1st. Clearing of fractions. 

2d. Transposing and uniting terms. 

8d. Dividing by the coefficient of x. 
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PRAOnOAL SUGGESTIONS 

There are certain cases in which the preceding rale may be mod- 
ified^ with adTantage, by special artifices. 

1. — When the equation contains similar terms, or fractions having 
a common denominator, these should be united as &r as possible 
before clearing of fractions. Thus, 

Given. 56 + !^ + ^ = 100-^^ 

transposing and uniting terms, 2x -] = 44 : 

clearing of fractions, 14x + a? — 7 = 308 ; 

15a; = 315; 
x= 21. 
2 — ^When the equation contains fractions whose numerators or 
denominators are polynomial, we may clear the equation of its sim- 
pler denominators first, uniting the entire quantities at each step, if 
possible. Thus, 

Given, «*+7. L«-13_2x+4. 

multiplying by 9, 



9 ^ 6x+3 "■ 3 ' 
21x— 39 



, ... 21a;— 39 ^ 
transposmg and uniting, __ — 5 • 

clearing of fractions, 21a; — 39 = 10a;+5 j 

11a; = 44; 
whence, by division, a; = 4. 

3 — When the equation contains but a single numerical term, we 
may simply indicate the multiplication of this term, in the clearing 
of fractions, until the fijial step in the reduction is reached. Thus, 

Gi.» J + ^ + g. + i.=,88, 

multiplying by 84, 21as + 12x+ 7* + 4a! = 88 X 84 ; 

44a; = 88 X 84 ; 
dividing by 44, x= 2X84; 

X = 168. 
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EXAMPLES FOB PRAOnOB. 

Find the value of a; in each of the following equations. 

1. 7a:-16 = 8*-4. Am,. x=8. 

2. 8* + 9 = 5*+l. An$.x = i. 
8. 4a; + 7 = a! + 21— 8+0!. An*. x = 5h 

4. 5a;+16 = a5 + 52. Ant. a; = 9. 

5. 5ax — e = bSax. An*, x = ^ + *'. 

8a 

6. ar + 6=9x + c An*. x=2lzJL 

a— 9 

^- 1"+ 1- = 10. An*.x = 24. 

°- Y = l +24. An*. x = 19^ 

Q 3a! + 5 _ 15a! — 1 
2 - 8 ■ 

,A « + l Bx — 5 9x . 

10. -^+-g -. An*.x = 20. 

« 2a5 + l 7a; — 15 17x + 8 8 . 

• 2- + 8+i2 = T+T-'^' ^n..« = 84. 

17x— 12 5a! — 16 10«— 8_6a- — 7 
3 ~ 4 6 -~2 

An*, a; = 16, 

iA oi ■ 3x — 11 5a; — 5 , 97— 7a5 . „ 

14. 21+— ^g- = — g— + _^_. An*.x = 9. 

15. 7^ + 16 _ 0^+8 X 

21 4a;— 11 8 



^M. X = 7. 



13. 



,„ 9x+20 4x— 12 , X ^ „ 

^«- -T6-=i^=r+r ^«..«=8. 

,, 20a! , 36 , 5a!+20 4a; , 86 . 

*^- 15 +25 + 9^=16 =T +26- ^«». a; = 4. 
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18. -3 --=6a; ~ . jln«. a; = 5. 

4 2 4 

^ o 4 

21. 2a^^«+15 = l!^« ^„,.« = 12. 

22. — ^ —29 = s- — «0. .<in«. a; = 2. 

x-\-2 X — 2 



23. 



7a-+9 / 2a;— 1 



fa; 5 — j—"^' Ant. x = b. 

„, 7+9a; /, 2— a;\ ^ ^ 1 

24. ^t (i ^) = lx. Am. x = ^ 

25. ^^ + ^2=^«+f=l+3. An..x = l. 



26. |+|+|+f-=77. ^n.. x = 60. 

27. I + 1 + 1 = 130. An,, as = 120: 

28. |+J+g = 90. ^M. a; = 120. 

29. 1+1 + ^ = 82. An».x = Si. 

««• f+f +5 + 1 + 5 = ^ ^n..*=1260. 

a — c 

81. a*x+2ac — c*x = a*+rf Ans. x = — —• 

^ . '- a-|-c 

82. 45x— 2a = Sah—Qh*x. Ans. a^ = gT 

83. a(x— 6)+6(x— c)+cCic— a) = 0. Ans, x = — ^-^^J — 



/ 
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84. * a"(x-l)+aw(aj— 2) = m\ Am. x= ^^' 

j^ 35. ar+cas-]- 05 =r 5 -| Am, x^ — r-- 

as as fl/ 2B 

^''*- *- 2(a'— 2+6') • 

. Q« *"^* * ^ ._J_ A ^+^ 

^ c— 1 ' c+1 c— 1 ' (c— !)■ c— 1 

aj 35 35 

39. - -U - -f — zs aft+oc+ftc. ^/^5. x=:abc. 

a ' * c ' ' 

a; — 6 — c 05— a— c a>— <i — h 

a ' h * c 

^n«. a5 = a+ft+^. 

41. 1.25x— 6.125+.25X = .625aj. Am. » = 7. 

42. 3.164X— 4.266 = JUx+.QSx. Am, x = 1.5. 

^„ 2.4a>-.12 4.6x— 3.6 .64a;— .048 

43. 2.8 +~T~ = J ^'"- '' = -®- 



PROBLEMS V 
PRODUCING EQUATIONS WHICH CONTAIN ONE UNKNOWN QUANTITY. 

IS 7. A Problem, in Algebra, is a question requiring the values 
of one or more unknown quantities from given conditions. 

138. The Solntion of a problem is the process of finding the 
values of the unknown quantities. 

199. Eveiy problem in Algebra contains a statement of the rela- 
tions between certain known and certain unknown quantities. When 
these relations are such as to furnish one or more equalities, the 
process of solution consists in expressing these equalities algebraic- 
ally, and in reducing the equations thus obtained. 
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160. There are two classes of problems whioli may be solved by 
the use of a single equation. 

1st. Questions referring to a single unknown quantity. 

2d. Questions referring to two or more unknown quantities, so 
related that when one is known, the others may be determined 
directly by the given conditions. 

The following are examples of the first class : 

1. What number is that the sum of whose third and fourth parts ^ 
Is 21? 

Let X represent the number ; then by the conditions 

® -L. ^ 91 • 
3 +4 =21, 

blearing of fractions, 4x-^Sx = 21X12, 

7a; = 21X12, 
whence x = 36, Ans, 

2. A and B have each the same annual income. A's yearly ex- 
penses are 1800 and B's $1000, and A saves as much in 5 years as 
B saves in 7 years ; how much is the annual income ? 

Let X = the income; 

then X — 800 = A's annual savings ; 

and aj— 1000=B's " « 

Now by the conditions of the problem, we have > 

6(aj_800) = 7(a;— 1000) ; 
whence 605— 4000 = 7a;— 7000, 

2x==3000, 
X = 1500, Ans. 
The following are examples of the second class : 

3. Three men form a copartnership with a joint capital of $7200. 
A put in a certain sum, B put in three times as much as A, and C put 
in as much as both A and B ; how much did each man Aimish ? 



Let 


X = A'p share ; 


then 


Sx = B's « 


and 


4a; = C's " 


By the conditions, 


8a; = $7200 


whence. 


X = $900, A's share, 




3x = $2700, B's share. 




4a; = $3600, C's share. 
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4. Thare are two numbers whose difference is 6 ; and if } of tihe 
less be added to ^ of the greater, the sum will be equal to i of the 
greater diminished by J of the less. Required the two numlerg 

Let X = the less ; then x-|-6 = the greater. 

Bj the conditions of the problem, 

X 05+6 a:+6 x 

clearing of fractions, 5x+3a;+18 = 5x+30 — 3x; 
whence, 6a; = 12 ; 

05 = 2, the less, 
05+6 = 8, the greater. 
These ezampleg illustrate the three essential steps in the solution 
of any problem requiring but one equation; and we may derive 
from them the following 

GENERAL RULE. 

I. Represent one of (he utiJenown quantities hy some letter or 
symbol^ and then from the given relations find an algebraic expres- 
sion for each of the other unknown guantitiesj if any, involved in 
the question, 

II. Form an equation from some conditionj expressed or implied, 
hy indicating the operations necessary to verify the value of the 
unknown quantity represented by the symbol, 

in. Reduce the equation thus derived. 

The three steps in this process may be named as follows : 

1st. The notation. 

2d. The equation. 

8d. The reduction. 

REMARKS. 

1. — ^By the first two steps, the conditions of the problem are 
translated from common into algebraic language. This is called the 
itatement of the question. 

2 — The chief difficulty in the solution of a problem is generally 
dzperienced in obtaining the statement. This arises in part from 
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the fact that among the problems which may be proposed, there exists 
ait «tdefinite variety of conditions ; and the operator is left very 
much to his ingenuity, both in adopting suitable notation for any 
problem, and in deriving the equation. 

3. — Algebraic problems present two kinds of conditions, — Explic- 
it and Implicit, An explicit condition is one which is distinctly 
and formally expressed in the language of the problem. An 
implicit condition is one which is not directly expressed, but only 
implied, or left to be inferred from other conditions. 

4. — In any problem there are always as many conditions as there 
are quantities to be determined. And if we represent one of the 
unknown quantities by an arbitrary symbol, and then proceed to 
derive expressions for the other unknown quantities, if any, each 
from a separate condition, there will always remain a final condition, 
either explicit or implicit, from which to derive the equation. 

^' 

PROBLEMS FOR SOLUTION. 

1. What number is that from which if 6 be subtracted, and 
the remainder multiplied by 11, the product will be 121 ? 

Am, 17. 

2. A man holds a lease for 20 years, and \ of the time past is 
equal to ^ of the time to come ; how much of the time has passed ? 

An^, 12 years. 

3. What number is that which being increased by ^, ^ and \ of 
itself is equal to 250 ? An^. 120. 

^. Divide 77 into two such parts that if one part be divided by 
7 and the other by 3, the sum of the quotients shall be 15. 

Am. 56 and 21. 

5. The sum of two numbers is 75, and their difference is equal 
^to \ of the greater ; what are the numbers ? J.7w». 45 and 30. 

6. After paying away \ and \ of my money, I had $66 left ; how 
much had I at first ? Am, |120. 

7. After paying away \ of my money, and \ of what remained, 
and losing \ of what was then left, I still had $24 ; how much had 
I at first? Am.%^^ 

9 
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8. WLat iimnber is that from wliicli if 5 be subtracted, | of the 
remainder will be 40 ? Ans. 65. 

9. A man sold a horse and a chaise for $200, and ^ of the price of 
the horse was equal to j of the price of the chaise. What was the 
price of each? Ans. Chaise, $120; Horse, $80, 

10. Divide 48 into two such parts, that if the less be divided by 
4, and the greater by 6, the sum of the quotients will be 9. 

Ans. 12 and 36. 

11. An estate was divided among 4 children in the following 
manner : The first received $200 more than -^ of the whole, the 
second $340 more than ^ of the whole, the third $300 more than J 
of the whole, and the fourth $400 more than j of the whole ; what 
was the value of the estate ? Am. $4800. 

12. What number is that from which if 91 be subtracted, ^ of 
the remainder will be equal to -^\ of the number ? Ans. 130. 

13. Four men take stock in a railroad company, amounting in 
the aggregate to $73,500. A takes a certain sum, B takes three 
times as much as A, C takes three times as much as A and B togeth- 
er, and D takes one third as much as B and C. How much of the 
stock does A take ? Ans. $3500. 

^*"''^b4. Divide 105 into two parts which shall be to each oilier as 
8 to 4. 

Since the parts are to each other as 8 to 4, let 

3a; = the less part; then 4a5 = the greater; 
whence 7x = 105, a; = 15 ; 

3x = 45, the less ; 
4a; = 60, the greater. 

15. A and B shared between themselves a bequest of $2000, in 
the proportion of 7 to 9. How much did each receive ? 

Ans. A, $875 ; B, $1125. 
rd. A farmer made a mixture of rye, oats, and peas, using 3 bush 
els of rye as often as 4 of oats and 5 of peas. The whole amount 
of grain used was 72 bushels; how many bushels were there of each 
kind? 

Ans. Rye, 18 bushels; Oats, 24 bushels; Peas, 30 bushels. 
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17. From two casks of equal size were drawn quantities which are 
in the proportion of 6 to 7 ; and it appears that if 16 gallons less 
had been drawn from that which now contains the less, only one 
half as much would have been drawn from it as from the other. 
How many gallons were drawn from each ? Arts. 24 and 28. 

18. It is required to divide the number 204 into two duch parts, 
that I of the less being taken from the greater, the remainder wiU 
be equal to f of the greater subtracted from 4 times the less. 

Ans. 154 and 50. 

19. A man bought a horse and chaise for 341 dollars. Now if 
I of the price of the horse be subtracted from twice the price of the 
chaise, the remainder will be the same as if ^ of the price of' the 
chaise be subtracted from 3 times the price of the horse. Required 
the price of each. Ans, Horse^ $152 ; Chaise, $189. 

20. A certain sum of money was put at simple interest ; in 8 
months it amounted to 11488, and in 15 months it amounted to 
$1530. What was the sum at interest? 

It is often convenient, in the solution of a problem, to avoid the 
multiplication of large numerals. This may be done by represent- 
ing a given number by a letter^ as follows : 

Put a = 1488 ; then a+42 = 1530. 
Let X = the sum at interest ; 

then a — x = interest for 8 months ; 

and 0+42—0;= " "16 " 

Equating two expressions for the monthly interest, 
a — X a-f-42 — x . 
"8"^ 15~ ' 
whence 15a — 15j5 = 8a-|-336 — Sxy 

7x=7a— 336, 
and X = a — 48 = $1440, Ans. 

21. A prize having been captured by a privateer, the sum of 
$7560 was awarded to the officers, and the residue was divided 
equally among the crew, consisting of 27 men. If the officers had 
received $9560, and the crew had consisted of 25 men, each private 
would have received the same sum for his share ; what was the value 
of the prize? Ans. $34560. 
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\ 22. A mercliaQt allows $1000 per annom for the expenses of hia 
family, and annoallj increases that part of his capital which is not 
X so expended hy a third of it ; at the end of three years his original 
stock is douhled. What had he at first ? Ans. $14,800. 

23. A man haying a lease for 99 years, was asked how much of 
it had already expired; he answered that | of the time past was equal 
to I of the time to come. Eequired the time past and the time to 
come. Ans, Time past^ 54 years ; time to come, 45 years. 

24. In the composition of a quantity of gunpowder, the niter was 
10 pounds more than | of the whole, the sulphur was 4^ pounds 
less than J of the whole, and the charcoal was 2 pounds less than 
\ of the niter. What was the amount of the gunpowder ? 

Ans, 69 pounds. 

25. Divide $183 hetween two men, so that 4 of what the first re- 
ceives shall he equal to -^ of what the second receives. 

Ans, 1st, $63 ; 2d, $120. 

26. Divide the numher 68 into two such parts, that the differ- 
ence hetween the greater and 84 shall be equal to 3 times the 
difierence between the less and 40. Ans, Oreater, 42 ; Less, 26. 

27. Four places are situated in the order of the letters A, B, C, 
D. The distance from A to D is 34 miles ; the distance from A to 
B is to the distance from C to D as 2 to 3 ; and \ of the distance 
from A to B, added to one half the distance from C to D, is three 
times the distance from B to C. What are the respective distances? 

Ans, 12, 4, and 18 miles. 

28. A man driving a flock of sheep to market, was met by a 
party of soldiers, who plundered him of \ of his flock and 6 more. 
Afterward he was met by another company, who took ^ of what he 
then had and 10 more ; after that he had but 2 left. How many 
had he at first ? Ans, 45. 

29. A boy engaged to carry 100 glass vessels to a certain place, 
/ and to receive 3 cents for every one he delivered, and to forfeit 9 

cents for every one he broke. On settlement, he received 240 cents; 
how many vessels did he break ? Ans, 5. 

30. A person's enture indebtedness to A, B, and C, was $270. His 
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indebtedness to B was twice as mucli as to A, and his indebtedness 
to C was twice as much as to A and B. How much did he owe 
each ? Ans, A, $30 ; B, »60 ; C, »180. 

31. A company of 4 laborers received $315. B received 1| 
times as much as A, C received 1^ times as much as A and B, 
and D received 1| times as much as A, B, and C. What did each 
laborer receive ? Ans. A, $24 ; B, $36 ; C, $80 ; D, $176. 

Note.— Let to represent A*8 share, and 9» B*b share. 

32. A gamester, after losing ^ of his money, won 4 shillings ; he 
then lost | of what he had, and afterward won 3 shillings ; he then 
lost J of what he had, and found that he had only 20 shillings re- 
maining. How much had he at first ? Ans. 30 shillings. 

33. A gentleman spends | of his yearly income for the support of 
his family, and | of the remainder in improvements on his premises, 
and lays by $70 a year. What is his income ? Ans. $630. 

I 34. Divide the number 60 into two such parts, that the proddot 
of the two parts may be equal to 3 times the square of the less part. 

Ans. 15 and 45. 

35. My horse and saddle are together worth 90 dollars, and my 
horse is worth 8 times the value of my saddle. What is the value 
of each ? Ans. Saddle, $10; Horse, $80. 

36. Divide $462 between two persons, so that for every dime which 
one receives, the other may receive a dollar. Ans. $42 and $420. 

37. The rent of an estate is 8 per cent, greater this year than last. 

This year it is 1890 dollars ; what was it last year ? 

Ans. $1750. 

38. The sum of two numbers is 840, and their difference is equal 
to j of the greater. What are the numbers ? 

Ans. 501 and 336. 

39. A person, after spending 100 dollars more than ^ of hi? 
income, had remaining 35 dollars more than 4 of it. Required hii 
mcome. Ans, $450. 

40. Divide $1520 among A, B, and C, so that B shall have $100 
more than A, and C $270 more than B. 

Ans. A, $350 -, B, $450 ; C, $720 
9* 



. ^} -. ^^u 
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41. A and B have the same income. A contracts an annual doLt 
amouuting to ^ of it; JBJives upon | of it; at the end of two 
years B lendsJ&<A' enough to pay off his debts^ and has 32 dollars 
to spM»*''^w hat is the income of each ? Ans. $280. 

42. A sets out from a certain place, and travels at the rate of 7 
miles in 5 hours ; and 8 hours afterward B sets out from the same 
place in pursuit, at the rate of 5 miles in 8 hours. How long and 
how far must B travel before he overtakes A ? 

Ans, 42 hours ; 70 miles. 

43. A can perform a certain piece of work in 8 days, and B can 
do the same in 12 days ; in how many days can both, working 
together, do it ? Ans. 4J. 

44. A person has just 6 hours at his disposal ; how far may he 
ride in a coach which travels 8 miles an hour, that he may return 
home in time^ walking back at the rate of 4 miles an hour ? 

Ans. 16 miles. 

45. A can dig a trench in one half the time required by B, B 
can dig it in two thirds of the time required by C, and all together 
can dig it in 6 days ; find the time that each alone would require. 

Ans. A, 11 days; B, 22 days; C, 33 days. 

46. A and B start from opposite points and travel toward each 
other, A at the rate of 8 miles an hour, and B at the rate of 4 
miles an hour. At the same time, C sets out with A and travels at 
the rate of 5 miles an hour. Afler meeting B he turns back and 
travels until he meets A ; he then finds that the whole time elapsed 
since starting is 10 hours. How far apart were A and B at the 
beginning ? Ans. 72 miles. 

47. Two farmers owning a flock of sheep, agree to divide them. 
A takes 72 sheep ; B takes 92 sheep, and pays A $35. Required 
the value of the flock. Ans. $574. 

48. A crew which can row at the rate of 12 miles an hour in 
still water, finds that it takes 7 hours to come up a river a certain 
distance, and 5 hours to go down again. At what rate does the 
river flow ? Ans, 2 miles per hour. 
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SIMPLE EQUATIONS 
CONTAINING TWO UNKNOWN QUANTITIES. 

161. We have seen that eyery equation containing one unknown 
quantity can be satisfied with one value, and only one yalue, of the 
unknown quantity, (ISS). But if we consider a single equation 
containing two unknown quantities, we shall find that for every 
value which we please to give to one of the unknown quantities, 
we can determine a corresponding value of the other unknown 
quantity, such that the set of values will satisfy the equation. 
Thus, let 

2a;+3^ = 17. (1) 

Put a; = 1, and substitute this value in the given equation ; we 
have 

2+3j^ = 17, 
y = 5. 
Now the set of values, x=l, y = 6, will satisfy the equation ; 
for, by substitution, we have 

2+15 = 17. 
In the same manner, we may obtain the following sets of values, 
each one of which will satisfy equation (1) : 

1. x=l, y = 6. 

2. x = 2, y = 4j. 

3. a; = 3, y = 3f . 

4. a; = 4, y = 3. 

It is evident that there is no limit to the number of sets of val- 
ues that may be obtained. The equation, and also the quantities, 
in such oases, are sidd to be indetenmncUe. Hence, 

163. An Indeterminate Equation is one which is satisfied by 
an infinite number of values of the unknown quantities. 

Ikery iingle egucUion containing two unknown qtumtities, is 
indeterminate, 

163. If we take two equations with two unknown quantities, as 

2a;+5y = 31, (1) 

3a:+2y = 19, (3) 

it is evident that we may obtain as .many sets of values as we please, 
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wliicli will satisfy each equation, considered separately, ThiU) pro- 
ceeding as before, we find that the set, 

X = 5, y = 4J, 

will satisfy the first equation ; and a different set^ 
aj = 4, y = 3^, 

will satisfy the second equation. 

Now suppose we are required to satisfy hoth equations with the 
same set of values for x and y. 

Multiplying (1) by 3, and (2) by 2, we have 

6x+15y = 93, (8) 

6x+ 4j^ = 38. (4) 

Subtracting (4) from (3), we have 

11^ = 55, (5) 

whence y = 5. W) 

Substituting this value of y in (1), we have 

2a:+25 = 31, (7) 

whence, a: = 3. ff) 

Thus we have a single set of values, 

a; = 3, y = 5, 
which will satisfy both equations. For, let these values be substi- 
tuted in the given equations ; we shall have 
6+25 = 31, 
9+10 = 19. 
Equations thus related are said to be simultaneous. Hence, 

164. SimultaneoTis Equations are those which must be satisfied 
by the same values of the unknown quantities which enter them. 

When two or more simultaneous equations are given, the values 
of the unknown quantities are determined by a process called 

ELIMINATION. 

16«S« Elimination is the process of combining equations in sucl 
a manner as to cause one or more of the unknown quantities con- 
tained in them to disappear. 

There are four principal methods of elimination ; 

1st, By addition and subtraction ; 2dy By comparison ; 3d, By 
mhstitution; 4th, By indeterminate multipliers. 
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OASE I. 

166. Elimination by addition and subtraction. 

I. Given 3aj+2y = 23, and 4x — 3y = 8, to find the Talues of x 
andy. 

OPERATION. 

Sx+2y = 23 ; (i) 

4x— 3y= 8. (2) 

T^Tultiplying eqnation (1) by 4, and equation (2) by 3, we have 

12a;+8y = 92, (3) 

12x— 9^ = 24; (4) 

subtracting (4) from (8), 17^ = 68; (5) 

whence, y = 4. (6) 

Thus, we have eliminated x, and found the value of y. 
Again, multiplying equation (1) by 3, and equation (2) by 2, we have 

9ar+6y = 69, (7) 

8a>-6y=16; (8) 

adding (7) to (8), 17a: = 85 ; 

whence, x= 5. 

We have thus eliminated y, and found the value of a;. Hence, 
Rule. I. Multiply or divide the equations hy such numbers or 
quantities that the coefficients of the quantity to he eliminated shaU 
he made equal in the two equations. 

II. If these coefficients have like signs j subtract one of the prepared 
equations from the other ^ member from member; if they have unlike 
signs, add the equations, member to member. 

Notes. 1. In preparing the given equations by multiplication, find the 
least coramon multiple of the coefficients of the letter to be eliminated, 
and divide this multiple by each coefficient ; the quotients will be the least 
multipliers that can be used. If the coefficients are prime to each other, 
it is evident that each equation must be multiplied by the coefficient in 
the other equation. 

2. It is generally convenient to clear the equations of fi-actions, before 
applying the rule. This is not necessary, however. For if any letter has 
fractional coefficients in the two equations, the fi*actions may be reduced 
to a common denominator ; it will then be necessary to render the nume- 
rators equal by multiplication or division, according to the rule. 
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0A8E n. 

167. Elimination by comparison. 

1. Given 3a;-|-5y = 42, and 2a:+y = 14, to find the values of 
X and t/, 

OPERATION. 

8x+5y = 42. (1) 

2x+y=zU. W 

4^— -5y nn 
Prom (1), by transposition, etc, x= — g — i W 

« (2), « x=l^} (4) 

therefore, by Ax. 7, 42— ^_ ^^-^; 

8 2 

clearing of fractions, 84 — lOjy = 42 — 3y ; 

whence, 7y = 42, 

y= 6. 
Substituting the yalne of ^ in (8), a; = 4. 

Hence, we have the following 

Rule. I. Find the value of the same unknown ^[uantity, in terms 
cfOie other ^ from each o/ the given equations. 

n. Form an equation \y pkLcing these two vaiues equal to each 

other. 





CASE in. 


' 


168. Elimination 


L by substitution. 




1. Given 8x+2y = 


16, and 5x~8y = 14, to find the values 


of X and y. 








OPERATION. 


' 




8x+2y = 16. 


a) 




6x— 8y=14. 


(8) 


From (1), we obtain 


16-3X 


m 
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SuLstitttting this valne of y in equation (2), 

bx — = 14; 

clearing of fractions, lOaj — 48+9x = 28, 

whence, « = 4. 

Substituting the value of a; in (3), y = 2. 

Hence the following 

EuLE. I. Find the value of one of the unknown guantUies^ in 
terms of the other ^ from either of the given equations, 

II. Substitute this value for the same unknown quantity in the 
other equation. 

CASE rv. 

169. Elimination by indeterminate multipliers. 

1. Given 2a;-f 3y = 23, and 5x+2y = 30, to find the values of 
X and y. 

If we multiply the first equation by a quantity, m, which is as 
yet undetermined, we have 

2mx-\-Smy = 23m, (1) 

5ar+2y = 30. (2) 

Subtracting (2) from (1), and factoring with reference to x and y, 
we have 

(2wi— 6)a;+(3m— 2)y = 23wi--30. (3) 

It is evident that equation (3) is true, whatever be the value of 
m. We may therefore assume m to be of such a value that the co- 
efficient of one of the unknown quantities shall become zero ; this 
will eliminate that unknown quantity, by causing the term contain- 
ing it to disappear. Thus, assume 

2m— 6 = 0, (4) 

whence, m = ^. (6) 

But if 2m — 5 = 0, the first term of (3) is 0, and that equation 
becomes 

(3m— 2> = 23mr--30 ; («) 

23m^-30 ^ 

whence, ^ = "3^112"' ^ 
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If we now substitute in (7) the value of m, as given in (B), wo 
shall have 

23X!— 30 115—60 66 ^ 

y = -3x|:^="l5=4-=TT = ^- ® 

In like manner we may eliminate x from (8). To accomplish this, 
assume 

Snir— 2 = 0, (9) 

whence, wi = f . (10) 

But if 3m — 2 = 0, equation (3) becomes 

(2m— 5)x = 23m— 30 ; (11) 

whence, ^ = ?^^=?2. (lo) 

Substituting in (12) the value of m, as expressed in (10), we have 
23X1^0 _ 46-90 _ -44__ ^ ^^^^ 



-'— 2x1—5 " 4— 15""— 11- 
This method of elimination is due to the French writer, Bezout. 
It is called the method of indeterminate multijyliers, because the 
multipliers which we employ are at first undetermined. Strictly 
speaking, the multipliers thus used are not indeterminate ; for, in 
order to effect the elimination of the unknown quantities, they must 
have certain definite values, which values are always determined in 
the course of the operation. 

Kecurring to the operation above, we notice that m has two values, 
thus : 

m==», (1) 

m = |. (2) 

The first value of m is the one by which x was eliminated ; the 
second, the one by which y was eliminated. Resume the given 
equations, 

2x+Bi/ = 23, (1) 

bx+2^ = 30. (2) 

It will be readily seen that if the first equation be multiplied by 
the first value of m, the coefficients of x will be alike in the two 
equations ; and if the first equation be multiplied by the second 
value of m, the coefficients of y will be alike in the two equations. 
It is obvious, therefore, that the method of indeterminate multipliers 
is but a modification of the method of addition and subtraction. 
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Kecurring again to the above operation, it is evident that if the 
turn instead of the difference^ of equations (1) and (2) had been taken, 
the elimination might have been effected with equal facility. Hence, 

HuLE. I. Multiply one of tJie given equations hy the indefinite 
factor m, and then take the sum or difference of this result and the 
other equation^ factoring with reference to the unknown quantities. 

II. Put the coefficient of one of the unknown quantities in this 
la^t equation eqtial to zero, and determine the value of m ; then 
substitute this value in the equation containing m, and the result wiU 
he an equation of hut one unknown quantity, 

170. In the reduction of simultaneous equations containing two 
unknown quantities, sometimes one of the preceding methods of 
elimination is preferable, and sometimes another, according to the 
special relations of the coefficients. 



EXAMPLES FOB PRACTICE. 



1. Given \ ^^+^^ = ,S 1 to find X and y. 

Ans, X =: 6 ; y = 4. 



2. Given 



•J i " >- to find X and v, 

( 7x— 6y= 9 ) ^ 



Ans, X = 3 ; y = 2. 

3. Given \ ^"^+1^ = !? I to find x and y. 

t x+4y = 38 f ^ 

-4w«. X = 10 ; y = 7 

4. Given \ ^^^ % = ^6 ) to find x and y. 

( 2x+9y = 96 ) ^ 

Ans, X = 12 ; y = 8. 

5. Given -< ^' "^""^^ l^to find x and y. 

1 3x— 25y = 10 j -^ 

Ans, X = 20 ; y = 2 

6 Given j 5x— 4y= 40 | to find x and y. 

Ans, X = 28 ; y = 25. 

7. Given ( 8^+J%= » 1 to find x and y. 
I 6x— 12y=:— I J ^ 

Ans. X r= a ; y = J. 
10 ^^^ J 
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8. Given I !^+? = ?2 \ tofindxandy. 

AnS. X=: 4; y = 44* 

9. Given j I'^'^l^^H ] to find x and y. 

I 5x — 6y == 56 J 

Ans, X = 6 ; y = —6. 

10. Given \ l^fT^^ ,1 \ to find x and y. 
( 10x+4y = — 43 ) 

Ans, X = — ^2^ ; y = — 5|. 

»• «'™' { ^: J^ } ^«.-^,. 

J9». X s= 800; y = 850. 



12. Given 



13. Given 



14. Given 



15. Given 



16. Given 
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17 Given 



18. Given 




19. Given 



20. Given 



21. GivBn 



22. Given 



23. Given 
find X and y. 



1^ ^ y ^ ^^ ^ <^<^ y- 

— +— =13§ 



4«+17 . 68 

—1 =ix-] — 

5y+27 , 64 

5 ■"^+x-y 



= 20- 



jiiw. «s=8; y=7. 
to find a; and y. 

^n<. a; = 18 ; y == 8. 
59— 2a; 



y_8 73_3y Vtofindxandy. 



30 



^ + a^::38 

6x«— 24y«+130 



3 



2a5— 4y+3 
9xy— 110 , 161~16aj 



Ans. »=21; y = 20. 
= 3x+6y+l 



tofindxandy 



+ 



= Sx 



4y-l 

Ans. a; = 9 ; y ^ 2. 
«+8y 7a>— 21 3a;— 15 8»— 9y 



3 



6 



12 



2aj+y 9a>— 7 8iy+9 4a;+5y 



>to 



8 ■" 4 16 

jlifu. X ae 9 ; y = 4. 
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24, GiT€n {^+,^ = ^ltoiiidxiDdy. 



25. Giren 



S. Giren 



I'd— Id' 



a'd-^tnT 



^^^- 6'a-W ''^- a'b-iMb' 









cr+ay = 






to find X and jr. 



jiju. X = ii*& ; jr = oft*. 



to find X and jr. 



a c 



SIMPLE EQUATIONS 
CONTAINING KOBE THAN TWO UNKNOWN QUANTITIES. 

171* If we hare three or more simoltaneons eqnatioDS, they may 
be reduced by saccessiTe eliminations, as follows : 

2x+ 4y+ 4z = 18; 

5x+ 6^+ 6« = 32. 



Given 



{ 



JIultiplying (1) by 8, 
(2) by 2, 

subtracting (5) from 4, 

multiplying (1) by 5, 
(8) by 2, 

subtracting (8) from (7), 

multiplying (6) by 4, 
(0) by 3, 

subtracting (11) from (10), 

whence, 



6x+12^+12« = 54, 
6x+ 6y+ 4g = 34; 

10x+20j^+202 = 90, 
10g+12j^+10;g = &4 ; 

24y+32« = 80, 
24j^+30z = 78 ; 

2« = 2; 
z = \\ 

substituting yalue of z in (0), y = 2 j 

** values of y and z in (1). a; = 3. 



(1) 
(3) 
(3) 

(4) 
(5) 
(«) 

(r 

(? 

(») 
(10) 
(11) 
(1») 
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INFERENCES. 

1. — If we have n equations, and proceed as above to combine one 
of tbem with each of the others, eliminating the same letter by 
each combination, we shall have n — 1 derived equations containing 
all of the unknown quantities except the one eliminated. 

2, — If then we combine one of these derived equations with each 
of the others, eliminating another letter, we shall have n — 2 derived 
equations, containing all of the unknown quantities except the two 
eliminated quantities. 

3. — Since each succeeding group of derived equations consists of 
one less equation than the preceding group, it follows that if this 
process of successive elimination be continued, the {n — l)th group 
will consist of a single equation ; and this will contain all of the 
unknown quantities except the n — 1 eliminated quantities. Hence, 

4. — If the number of original equations equals the number of un- 
known quantities, the final equation will contain but a single un- 
known quantity, the value of which may be found. By substituting 
this value in one of the equations of the preceding group, the value 
of a second unknown quantity may be determined ; and so on. 

5. — But if the number of original equations is less than ^\e 
number of unknown quantities, the final equation will contain mx^re 
than one unknown quantity, and will be indeterminate, (16S) ; and 
consequently, the given equations will be indeterminate. 

6. — ^In the solution of two or more simultaneous equations of the 
first degree, by successive eliminations, the value of each letter 
is determined finally by a simple equation containing only that letter. 
And since every such equation can have only one root, (1«5«5), it 
follows that any group of simultaneous equations can be satisfied by 
only one set of values of the unknown quantities. 

173, From the foregoing inferences we derive the following 

Rule. I. Combine one of the given equations with each of the 
others, eliminating the same unknown guantiti/ by each combination ; 
then combine one of the new equations with each of the others, elin^ 
inciting a second whlenotcn quantity, and thus continue tiU a final 
equation is obtained, containing but one unknown quantity,^ 
10* H 
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II. Reduce this/inal equation, and find the value of the unknown 
q^iantity which it involves ; tubstihUe this value in an equation canr 
taining two unknoum quantitieSf and thus find the value of a second; 
substittUe these values in an equation containing three unknown quanr 
tities, and find the value of a third; and so on, till the values ofaU 
are found. 

FRAOnOAL SUGQESTIONS. 

ThiB role m&j be modified in certain cases^ as follows : 
1. — Instead of combining the first equation with each of the 
others, we may pursue any order of combination, or adopt any one 
of the four methods of elimination, which seems best suited to the 
mutual relations of the coefficients. The following example will il- 
lustrate the precept just given : 

{x+ y-{. z= 9; (1) 

x+2j^+3«=16; (2) 

a^+%+4« = 21. TO 



Subtracting W from (2), y+2z = 7 

« (2) from (8), y+ « = 6 



(4) 
(5) 



« (5) from (4), a=:2j 

substituting value of is in (B), y = ^ j 

** values of y and z in (1), a = 4. 
2. — If two or more of^the equations, taken together, contain less 
than all the unknown quantities, it is generally most convenient to 
employ these equations first, in the process of elimination. Thus, 



( 

Given •■ 


r 2«— a;+ 3y+2« = 19 ; 
\ 3u+5x— 4y = 23 ; 
S 4m+3x = 82 ; 
' 2«+5x = 30. 


(1) 
(2) 
(8) 
(4) 


Mtdtiplying (4) by 2, 
brining down ^, 




4tH-10a: = 60 ; 
4«+ 8a; = 82 J 




by gubtraclion, 




U = 28, 
x= 4; 




Bubstitnting in (8), 
" (3), 
«« (1), 




u= 5, 

y= 3, 

e= 2. 





r 

\ 
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3. — When the coefficients sustain to each other relations of equal- 
ity or symmetry, it is often convenient to employ an auxiliary quan* 
tity, as in the two examples which follow : 

^U+V+X+t/z:zU; CL) 

\ u+v+x+z = 15 ; (2) 

1. Given <[ «+t;+y+« = 165 (3) 

J u+x+y+z=zn; (4) 

V v+x+^+z = 18. (5) 

Since in each equation one letter is wanting, let 

then 8 — z = 14, 

s — y = 15, Hence, by substitu- 
8 — X = 16, ting the value of 
8 — V = 17, s in each equation, 
; = 18. 



: "a 



X 




By addition, 5« — s = 80, 
8 = 20. 

{x+ 4y+ 4« = 800; (1) 

y+ 7a;+ 7« = 450; (») 

z+ dx+ dy = 490. (8) 



Assume «+ y-\- z^s; 



equation (1) becomes 4« — 3x = 300, (4) 

« (2) « 7«— 6^ = 450, (5) 

^« (3) w 9g~ Sz = 490. (8) 

Multiplying (4) by 8, 32«— 24a; = 2400, (7) 

" (5) by 4, 28«— 24y = 1800, W 

« (6) by 3, 27g— 24g = 1470. (») 

Adding (7), (8) and (9), 87«— 24s = 5670, 

63« = 5670, 



8 



= 90. 



Substituting value of « in (4), aj = 20, 

« « (5), y = 30, 

« w « (6), « = 40. 
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EXAMPLES POB PKACTIGE. 



Required the values of the unknown quantities in the following 
equations : 

r 2x+4y— 3« = 22 ^ t x = S^ 

1. < 4a>-2y+6z = 18 V Ant. \y = 7, 



{2x+4y— 3« = 22 ^ 
4a>— 2y+6z = 18 V 
6x+7y— « = 63 j 



Qx+7y— z = QS ) I a = 4. 



{3x+9y+8« = 41 ^ ( « = 2, 

5x+4i^— 2« = 20 > -4iw. •<y = 3, 

ll-c+7^— 6z = 37 ) I « = 1. 

{x+y+z = 31% (if =20, 

a;+y~z = 25 V Am. ]y= », 

a>— y— i= 9 j (2=3. 



{x+y h« = 26 ^ / « = 1.2, 

a; — « = 6 J (« r= 6 

IX— y— z= 6 \ /x^ 

3y— X— «=:12 V ^w. jy = 

7z—v—x = 24 ) ( « =r 



X — y — z = 6 ) / X .=: 39, 

21, 

= 12. 

Note.— In the last example, assume a?+y+f = i, and add this equat*'>i4 
to each of the given equations. Then detenuine < as in ^3| 2). 

2x = i*+y+« 



Ans. 



^ Sy = u+x+z 
^ ' J 4? = tt+x+y 
u =z X — 14 

tt-f-3a: — y — « = 7 

^ 3,4— x+y—4z = 8 ^ 
4tt+ ar — y — 2z = 7 

( 5x— y+7aj = 61 ^ 
8. } 4x+3y+3z= 8 1 Ans. 

{ 3x — y — 5«=: 3 J 
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' u+v+x+t/+2z z= b2 

u-\-v+y+z+2x = 48 y Ans. 

uJ^x+y+z+2v = 46 
V'\-x-\-y-{-z-{-2u = 44 

/ 2x+ y—2z = 40 
V 4y— aj+32 = 35 
10. / 8w+ < = 13 y Am, 

(^ 3aj—y+3^— tt = 49 

{aj-f. y— « = 1 ^ 
8a;+3y— 6^ = 1 V Am, 

Zz-^x— y = \) 

2u+2x+2y+ « = — 3 
Su+Sx+Sz+2y =^ 3r ^^^ 

4w+4y+42+3x = —2 
5a;+5y+5«+4« = 2 



12. 



"•< 1+1+1-='" > ^•'- 



i. 



4 ^^ 5 ^ 6 



X z I 



^ - r x+a = y+ « ^ 

15. < y+a = 2a;+2« > 

I 2;+a = 3x+3y j 

rrr+y+2;jj = 2(6+c)^ 
U+«+2x = 2(a+6) J 
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17. '\ 6y— llx = a [ Am. \ y= 9a, 



•^ 6y — llx = a > 
( 9y— 6« = a ) 






a — b 



^^' ^ 4o'6 f ^^- ^ 2aft 



a+6 

6c 
ax +iy +OB =a6+ac+6c 1 ( *^^"a' 

a"a; +6"y+c*2f = 3aftc ( ^ ) ac 

be ac '^ ac ah \ / a6 



<?a?4-y + a« =2a 



c 

20. "^ c'a;H-y4-a*« = 2ac ^ ^n«. '<^ y = a — c, 

c— 1 

OCX — y-f"^*^ = o"+c' 

a+1 

a"a;+a y+a z = a 1 i ^ "" ^+2* 

21. / a x-\-a*y'\-a z = a* \ Am. < y = — 7-7^9 



a+2 

5+iy 

0+2 



a x+a tf'\-a*z = a* ) f _ (g+l)* 



PROBLEMS 



PRODUCING EQUATIONS CONTAINING TWO OB MORE 
UNKNOWN QUANTITIES. 

173. Two or more equations are said to be independent, wlien 
tKoy are not derived one from the other, and can not be reduced to 
the same form ; as 

Sx+ y = 17, 
2x+'6y = 23. 
Equations derived from the same problem are independent^ when 
thei/ express different, conditions of that problem. 
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1 V^ We liave seen that a group of equations will be determin- 
ate, when the number of equations is equal to the number of un- 
known quantities, but not otherwise, (173, 4 and 5). Hence, 

A problem will he capable of solution only when its conditions Jur^ 
nish CM mani/ independent equations as there are unknown gymhoU 
employed in the notation, 

1. Find two numbers, such that twice the first plus three times 
the second is equal to 105 ; and three times the first plus twice the 
second is 95. Ans. First, 15; Second, 25. 

2. Find three numbers, such that the first with \ of the sum of the 
second and third shall be 120; the second with \ of the sum of the 
third and first shall be 90; and the sum of the three shall be 190. 

Ans, 50, 65, 75. 

3. A sum of money waa divided among three persons, A, B, and 
0, as follows : the share of A exceeded ^ of the shares of B and 
by $120 ; the share of B exceeded | of the shares of A and C by 
$120; and the share of G exceeded | of the shares of A and B by 
$120. What was each person's share ? 

Ans, A's, $600; B's, $480; C's, $360. 

4. A and B, working together, can earn $40 in 6 days ; A and C 
can earn $54 in 9 days; and B and C can earn $80 in 15 days 
How much can each person alone earn in one day ? 

Ans. A, $3f; B, $3; C, $2J. 

5. A man has 4 sons. The sum of the ages of the first, second 
and third is 18 years; the sum of the ages of the first, second and 
fourth is 16 years ; the sum of the ages of the first, third and fourth 
is 14 years; the sum of the ages of the second, third and fourth is 
12 years. What are their respective ages ? 

Ans, 8; 6, 4, and 2 years. 

6. Three persons engaged in throwing dice, on certain conditionjs. 
In the first game A forfeited to B and C, respectively, as many shil- 
lings as each of them had ; in the second game B forfeited to A and 
C, respectively, as many shillings as each of them thon had ; in the 
third game C forfeited to A and B, respectively, as many shillings as 
each of them then had; they had then 16 shillings apiece. How 
many shillings had each at first? Ans, A, 26; B, 14; C, 8. 
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7. A gentleman left a sum of money to be divided among four 
» rvante, so that the share of the first should be | of the sum of the 
shares of the other three, the share of the second j of the sum of 
the other three, and the share of the third | of the sura of the other 
three. On making the division, the fourth had 14 dollars less than 
the first. Required the sum divided, and the several shares. 

Ans. Sum divided, $120; shares, $40, $30, $24 and $26. 

8. A person has two horses and two saddles, the saddles being 
worth $15 and $10, respectively. Now the value of the better 
horse with the better saddle is | of the value of the other horse and 
saddle ; but the value of the better horse with the poorer saddle is 
j J of the value of the other horse and saddle. What are the values 
of the two horses ? Ans. $65 and $50. 

9. A vintner, in mixing sherry and brandy, finds that if he takes 
2 parts of sherry to 1 of brandy, the mixture will be worth 78 
shillings per dozen ; but if he takes 7 parts of sherry to 2 of brandy, 
the mixture will be worth 79 shillings per dozen. What are the 
sherry and brandy worth per dozen ? 

Ans, Sherry, 81 shillings ; Brandy, 72 shillings. 

10. Two persons, A and B, can perform a piece of work in 16 
days. They work together for four days, when A is called off, and 
B is left to finish it, which he does in 36 days. In what time 
would each do it separately ? 

Ans. A, in 24 days ; B, in 48 days. 

11. What fraction is that, whose numerator being doubled, and 
denominator increased by 7, the value becomes f ; but the denomi- 
nator being doubled, and the numerator increased by 2, the value 
becomes | ? Ans. |. 

12. Two men were wishing to purchase a house together, valued 
at 240 dollars. Says A to B, " If you will lend me f of your money 
I can purchase the house alone ;" but says B to A, " If you will lend 
me I of yours, I can purchase the house alone." How much money 
had each? Ans. A, $160; B, $120. 

13. A pleasure party, having chartered a boat for a certain sum^ 
found, on settling, that if their number had been 4 more, they 
would have had a shilling apiece less to pay ; but if their number 
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had been 3 less, they would have had a shilling apiece more to pay. 
What was their number, and what had each to pay ? 

Ans. 24 persons ; each paid 7 shillings. 

14. A certain number consists of two places of figures, units and 
tens ; the number is equal to 4 times the sum of its digits, and if 27 
be added to the number, the order of the digits will be invei-ted. 
"What is the number ? ^ 

Note 1. Let x represent the digit in the place of tens, and y the digit 
m place of units ; then lOx+y wiJ/ express the number. 

Alls. 36. 

15. A number is expressed by three figures whose sum is 11 ; 
the figure in the place of units is double that in the place of hun- 
dreds ; and if 297 be added to the number, the result will be 
expressed by the same figures with their order reversed. What is 
the number? Jn«. 326. 

16. Divide the number 90 into three parts, such that twice the 
first part increased by 40, three times the second part increased by 
20, and four times the third part increiased by 10, may all be equal 
to one another. Ans. First part, 35 ; Second, 30 ; Third, 25. 

17. A person placed $100,000 out at interest, a part of it at 5 
per cent., and the rest at 4 per cent. ; the yearly interest received on 
the whole was $4640. Required the two parts of the principal. 

Ans, $64,000 and $36,000. 

18. A person put out a certain sum of money at interest at a 
certain rate. Another person put out $10,000 more than the first, 
at a rate per cent, greater by 1, and received an income greater by 
$800. A third person put out $15,000 more than the first, at a 
rate per cent, greater by 2, and received an income greater by 
$1,500. Eequired the three principals, and the respective rates of 
interest. 

Note 2. To avoid the inconvenience of large numbers in the operation, 
put a = 5000; then 2a = 10000, 3o= 15000, j^- = 1500, and j^ = 800. 
In the final result, the value of a may be restored. 

^^ j Principals, $30,000, $40,000, $45,000. 

(Rates, 4, 5, 6, percent 

11 
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19. If B*8 age be subtracted from A's, the difference will be C'a 
age ; if 5 times B's age and twice C's age be added together, and 
from their sum A*s age be subtracted, the remainder will be 147; 
and the sum of the three ages Is 96. Required the ages of A, B, 
and C, respectively. Ans. A*8, 48 ; B's, 33 ; C's, 15. 

20. Find what each of three persons, A, B, and C, is worth, 
knowing, 1st, that what A is worth added to 3 times what B and C 
are worth, is equal to 4700 dollars ; 2d, that what B is worth added 
to 4 times what A and C are worth, is equal to 5800 dollars ; 3d, 
that what C is worth added to 5 times what A and B are worth, is 
equal to 6300 dollars. Am, A, $500 ; B, $600 ; C, $800. 

21. A grocer sold 50 pounds of tea at an advance of 10 per cent, 
on the cost, and 30 pounds of coffee at an advance of 20 per cent, 
on the cost, and received for the whole $27.40, gaining $2.90. 
What was the cost per pound of the tea and coffee ? 

Ans. Tea, $.40; Coffee, $.15. 

22. Five persons. A, B, C, D, E, play at cards ; after A has 
won one half of B's money, B one third of C*s, C one fourth of D's, 
D one sixth of E's, they have each $30. How much had each to 
begin with? Ans. A, $11 ; B, $38 ; C, $33 ; D, $32 ; E, $36. 

23. Three brothers desired to make a purchase, requiring $2000 
of each. The first wanted, in addition to his own money, ^ of the 
money of the second ; the second wanted, in addition to his own, 
^ of the money of the third ; and the third wanted, in addition to 
his own, ^ of the money of the first. How much money had each ? 

Ans. 1st, $1280; 2d, $1440; 3d, $1680. 

24. A courier was sent from A to B, a distance of 147 miles ; 
after 28 hours had elapsed, a second courier was sent from the 
game place, who overtook the first just as he entered B. Now the 
time required by the first to travel 17 miles, added to the time re- 
quired by the second to travel 56 miles, is 1C| hours. How tnany 
miles did each travel per hour? Ans, 1st, 3 miles; 2d, 7 miles. 

25. Find two numbers, such that if ^ of the greater be added to 
I of the less, the sum shall be 13 ; and if ^ of the less be subti act- 
ed from i of the greater, the remainder will be nothing. 

Ans. 18 and 12. 
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26. Find three numbers of such magnitudes, that the first added 
to J of the sum of the other two, the second added to ^ of the sum 
of the other two, and the third added to j of the sum of the other 
two, may each be equal to 51. Ans. 15, 33, and 39. 

27. Said A to 6 and C, " If each of you will give me 4 sheep, 

I shall have 4 more than both of you will have left." Said B to A 
and C, " If each of you will give me 4 sheep, I shall have twice as 
many as both of you will have left." Said C to A and B, " If each 
of you will give me 4 sheep, I shall have three times as many oa 
both of you will have left." How many sheep had each ? 

Ans. A, 6; B, 8; C, 10. 

28. What fraction is that, to the numerator of which if 1 be 
added, the fraction will be j ; but if to the denominator 1 be added, 

* the fraction will be ^ ? Ans. -f-^, 

29. What fraction is that, to the numerator of which if 2 be 
added, the fraction will be ^ ; but if to the denominator 2 be added, 
the fraction will be j ? Ans. ^. 

30. Four persons, A, B, C, D, were engaged together in mowing 
for 4 successive days. The first day A worked 1 hour, B 3 hours, 
C 2 hours, and D 2 hours^ and all together mowed 1 acre ; the 
second day A worked 3 hours, B 2 hours, C 4 hours, and D 11 
hours, and all together mowed 2 acres ; the third day A worked 5 
hours, B 4 hours, C 12 hours, and D 6 hours, and all together 
mowed 3 acres; the fourth day A worked 9 hours, B'7 hours, C 6 
hours, and D 8 hours, and all together mowed 4 acres. How many 
hours would each alone require to mow 1 acre ? 

Ans. A, 5 hours ; B, 6 hours ; C, 12 hours ; D, 15 hours. 

31. If A give B 15 of his money, B will have twice sa much 
money as A has left ; and if B give A $5, A will have thrice as 
much afl B has left. How much has each ? 

Ans. A, $13; B, »11. 

32. A corn factor mixes wheat flour, which cost him 10 shillings 
per bushel, with barley flour, which cost 4 shillings per bushel, in 
such proportion as to gain 43| per cent, by selling the mixture at 

II shillings per bushel. Required the proportion. 

Ans. The proportion is 14 bushels of wheat flour to 9 of barley. 
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33. There is a number consisting of two digits, wliicli number 
divided by 5 gives a certain quotient and a remainder of 1, and the 
same number divided by 8 gives another quotient and a remainder 
of 1. Now the quotient obtained by dividing by 5 is twice the val- 
ue of the digit in the tens' place, and the quotient obtained by divi- 
ding by 8 is equal to 5 times the digit in the units' place. What is 
the number ? * Ans, 41. 

34. The four classes in a certain college are to compete for four 
prizes, amounting in tha aggregate to $119, and the prize money is 
to be raised by contribution, on the following conditions, namely : 
that the members of the class whose candidate obtains the 1st prize 
shall each pay one dollar, and the class whose candidate obtains the 
2d prize shall pay the remainder. Now it is found that if a senior 
gets the 1st prize and a junior the 2d, each junior will pay ^ of a 
dollar ; if a junior gets the 1st prize and a sophomore the 2d, each 
sophomore will pay ^ of a dollar ; if a sophomore gets the Ist prize 
and a freshman the 2d, each freshman will pay ^ of a dollar ; and 
if a freshman gets the 1st prize and a senior the 2d, each senior 
will pay i of a dollar. Of how many members does each class 
consist i A i Freshman, 104 ; Sophomore, 93 ; 

( Junior, 88 ; Senior, 75. 

35. Find four numbers, such that if 3 times the first be added to 
the second, 4 times the second be added to the third, 5 times thtt 
third be added to the fourth, and 6 times the fourth be added to the 
first, each sum shall be 359. Am. 95, 74, 63, 44. 



GENERAL SOLUTION OF PROBLElVia 

175. In the preceding problems, the given quantities have been 
expressed by numbers, and it has been required simply to determine 
the values of the unknown quantities from the numerical relations 
thus expressed. 

If, however, the given quantities in any problem be represented 
by Utters ^ the solution will give rise to a formula, showing not only 
the value of the unknown quantity, but indicating the precise ope- 
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rations to be perfonned in order to obtain this value. This is called 
a general solution of the problem. 

176. When any particular jyoblem has been proposed, we may, 
by simply varying the numbers, form other problems of the same 
kind or class; and the solutions of all the problems of the class will 
require exactly the same operations. Hence, 

177. The General Solution of a problem is Uie process of 
obtaining a formula which shall express, in known terms, the values 
of the unknown quantities in the given problem, or in any problem 
of its class.- 

178. An Arbitrary Quantity is one to which any value may be 
assigned at pleasure, in a general formula or equation. 

170. For illustration, let the following questions be proposed : 

1 — What number is that whose third part exceeds its fourth part 

by 6? 

Instead of confining our attention to the particular numbers here 

given, we may first investigate the problem under a general form, aa 

follows : 

What number is that whose mthpart exceeds its nth part hy 9,7 
Let X represent the number ; then by the conditions, 

= a; (1) 

m n ' 

clearing of fractions, nx — mx = amn^ (2) 

whence, x = • (3) 

n — m 

Equation (3) is the formula which indicates the operations to be 

performed in solving all questions of this class. 

If in this formula we put m = 3, n = 4, and a = 6, we shall 

6X3X4_ 

*- 4-8 -^^' 

the number required by the particular question as at first proposed. 

2. — What number is that whose fifth part exceeds its seventh 

part by 12 ? 

To obtain the number by the formula, let m = 5, n = 7, and 

a = 12 ; then 

1 2X5X 7 .,^ . 
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EXAMPLES FOB PRACTIOE. 



1. Divide tlie number n into j;wo such parts tliat Uie greater 

iucreafied bj a shall be equal to the less increased by b. 

^ n-\-b — a _ n4-a — h 
Ans. Greater, ^ f ^^^^i o * 

2. In the last example, Tirhat will be the two parts if n = 84, 
a = 16, and 2» = 58 ? Ans, 63 and 21. 

8. The sum of three numbers is « ; the second exceeds the first 

\)j a, and the third exceeds the second by b. Required the numbers. 

«— 2a— 5 s+a—b «+a+26 
Am. g , — 3— > 3 

4. My indebtedness to three persons, A, 6, and C, amounts to 
o dollars ; and I owe B n times the sum which I owe A, and C m 
times the sum which I owe A. What is my indebtedness to A ? 

Ans. r— 1 — • 

5. In the last example, what is the sum due to A when a = 1786, 
« = 2, and w = 3 ? Am. $131. 

6. A person engaged to work a days on these conditions : For 

each day he worked he was to receive b cents, and for each day he 

was idle he was to forfeit c cents ; at the end of a days he received 

d cents. How many days was he idle ? , ah — d , 

•^ -^ Am. -7- — days. 

6-|-c 

7. My horse and saddle are together worth a dollars, and my 

horse is worth n times the price of my saddle. What is the value 

of each ? ^ « m <* tt wa 

Am. Saddle, — r-rr ; Horse, _. 

«+l n-\-l 

8. The rent of an estate is n per cent, greater this year than 
it was last. This year it is a dollars ; what was it last year ? 

^^' TTHT', — dollars 

9. A person after spending a dollars more than ^ of his income, 
^ad remaining b dollars more than j of it. Eequired his income. 

An,. ?1^) dollars. 
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10. A person after spendiDg a dollars more than ^th of liis in- 
come, had remaining h dollars more than ^th of it. Required his 

^"«">^«- Ans. "'"^°+^^ dollar.. 

7n n — m — n 

11. If A can perform a certain piece of work in a days, and B 
can do the same in b days, and C the same in c days, in how many 
days can all together perform the work ? 

Ans. —J—, n~ ^^y^' 

ao-j-ac-j-oc 

12. In the last example, what will be the time required, when 
a = 6, 6 = 8, and c = 12 ? Ans. 2f days. 

13. If from a times a certain number c be subtracted, the remain- 
der will be equal to b times the number increased by d. Required 

the number. . c+d 

Ans, — ! — . 
a — b 

14. A farmer would mix oats worth a cents a bushel with peas 
worth b cents a bushel, to form a mixture of c bushels worth d 
cents a bushel. How many bushels of each kind must he take ? 

Ans. Gate, <^); Peas, '-^. ' 
a — 6 a — b 

15. There were a boys in one party, and b boys in another party, 
and each party had the same number of nuts. Each boy in the 
first party snatched m nuts from the second party, and ate them ; 
then each boy in the second party snatched m nuts from the first 
party, and ate them. Each party then divided the nuts remaining 
to it equally among its members, when the boys in the two parties 
found that they had the same number of nuts apiece ; how many 
nuts had each party at first ? Ans, rn(a-\-b). 

16. Find four numbers, such that if a times the first be added 
to the second, b times the second be added to the third, c times the 
third be added to the fourth, and d times the fourth be added to 
the first, each sum shall be m. 

m(bid — cd-\-d — 1) m(acd — ad-\-a — 1) 

m(abd — ab-\-b — 1) m(abc — bc-\-e — 1) 

^^' abcd—1 ' **''' ^635=1 



/ 
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17. A sent n pupils regularly to a certain school during a terra 
of a days, and B sent m pupils regularly to another school for a 
term of b days. The two schools had the same numher of pupils 
in attendance, and raised the same amount of money by rate-bill. 
There were c days' absence allowed for at the school to which A 
sent, and d days' absence at the school to which B sent ; and A 
and B found that they had equal sums to pay. What was the 
number of pupils attending each school ? bcm — adn 



ab{m — w) 

18. Divide the number m into four parts, such that the second 

shall be a times the first, the third a times the second, and the 

fourth a times the third. ^ ^ m 

Ans. 1st part, , , , , r^- 

19. The sum of two numbers is «, and their difference is d. 

Required the numbers. , ^ i-\-d _ « — d 

Ans. Greater, —^—f LesSj — ^ — 

20. There are three numbers, such that the sum of the fii-st and 

second is a, the sum of the first and third is &, and the sum of the 

second and third is c. What are the numbers ? 

a4-b — c _ , a-\-c — b „ , b4-c — a 
Ans. Ist,^!^; 2d, -=^i 3d, -^ 

21. There is a number consisting of two digits ; the number is 
equal to a times the sum of its digits ; and if c be added to the 

^ number, the order of the digits will be reversed. Required the 

two digits. r ^. . . . . , c(10— o) 

V Digit m units place, griJZjy^x'' 
Ans, ^ ^ :/ 

Tx. . . , , c{a — 1) 

Digit m tens place, q^^^— 2a) ' 

22. Find what each of three persons. A, B, and C, is worth, 
knowing, 1st, that what A is worth added to I times what B and 
C are worth is equal to p ; 2d, that what B is worth added to m 
times what A and C are worth is equal to g' ; 3d, that what C is 
worth added to n times what A and B are worth is equal to r. 

We give here a solution of this example, partly to illustrate the 
method of simplifying algebraic formulas by the use of auxiliary 
quantities. 
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Let X r= A's money, y = B/s money, z = C's money. 

y-^mx-\-mz = g', (2) 

z-\-nx +wy = r. (8) 

Assume x-\-y-\~z = «. (4) 

Multiplying (4) by Z, m, and n, sue- / a; = ■= — ^» W 

cessively, and subtracting (1) from the \ 

first product, (2) from the second, and <^ y = ^> W 

(3) from the third, and reducing the 



respective remainders, we have \ ^ ^ T' ^ 

Adding (5), (6), and (7), we obtain 

h^^ ms^ m^ „ 

' " Z— 1 ^ tWr-l ^ »— l' 



^ VZ— 1 ^ m-l ^ 71—1/ V^l ^ m— 1 ^ »— 1/ 



(9) 



Now the parenthetical expressions in equation (9) are known 
quantities. Hence, to simplify the results, 



I m n 

-Put 



- = ^ + i;i=i+;i=:i' ^''^ 



I — 1 / m — 1 ' n — 1 
Equation (9) then becomes «=a» — 6, (12) 

whence « = ^' 0^) 

lb — •p(a — 1) , 
Substituting yalue of » in (5), x = -^j — ..v ^..v J 

« « a /m ., _ m&— g(a~l) . 

^ (m — l)(a — 1) 

u u " (7), « - »^&-^(«— 1) . 



(n— l)(a— 1) 
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DISCUSSION OP PROBLEMS INVOLVING SIMPLE EQUATIONa 

180. The SisCTUsion of a problem oonsists in attributing certain 
values and relations to the arbitrary quantities which enter the equa- 
tion, and in interpreting the results. 

181* When a problem has been solved in a general manner, we 
may proceed to make an unlimited number of suppositions upon the 
arbitrary quantities involved in the formulas, and thus obtain a va- 
riety of results. But our experience of algebraic equations would 
lead us to expect that the problem might not be rational, or possible, 
uader every hypothesis. Now the principal object in the discussion 
of a problem is to examine the peculiar or anomalous forms which 
present themselves^ and ascertain whether the problem is rational or 
absurd, or how it is to be understood, under the suppositions which 
lead to these peculiarities. We shall commence with the 

DYTHRFRETATION Ol* NEGATIVE RESULTS. 

1. What number must be added to a that the sum may be 5 ? 
Let X represent the required number. Then by the conditions 'jf 
the question^ 

a'\-x =r 6; (1) 

X = ft— a. (2) 

This is a general solution^ a and h being arbitrary quantities. 
First, suppose o = 20 and & = 28; then by the formula, 
X = 28--20 = 8, 
a result which satisfies the conditions ; for, we perceive that 8 is the 
number which must be added to 20, or a, to make 28, or h. Second, 
suppose a = 20 and & = 12 ; then by the formula, 

a; = 12— 20 = — 8, 
a negative result. 

In order to ascertain the meaning of the minus sign in this case, 
let us enunciate the question according to the supposition that gave 
this result ; thus, 

What number must be added to 20, that the sum may be 12 1 



DISCUSSION OF PROBLEMS. 131 

Now as 20 is greater than 12, no number can be added to 20, 
arithmetically, to make 12. The problem is therefore impossible 
under the second hypothesis, if understood in an arithmetical sense. 

We shall find, however, that if we change the words added to, 
and sum, to their opposites, the result will be a rational question, of 
which 8, the absolute value of x, is the answer. Thus, 

What number must be subtracted from 20, that the diffei-ence 
may be 12 ? Ans, 8. 

. We observe, moreover, that the negative result, — 8, will satisfy 
the eqtuition of the problem, under the second hypothesis. Thus, 

20+(-8) = 12; 
or, 20—8 = 12. 

That is, 12 is really the aJyehraic sum of 20 and — 8. 

2. A man dying left two sons, the elder of whom was a years of 
age, and the younger h years of age. In how many years after the 
death of the father was the elder son twice as old as the younger 
son ? » 

Let X represent the number of years ; then by the conditions, 

a+x = 2(h+x) ; (1) 

X = a— 26. (2) 

Since a and h are arbitrary quantities, suppose a = 30 and 
h = 12. Then by the formula, 

X = 30—24 = 6. 

This result will satisfy the conditions arithmetically j for, if the 
elder son was 30, and the younger son 12 years old, at the death of 
the father, then in 6 years the age of the elder was 30+6 = 36 
years, and the age of the younger was 12-|-6 = 18 years. 

Again, suppose a = 30 and 6 = 18. Then by the formula, 
X = 30—36 = —6. 

To interpret the negative result in this case, we observe that the 
problem under the second hypothesis is impossible, if understood 
in the exact sense of the enunciation. For, when the elder son , 
was 30 and the younger son 18 years old, the younger son was 
already more than one half as old as the elder ;. and as their ages are 
equally increased by any lapse of time, it is evident that the elder 
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son could never become twice as old as the younger son, after tho 
death of the father. Let us therefore modify the general problem 
as follows : 

A man dying lefil two sons, the elder of which was a years of age, 
and the younger h years of age. How' many years before the death 
of the father was the elder son twice as old as the younger? 

If we let X represent the number of years, then the solution wiD 
be as follows : 

o— x = 2(6— a;); (1) 

X = 2iH-a. (2) 

Now suppose, as before, that a = 30 and h = 18. Then by the 
new formula, 

x = 36—30 = 6, 
a result which will satisfy the modified conditions; for, six years 
hefore the death of the father, the age of the elder was 30 — 6 = 24, 
and the age o • the younger was 18 — 6 = 12. 

From the foregoing discussions we draw the following inferences : 

1. — YHien the solution of a prohle/m hy a simple equation gives a 
negative resuCty the minus sign indicates thai the problem is impossible^ 
if understood in the exact sense of the enunciation, 

2. — The impossibility thus indicated consists in adding a quantity 
when it should be subtracted; or in treating a quantity as reckoned 
or applied in a certain direction^ toJien it should be reckoned or ap- 
plied in an opposite direction, 

3. — In all such cases, an analogous problem may be formed, in- 
volving no impossibility, by changing the tei-ms of the absurd condir 
tion to their opposites; and the answer to the new question will be 
found by simply changing the sign of the negative result already 
obtained, 

183. The foregoing discussions give a more extensive significa- 
tion to the plus and minus signs, and lead to a more general view of. 
positive and negative quantities, than was presented in a former sec- 
tion. 

TiCt us recur to the problem of the two sons. In the solution of 
this problem, we employ the signs, -|- and — , in the statement, mere- 
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ly to indicate addition and subtraction. But in the result, tliese 
signs have a very different use ; they enable us to distinguish the 
circunidtances or conditions of the quantities which they afiect. Thus, 
under the first hypothesis, the period of time represented by x oc- 
curred after the death of the father, and in the result is found to be 
affected by the plus sign; but under the second hypothesis, the pe- 
riod represented by x occurred before the death of the father, and 
in tlie result is found to be affected by the minus sign. 

Thus we perceive that plus and minus, in Algebra, are not symhoU 
of operation merely, but also symhoh of relation, serving to dis- 
tinguish quantities in opposite conditions or circumstances. 

It should be observed, however, that this enlarged use of the 
plus and minus signs is not entirely conventional or arbitrary, but 
is necessarily involved in the more extended signification given to 
the terms addition and stuhtraction, in Algebra. Indeed we shall 
never meet with a negative result in the solution of problems, so 
long as the language conforms, in the exact arithmetical sense^ to 
the facts of the case. 

EXAMPLES roR PRACTICE. 

1. What number is that whose fourth part exceeds its third part 
by 12 ? - Ans. —144. 

The question is impossible, if understood in an arithmetical sense. 
Let the pupil modify the enunciation, and solve the new problem. 

2. A man when he was married was 30 years old, and his wife 
15. How many years must elapse before his age will be three 
times the age of his wife ? Ans. — 7 A years. 

That is, their ages bore the specified relation 7^ years before, not 
after, their marriage. 

8. The sum of two numbers is s, and their difference d; what are 
the numbers ? ^ r^ 9 d - s d 

Ans. Greater, 2+2' '2 ""2 

How shall the result be interpreted when s = 120 and c? = 160 ? 

4. Two men, A and B, commenced trade at the same time, A 
-Eving 3 times as much money as B. When A had gained $400 
12 



134 SIMPLE EQUATIONS. 

and B $150, A had twice as much money as B ; how much did each 
have at first? Am, A w&} in debt $300, and B $100. 

5. A man worked 7 days, and had his son with him 3 days, and 
received for wages 22 shillings, and the board of his son and him- 
self while at work. He afterward worked 5 days, and had his son 
with him one day, and received 18 shillings. What were his daily 
wages, and what the daily wages of his son % 

Ans, The father received 4 shillings per day^ and paid 2 shillinc^s 
for his son's board. 

6. A man worked for a person 10 days, having his wife with 
him 8 days, and his son 6 days, and he received $10.30 as compen- 
sation for all three ; at another time he wrought 12 days, his wife 
10 days, and son 4 days, and he received $13.20 ; at another time 
he wrought 15 days, his wife 10 days, and his son 12 days, at the 
same rates as before, and he received $13.85. What were the 
daily wages of each ? 

Atis. He received $.75 for himself, $.50 for his wife^ and paid 
$.20 for his son's board. 

7. A man wrought 10 days for his neighbor, his wife 4 days, and 
eon 3 days, and received $11.50 ; at another time he served 9 days, 
his wife 8 days, and his son 6 days, at the same rates as before, and 
received $12.00 ; a third time he served 7 days, his wife 6 days, 
and his son 4 days, at the same rates as before, and he received 
$9.00. What were the daily wages of each ? 

Am. Husband's wages, $1.00; Wife's, 0; Son's, $.50. 

8. What fraction is that which becomes | when 1 is added to 
its numerator, and ^ when 1 is added to its denominator ? 

Ans. In an arithmetical sense, there is no such fraction. The 
algebraic expression, Zj§, will give the required results. 

How shall the enunciation be modified, to form an analogous 
|uestion involving no absurdity ? 

9. Four merchants. A, B, C, D, find by their balance sheets that 
if they unite in a firm, receiving the assets and assuming the liabil- 
ities of each, they will have a joint net capital of $5780. If A, B, 
and C unite on the same conditions, their joint capital will be 
$7950 ; if B, C, and D unite, their joint capital will be $2220; and 
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if C, D, and A unite, their joint capital will be $7320. Required 
the net capital or the net insolvency of each. 

10. Two men were traveling on the same road towards Boston, A 
at the rate of a miles per hour, and B at the rate of h miles per 
hour. At 6 o'clock A was at a point m miles from Boston, and at 
10 o'clock B was at a point n miles from Boston. Find the time 
when A passed B upon the road. 

Ans. _ hours after 6 o'clock. 

a — h ^ 

11. What time of day will be indicated by the preceding formu- 
la, if m = 36, n = 28, a = 6, and 6 = 3? Ans. 4 o'clock. 

12. There are two numbers whose difference is a ; and if 3 times 

the greater be added to 5 times the less, the sum will be h. What 

are the nimibers ? . _ h-\~ba _ h — 3a 

Ans, Greater, — ^ — ) Less, — 5- 

How shall this result be interpreted if a = 24 and 6 = 48 7 



NOTHING AND INFINITY. 

183. The limits between which all absolute values are comprised, 
are nothing and mfinity ; and the symbols by which these limits are 
denoted, are and 60. 

184. In certain algebraic investigations it is convenient to em- 
ploy, these symbols in connection with each other and the ordinary 
symbols of quantity. They may thus sustain the relations of divi- 
sor, dividend, quotient, or factor. Such relations, however, can 
not really exist except between symbols of quantity. Hence, in 
Algebra, does not always signify merely absence of value; nor does 

00 represent infinity^ in the highest sense of tJie word. 

The more complete definition of these symbols may be given as 
follows : 

185. The symbol 0, called nothing, or zero, may be used to 
denote the absence of value, or to represent a quantity less than any 
assignable value. 

186. The symbol 00, called infinity, is used to represent a quan- 
tity greater than any assignable value. 
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A A 

INTERPRETATION OF THE EORMS tti - » -7. AND -r- 

00 A^ 

187. In order to understand the signification of the expressions, 

A A ^0 

00 -4 

we may consider the symbols and oo as resulting from an arbitrary 
or varying quantity, made to diminish until it becomes indefinitely 
small, or to increase until it becomes indefinitely great. 

a 

188. Let J- represent a fraction, a and b being arbitrary quan- 
tities. And let it be remembered that the value of a fraction 
depends simply upon the relative values of the numerator and 
denominator. 

1. — If the denominator h is made to diminish, becoming less and 
less continually, while the numerator a remains unchanged, the 
value of the fraction must increase, becoming greater and greater 
continually, (119, II) ; and thus when the denominator h becomes 
less than any assignable quantity, or 0, the value of the fraction 
must become greater than any assignable quantity, or OO. HencCi 
we conclude that 

J = 00. That is, 

A finite quantity divided hy zero is an expression for infinity. 

2.— If the denominator h is made to increase, becoming greatei 
and greater continually, while the numerator a remains unchanged, 
the value of the fraction must diminish, becoming less and less con- 
tinually, (119. II); and when the denominator h becomes greater 
than any assignable quantity, or oo, the value of the fmction must 
become less than any assignable quantity^ or 0. Hence, 

_^ — That is, 

00 "" • 

A finite quantity divided hy infinity is an expression for zero or 
nothing, 

3.— If the numerator a is made to diminish, becoming loss and 
^688 continually^ while the denominator h remains unchanged, the 
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ralue of the fraction must diminisli continually, (110. 1) ; and when 
a becomes less than any assignable quantity, or 0, the value of the 
fraction also must become 0. Hence, 

- = 0- That is 

h 

Zero divided hy a finite quantity is an expression for nothing or 
zero, 

4. — If both a and h are made to diminish simultaneously, but in 
such a manner as to preserve their relative value, then the value of 
the fraction will remain unchanged, however small the terms 
become, (119. Ill) ; and when both a and h become less than any 


assignable quantity, or 0, we shall have the expression ^ represent- 

a 

ing the value of t-. And since this value may be any quantity 


whatever, we concb/ie that ^ represents an indeterminate quantity 

That is, 

Zero divided hy zero is a symbol of indetermination. 

Note. — ^If it should be difficult for any one to conceive how both terms 
of a fraction may, by being diminished, become nothing at the same time, 
and yet preserve the same relative value to the last, it may be useful to 
consider the following illustrations : 
e 

Take the fraction -j , in which d represents the diameter of a circle, 

and c the circumference. Now the diameter and circumference of a cir- 
cle have the same ratio to each other, whatever the dimensions of the 
circle. Hence, if the circle be made to diminish until it shall become a 

e .... 
point, or vanish, both terms of the fraction, ^i will dimmish, and become 

at the same instant, the value of the fraction remaining the same tftrov^hr- 


(mt, and reducing to the form, q-» at the instant the circle vanishes. Now 

the ratio of the diameter to the circumference of a circle is known to be 
3.1416— ; hence, in the present case, we shall have 



^ = 3.1416. 

Again, let « represent the side of a square and d the diagonal. Then 
we have the well known ratio 

If the square is supposed to diminish by insensible degrees, both d and 
f will vanish at the same instant, and we shall have finally, 



12* 
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PROBLEM OF THE COURIERS. 

189. The anomalous forms which have been explained in the 
last article will now be viewed in connection with a general problem, 
involving certain relations of motion^ time and distance. The dis- 
cussion will also confirm our interpretation of negative results. 

Problem. — Two couriers, A arid B, were traveling along the 
same road and in the same direction, namely, from C toward C ; 
the former going at the rate of a miles per hour, and the latter at 
the rate of h miles per hour. At 12 o'clock, A was at a certain 
point P, and B was d miles in advance of A, in the direction of C. 
It is required to find when and where the couriers were together. 

£ P d C 

This problem is entirely general, and we do not know from the 
enunciation whether the couriers were together after, or before 12 
o'clock 'y nor whether the place of meeting was to the right, or to 
the left of P. But in order to effect a statement of the problem, 
we will suppose the required time to be after 12 o'clock. Then we 
must regard time after 12 o'clock as positive, and time before 12 
o'clock as negative ; also, distance reckoned from P toward C as 
positive, and distance reckoned from F toward C as negative. Ac- 
cordingly, 

Let t = the number of hours after 12 o'clock ; 

X = the distance from P to the point of meeting. 
And since A traveled at the rate of a miles per hour, and B at 
tlie rate of h miles per hour, we have 

X = a^ = distance traveled by A after 12 o'clock ; 
ht ^ << « << B '^ '' '' 

But since ▲ and B were d miles apart, at 12 o'clock, we have 
at—bt = c?, 

/ = -^, (1) 

a — b 

x = ^. (S) 

a — 6 

We may now discuss this problem with reference to the time 

t and the distance x, which are the two unknown elements 
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I. Suppose a>J. 

Under this hypothesis the values of both t and x will be positive, 
because the common denominator, a — h, is positive. Now since t 
is positive, we conclude that the two couriers came together afier 
12 o'clock ; and as 2; is positive^ we infer that the point of meeting 
is somewhere to the right of P. 

These conclusions agree with each other, and are consistent with 
the conditions of the problem. For, the supposition that a is 
greater than b implies that A was traveling faster than B. A 
would therefore gain upon B, and oveitake him sometime after 12 
o'clock, and at a point situated in the direction of C. 

n. Suppose a<b. 

Then in equations (1) and (2) the denominator, a — 5, is negative, 
and consequently both t and x will be negative. 

This implies that t and x must be taken in a sense contrary to 
to that in which they were employed under the hypothesis, (I), 
where they were positive ; that is, the time when the couriers were 
together was he/ore 12 o'clock, and the place of meeting was sit- 
uated to the left of P. 

This interpretation, also, agrees with the conditions of the prob- 
lem, under the present hypothesis. For, if a is less than &, then 
B was traveling faster than A ; and as B was in advance of A at 
12 o'clock, he must have passed A before that time, somewhere to 
the left of P, in the direction of C. 

in. Suppose a = 6. 

Under this hypothesis we shall have a— 5 = 0, and 

d ad 

t=z^=z(X>9 and also x = -^ = 00 , 

Now, according to these results, t, the time to elapse before the 
couriers are together, is greater than any assignable quantity, or 
infinity ; therefore they can never be together. And likewise x, 
the distance from P of the supposed point of meeting, is greater 
than any assignable quantity, or infinity ; hence there can be no 
such point, however distant from P. 

This interpretation is in accordance with the conditions of the 
problem, under the present hypothesis. For, at 12 o'clock the two 
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couriers were d miles apart ; and if a=h, they were traveling at 
equal rates, neither approaching nor separating. Hence, they could 
always continue in motion, and remove to any distance from P, 
without meeting. 

IV. Suppose rf =■ 0, and a>6 or a<6. 
Then we shall have 

<==-^ = 0,anda;=— ^ = 0. 
a — 6 a — o 

That is, both the time and distance are nothing. These results 
must be interpreted to mean that the couriers were together at 12 
o'clock, at the point P, and at no other time or place. 

And this interpretation is also confiimed by the conditions of^the 
problem. For, if d =0, then at ] 2 o'clock B must have been with 
A, at the point P. And if a>fe or a<6, the couriers were travel- 
ing at different rates, and must be either approaching or receding 
from each other at all times except at the moment of passing ; hencoi 
they could be together only at a single point. 

V. Suppose d= Oj and a=b. 
We shall then have 

Here the values of both t and x are represented by the sjrmbol 
of indetermination, which signifies that the time and the distance 
may be anything whatever ; and we infer that the couriers must bo 
together at all times, and at any distance from P. 

And this conclusion is evidently confirmed by the conditions of 
the problem. For, if c? = 0, the couriers were together at 12 
o'clock ; and if a = &, they were traveling at equal rates, and would 
never separate. 

190. To the foregoing interpretations, there is an apparent 
exception in the case of the expression tt. For, a fraction which 
is not indeterminate will reduce to this form, if its terms contain a 
common fa '.tor that becomes zero under the hypothesis. 

Thus, in the solution of a problem, suppose 
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If we put a = h, which implies that a — h = 0^ then 

and the value of x appears to he indetermiDate. Let as, however, 
cancel the common factor, a — b, from hoth terms of the fraction in 
equation (1), we shall obtain 

a-^-b 

If in this reduced equation, we make a = 5, as before, we shall 
have a determinate value for x. Thus, 

3a 

Hence the following practical direction : 

In the discumon of a problem, a fractional result should be 
reduced to its lowest terms be/ore making the hypothesis. 

191. We are sometimes liable to an error in the reduction of an 
equation, in consequence of a false assumption respecting the value 
of an expression reducible to the form of indetermination. 
1 — Let us take the equation, 

6a;+7 _ 6a;--12 .^. 

x-j-2 """"^2 * 

Reducing second member, — —— = 6, P) 

clearing of fractions, 6^4-7 = 6a;+12, (3) 

transposing and factoring, (6 — ^6)05 = 5, (4) 

5 6 .^ 

whence, x = ^ — ^ = ^> v"; 

or, by (188, 1), x=Qo. 

This result is erroneous. To obtain the true root of equation (1), 
multiply both members by (x-\-2) (x — 2) ; we shall obtain 

6a:«— 5a>-14 = 6x«— 24 j 
whence, 5a; = 10, 

or, X =z 2. 

Now we observe that if this true value of x be substituted in 
the second member of equation (1), it will reduce to th« form ^ ' 
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and the mistake in our first solution was made in assuming that 

A 1 Q 

— ^r- = 6, a conclusion which would be correct in «.ll cases 

X — 2 

except when aj = 2. 

2. — If we make two assumptions that are inconsistent, res^'^.cting 
the values of quantities reducible to the form of indetermina^> t^«, 
the result will be an algebraic absurdity. 

Thus, take the identical equation, 

8+20 = 8+20. (1) 

By transposition, 8—8 = 20—20, (2) 

8—8 • 20—20 ,^ 

dividing by 4-4, j— j = ^_^ > K^ 

2(4—4) 5(4—4) ,.. 

factormg, "Vx = 4I3- ' *^ 

suppressing common factor, and 2 = 5. (fi) 

Equation (5) is absurd. But this equation is not correctly derived 
from (3) or (4). In equation (3), both numerators and both denomi- 
nators are zero. Hence (8) may be written, 

_0 
""0' 

a result which involves no absurdity, and certainly gives no author- 
ity for saying that 2 is equal to 5. 

193. To afford the pupil further exercise in the interpretation 
of anomalous forms, we give the following 



EXAMPLES. 

1. A cistern hds four pipes communicating with it. If all be 
opened together, and left running for 15 hours, the cistern will be 
filled ; but if the first run only 5 hours, the second 8 hours, the third 
7 hours, and the fourth 3 hours, the cistern will be but one half 
full ; if the first run 3 hours, the second 4 hours, the third 3 hours, 
and the fourth 1 hour, only j of the cistern will be filled ; and if the 
first run 4 hours, the second 2 hours, the third 3 hours, and the fourth 
2 hours, only | of the cistern will be filled. In what time would the 
cistern be filled by each pipe alone ? 
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2. A can earn 6 dollars, and B 3 dollars, per day. In 2 days A will 
have a certain sum,, and in 4 days B will have 2 dollars more than 
this sum. How many days hence will A and B have the same sum? 

8. An astronomer heing asked the period of a comet's revolution, 
answered, that if from 3 times the period 10 years he subtracted, 
and to 4 times the period 8 years be added, the former result would 
be equal to | of the latter. Bequired the period. 

4. Two teachers, A and B, have the same monthly wages. A is 
employed 9 months in the year, and his annual expenses are $450 ; 
B is employed 6 months in the year, and his annual expenses are 
$300. Now A lays up in two years as much as B does in 3 years. 
Required the monthly wages of each. 

FORMULA FOR TIME APPLIED TO CIRCULAR MOTION. 

194. The Problem of the Couriers gave us the formula^ 

a — o 
m which a and h are the respective rates of motion, d the distance 
to be gained, and t the time to elapse before the couriers will be 
together. 

But the relations of these quantities will not be changed, if we 
suppose the path of motion to be a curve, instead of a straight line. 
The above formula will therefore apply to the hands of a clock 
moving around the dial-plate, or to the planets moving in the circle 
of the heavens. It will thus aflford a direct solution to the follow- 
ing problems : 

1. The hour and minute hands of a clock are togetJier at 12 
oWoclc ; when are they next together f 

The circumference of the dial-plate is divided into 12 spaces. 
The minute hand moves over these 12 spaces while the hour hand 
moves over one of them ; and when the minute hand has gained 
upon the hour hand a whole circimiference, the two hands will btf 
together. 

Taking one of these spaces for the unit of distance, and one hov 
for the unit of time, we have 
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a = 12, 6 = 1, and (f = 12, 

to substitute in the formula. Hence, 

12 12 
« = j2Z:j=il = lt. 5m. 27^s. 

2. At what time between 2 and 3 o'clock wiU the hour and minute 
hamh of a dock he together f 

In this case, the minute hand must evidently gain tico revolutions, 
or 24 spaces. Hence, (^ = 24 ; and we have by the formula, 

24 
« = Yj- = 2h. 10m. 64 r«jS. 

3. What time between 2 and 3 o^ci.ik wiU the hour and minute 
hands be at right-angles to ea>ch other f 

In this case the minute hand must gain 2| revolutions ; that is, 
c;= 12X2^ = 27. Hence, 

< = -?[ = 2h. 27m. 16jV 

4. What time between 5 and 6 o'clock wiU the two hands oj b 
cU ik be in the same straight line f 

Here the minute hand must gain 5^ revolutions; and (i = 12X 

6^ = 66. Hence, 

66 ^, 
.= ^ = 6h. 

That is, the hands make a right line at 6 o'clock, a result mani- 
festly true. 

Wc will now apply this formula to certain motions of the heav- 
enly bodies. It is known that the moon has a real motion around 
the earth from west to east. The sun also has an apparent motion 
in the same direction, in consequence of the real motion of the 
earth around the sun. The time of new moon is when the moon is 
in the direction of the sun from the earth, or when the moon is 
passing the sun, in her motion. With this explanation we present 
the following problem : 

5. The average daily motion of the moon around the circle of 
the. heavens is 13.1764°, and the apparent daily motion of the sun 
in the same direction is .98565°. Required the time from one new 
moon to another. 
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To apply the formula, we have 
€? = 360^, a=z 13.1764°^ b = .98565°, and or-h = 12.19075*, 
Hence; 

« = TTT^ = 29d. 121i. 44m. 33s. 

6. The planet Venvs, as seen from the siiv, describes an arc of 
1° 86' per day^ and the earthy as seeiifrom the same pointy describes 
an arc o/'59'. At what intervals of time tolil these two bodies come 
in a line with the sun and on the same side of it? 

Here d = 360^ = 21600', a = 1° 36', and b z=: 59'. Hence, 
a — b = 37', and we have 

21600 
t = ^ =583.8 days, nearly. 

The data in the last example were not taken with extreme accu- 
racy, the object being mainly to illustrate a method. More exact 
data would have given 583.92 days. 



INEQUALITIES. 

19«S. An Inequality is an expression signifying that one quan- 
tity is greater, or less^ than another ; as 

a>&, and c<,d. 
In every inequality, the part on the left of the sign is the frsi 
member J and the part on the right the second member. 

106. In treating of inequalities, the terms greater and less, 
must be understood in their algebraic sense, which may be defined 
as follows : 

0/ any two quantities, as a and h, s, is tJie greater when a — b is 
positive, and slis tJie less when a — ^b is negative, 

197. From this definition it follows, that 

Any negative qiiantity is less than zero ; and of two negative 
quantities, the greater is the one which has the less number of units. 

Thus, — 2<0, because — 2 — = — 2, a negative result; and 
*3> — 5, because — 3 — ( — 5) = +2, a positive result. 
13 K 
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108. Two inequalities are said to stthsist in the 9aine setise, when 
the first member is the greater in both, or the less in both. Thus 
a ^ d and c > c/, or ii < z and x < y, are inequalities which sub- 
sist in the same sense. But the inequalities, m "^ n and Jf Kq^ 
subsist in a contrary sense. 



PROPERTIES OF INEQUALITIES. 

199. Inequalities are frequently employed in mathematical in- 
vestigations ; and to facilitate their use, it is necessary to establish 
the following properties : 

I. An inequality will continue in the same sense, if the same quan' 
Hty he added to, or mbtra>cied from, each member. 

For, suppose 

a > 6. 
Then according to (196), a — h is positive. Hence, 
(a±c)—{h±c) 
is positive^ and consequently 

a±,c > h±c. 
It follows obviously from the principle just established, 
1. — That a term may be transposed from one member of an ine- 
quality to another, by changing its sign. 

2. — That if an equation be. added to an inequality, member to 
member, or subtracted from it in like manner, the result will be an 
nequality subsisting in the same sense. 

II. If an inequality he subtracted from an equation^ m^ember 
from member J the sign of inequality will he reversed. 

For, suppose 

05 =y, and a > 6; 
then we shall have 

(x— a)— (y— &) = h—a, 
ft negative quantity, (196) ; hence, 

X — a < y — h. 

III. If the signs of all the terms of an inequality he changed, 
the sign of inequality will he reversed. 



I 
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For to change the signs of all the terms is equivalent to subtract- 
ing each member from 0=0. 

IV. IJ two or more inequalities tuLsisting '» the same sense, he 
added, member to member, the resulting ineqitality wHl subsist in tJis 
same sense as the given inequalities. 

For if a > 5, a' > b\ a" > h", , 

then from (196), 

a— 6, a'— Z^', a"— i", 

are all positive ; and the sum of these quantities, 

a-^l^a'—b'-{-a''—b", or (a+a'+a")— (^+^'+^'0^ 
is therefore positive. Hence, 

a+a'+a'' > h+b'+b'\ 
It is evident that if one inequality be subtracted 'from another 
established in the same sense, the result will not always be an 
inequality subsisting in the same sense. Thus, it is evident that 
we may have 

a > 6 and a' > 5', 

in which a— o' may be greater than h — 6', less than h — h', or equal 
to b^¥. 

V. 1/ one inequality he subtracted from another esfablinhed in a 
contrart/ sense, the rejndt will be an ineqiiality established in the 
same sense as the minuend. 

For, if a > 6 (1) 

iind a'<^', (3) 

then a — h is positive and a' — b' is negative ; therefore, a — b — 
(a' — b'), or its equal (a — a') — (Jb — 6') must be positive, and we 
shall have 

a-^' > J— 6', 

an inequality subsisting in the same sense bs (1). 

If (1) be subtracted from (2), member from member, it can be 
shown, in like manner, that 

a'—a < h'—h. 

VI. An inequality will stiU subsist in the same sense, if both 
m^embers be miUtiplied or divided by the same positive quantity. 
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For suppose m to be essentially positive, and 

a>h. 
Then since a — b is positive, we shall have both m(a — 5) and 

— (a — 6) positive. Therefore, 

a h 
ma > mh and — > — 

m m 

YH. If both members of an inequality be muitipUed or divided 
by the 9ame negative quantity y the sign of inequality unU be reversed. 

For, to multiply or divide by a negative quantity will change the 
signs of all the terms, and consequently reverse the sign of inequal- 
ity,(III). 

y IIL If two inequalities subsisting in ike sam^ sense be multiplied 
together^ memher by member ^ the sign of inequality remains the same 
when more than two of the m,emhers are positive^ but is reversed 
when more than two of the meml/ers are negative 

That is. 
Multiply a>b — a>_6— a>— 6 a> b 
By a'>b' ^ -a'>—b ' g' > —.y g' > —V 

Producte, aa* >W aa' < bb' —aa' < bb' aa' > —bb' 
The first two results are evident from the fact that when the two 
members of an inequality are both positive, the greater member has 
the greatest numerical value ; but when the two members are both 
negative^ the greater member has the least numerical value. 

- The other two results are evident from the fact that any positive 
quantity is greater than any negative quantity. 

It will be found that if two of the four members are positive and 
two negative, the result will be indefinite. 

REDUCTION OP INEQUALITIES. 

200. The Eeduction of an inequality consists in transforming :t 
in such a manner that one member shall be the unknown quantity 
standing alone, and the other member a known ezpression. The 
inequality will then denote one limit of the unknown quantity. 
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20 !• Tbe principles just established may now be applied in the 
reduction of inequalities of the first degree. 

Thus, let it be required to find the limit of a in the inequality, 

2 +"5 -^T + 4 
Multiplying both sides by 20, 

lOx + 8x > 15x + 46 ; 
transposing and collecting terms, 

3x>45; 
dividing by 8, 

x>15. 



EXAMPLES FOB PBAOTIOE. 

1. 5a;>-^ + 14. Am. «>4. 

„ 2aj 2x ^ 2x „ . ^ ^ 

2. -g Y'^l • An$.x<S. 

•^- -8- + 4<-6-+12- Ans.x<i^ 

, 3aj a:— 1 ^ 20a;+13 . ^ . 

4. -^ 2~<^^ r" Ans.x>5. 

5. a>x — h > cx-^-d, Ans, x > - — -■ 



X — a ^ ^ X M ^ 

6. -^r- < 1 An$. 05 < a. 

6 ^ a 

7. (a — x) (m — x") — aCm — c) < aj' Ans. a; > — 

SOS. If there be given an inequality and an equation, contain- 
ing two unknown quantities, the limit of each unknown quantity 
may be found, by a process of elimination. 

1. Given 2x+by > 16 and 2x4-y = 12, to find the limits of x 
andy. 

13* 
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If we subtract tlie equation from the inequality, the result will 
be an inequality subsisting in the same scnse^ (IW9 ^1 ^)) ^^^ ^ 
will be eliminated. Thus, 

From 2x+5y>16, (1) 

subtract ^+y = ^^} ^) 

If we substitute I for y in the equation, the first member will be 
made less than the second; and we shall have 

2*+l<12, 
whence, x < 5^. 

The limit of x may be found in a different manner, as follows: 

From equation (2), y = 12— 2x. 

Substituting this value of y in (1), we have 
2a;4.60— lOx > 16, 
whence, — 8a; > — 44, 

or, X < 5^. 

Thus we may eliminate between equalities and inequalities, eithei 
by addition and subtraction, or by substitution. Let it be remcm« 
bered, however, that when an inequality is suLtracfed from an equj^ 
tion, the sign of inequality will be reversed; (iOO, II). 

EXAMPLES FOR PBACTIOS. 

1. Given 2x-f4y > 30 and Sx+2y = 31, to find the limits of m 
and y, Ans. « < 8 ; y > 3 J. 

2. Given 4e— 3y < 15 and 82;-|-2y = 46, to find the limits of x 
and y. Am. « < 5^ ; y > 2. 

3. Given 7aj— lOy < 59 and 4x -|-5y = 68, to find the limits of x 
and y. Aru. x < 13 ; y > SJ. 

4. Given 5a;+3y > 121 and 7a;+4y = 168, to find the limits of 
a? and y. Ans. a; < 20 ; y > 7. 

5. Givon -g g— > 1 and — j 1- -g- = 13, to 

find the limits of x and y. Ans. » < 22^ ; y < 17 J. 
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SECTION III. 



POWERS AND ROOTS. 
IKVOLUTION. 

303. A Power of a quantity is the product obtained by taking 
the quantity some number of times as a factor ; the quantity is then 
said to be raised, or involved, 

304. Involution is the process of raising a quantity to any 
given power. 

30S« Involution is always indicated by an exponent, which 
expresses the name of the power, and shows how many times the 
quantity is taken as a factor. 

Thus, let a represent any quantity whatever ; then, 
The first power of a is a^=a} 

" secand " " aa = a" 

« third « " aaa = a* 

" fourth ** " aaaa = a* 

« nth " " aaa...=a\ 

206. The Square of a quantity is its second power ; and 
The Cube of a quantity is its third power. 

207. A Perfect Power is a quantity that can be exactly pro- 
duced by taking some other quantity a certain number of times as 
a factor. Thus, x" — ^2xy+y' is a perfect power, because it is equal 
to (aj— y) (x—y). 






,«; 
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POWERS OP MONOJyiIALS. 

308. A simple factor may be raised to any power by giving it 
an exponent which expresses the name or degree of the required 
power. And if a quantity consists of two or more factors, it is 
evident that as often as the quantity is repeated, each factor will be 
repeated. Thus, 

(aby = ahXab = aayfih = a*b\ 
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And in general, if ahc h represent the product of any 

number of factors, and n any exponent, we shall have 

{ahc A:)* = aTb^'c^ A;*. That is, 

The nth power of the product of two or more factors is equal to 
the product of the nth powers of those factors. 

20 9. If it be required to involve a quantity which is already 
a power, the exponent of the quantity will be taken as many times 
as there are units in the exponent of the required power. Thus, 

(a**)" = a^X^*"* = a***^ = a"** ; 
(a*)* = a^X^^X'*'* = a" ' ** ' * = o**. 
And in general, a** raised to the wth power will be 

(a-)* = a"^. That is, 

If the mth power of a quantity he raised to the nth power^ the 
result wiU he a power of the quantity expressed by the product of 
m and n. 

31 0. With respect to signs, it is obvious that if a positive quan- 
tity be involved to any power whatever, the result will be positive. 
But if a negative quantity be involved, the successive powers will 
be alternately positive and negative ; for, it has been shown that 
the product of an even number of negative factors is positive, and 
the product of an odd number of negative factors is negative, (67). 
To deduce this law of signs in an experimental way, let it be 
required to involve — a to successive powers. By the principles 0/ 
multiplication, we shall have, 

(-«)• = (-a )X(-a) = +a«; 
(-«)• = (+a')X(-a) = -a*; 
{—ay = (_a»)X(— a) t= +a* j 
(~a)» = (+a*)X(~a) = —a*. 
And in general, 

(— a)*=±a*, 
the plus sign in the second member being used when n is even^ 
and the minus sign when n is odd. Hence, 

1. — All powers of a positive quantity are positive. 
2. — The odd powers of a negative quantity are negative^ but the 
even poicers are positive. 
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21 1. From the foregoing principles relating to the involution 
of a monomial, we derive the following 

BuLE. I. Raise the numeral coefficients to the required power. 

II. Midtiply the eocponent of each Utter hy the exponent of the 
required power. 

III. When the qwmtity involved is negative^ give the odd powers 
the minus sign. 



EXAMPLES TOR PRAOTIOE. 

1. Eaise x* to the 4th power. AnM. a;". 

2. Raise y' to the 3d power. Am. y"*. 

3. Raise a^ to the 6tb power. Ans. a;**. 

4. Raise x* to the nth power. AnM. a:"^. 

5. Raise ax' to the 3d power. Ans. a'x*. 

6. Raise a6*x* to the 2d power. Ans. a*b*x\ 

7. Raise 5a*x to the 3d power. Ans. 125a*x*. 

8. Raise Sa^b* to the 2d power. Ans. 64a*i*. 

9. Raise — 4a to the 4th power. Ans. 256a^. 

10. Raise — 4a to the 3d power. Ans. — 64a*. 

11. Required the 7th power of — aV. An^. — a"*x*'. 

12. Required the 4th power of — 3cc?. Ans. 81c*c?. 
Find the values of the following indicated powers : 

13. (Qaby. Ans. 21Mb\ 

14. (—ba'by. Ans. — 125a»6". 

15. (a-6")*. Ans. a*^b*^. 

16. (— a-)\ AnM. a-. 

17. (— a*)\ Ans. — x*». 

18. (— 3a«ft0*- ^w»- 9a*«i-. 

19. (— 2a-x'»)\ Ans. — 128a»-;t"'' 

20. (—oi^c)-. Ans. ±a''b^ir. 
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313* If it be lequired to raise a* to the mth power, we shall 
have 

(a-)" = a""^" = a"", 

an expression which denotes that power of a whose index is m*. 
If we put m = 3y then a* = a*. 

Expressions like the above may frequently occur in algebraic 
operations. 

EXAMPLES. 

Find the value of each of the following expressions : 

1. (xV)"- ^n*- a:^** 

2. (x^")* ^^' «*V"*' 
8. (ar')-. Ans. x-*. 
4. (ai-*)-". . .4W. aJ-* 
6. (a^'y)-+*. -4iw. aJ- -'y+' 
6. (aZ»V*(i"")». -4iw. a%''*cr^cf'\ 



POWERS OF FRACTIONa 

313. If a fraction be raised to any power by multiplication, both 

numerator and denominator will be raised to the same power. 

a 
1. Kequired the 3d power of —• 

fay a\ a a oXaX« a* . 

Hence, to raise a fraction to any power, we have the following 
Rule. Raise loth numerator and denominator to the required 

power, 

EXAMPLES FOB PRAOTICE. 

8a 9a* 

1. Involve -T-; to the 2d power. Ans, —^^ 

a* a* 

2. Involve g--^ to the 3d power. Am, ^=-5 



NBOATIVB INDICES. 



8. Involve =— to the 5tli power. 

4. Involve to the 4th power, 

xy ^ 

5 

5. Raise —j to the 6th power. 

6. Raise q-^, to the 6th power. 

oihc 

7. Rsuse to the nth power. 

xyz '^ 



8. Find 

9. Find 
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1024a"6» 



16807x' 

xY 

15625 



J.7M. 



32X- 






243a- 6- 



Am, 



x*y*3^ 
a"" 



y" 



DISCUSSION OF NEGATIVE INDICEa 
314. It has been shown in previous articles that 



a"'Xct*=a"'^'* : 



and (o*)" = a" 



where m and n are positive whole numbers. It remains to. be shown 
that the above relations hold true when one or both of the expo- 
nents are ne</a^Ve. And in this investigation it is sufficient to re- 
member that a quantity with a negative exponent is equal to the re- 
ciprocal of the same quantity with a positive exponent; (88, 2). 

I. To prove that aJ^xa^ = a'"+" universally, m and n 
being integers. 

L — Suppose one of the exponents to be negative ; or let 
n = — »'. 



a* 



Then a*Xa* = a*X«"" == -^ = or 

2. — Suppose both exponents are negative ; or let 
m = — m' and n = — n'. 



Then 



a"Xa* = a-^'Xa"**' = 



a-' ^ a*' ~ 0*'+*' 



ssa" 
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II. To prove that — = cff^^ universally, m and n being 

integers. 

1. — Suppose the expODcnt of the numerator to he negative ; or 
let m = " 



2. — Suppose the exponent of the denominator to be negative; 

or let n = — n\ 

Then ^ = ^, = a-Xa*' = a"^' = a"*"*. 

3. — Suppose both exponents are negative ; or let 
m = -T-m' and % = — n\ 

a- a—' a*' , , 

Then — - = — -r- = — . = a*'-«' = a*-*, 
a a a 

m. To prove that (a'")"™^^ universally, m and n 
being integers. 
1. — Suppose 71 to be negative ; or let 
n = — n'. 

Then (a-)-= (a-)-' = ^ = -^ =«—' = «-. 

2. — Suppose wi to be negative \ or let 

771 = — — W . 

Then («-)• = (a-O" = (^)* =^.= <r^^ii^- 

3. — Suppose both m and w to be negative ; or let 
m = — w' and n = — n'. 

^] = (t) =«"'*' = «"•. 

Hence, in all algebraic operations, the same rules will apply to 
negative exponents as to positive. That is, if two powers of the 
same quantity be given, then the exponent of their product will be 
equal to the algebraic sum of the given exponents, and the exponent 
of their quotient will be equal to the algebraic difference of the giv- 
en exponents. 
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EXAMPLES. 



9I*S. Find tlie value of each of the following expressions: 

1. (a-'by. Am. a'^b\ 

2. (6-V')-«. Ans. b'c^. 
8. (2xV"")-«. Atis. i^-V*-. 

4. (4a"i»-*)\ Am. 16a"-6-«». 

5. (— c•€^•m*)^ ji/w. — c"rf-^m". 

6. (3a-»ary-0"*- ^'w. fV«'-^~*/' 

7. (— a-V— )- ^»«. ±a-V"**- 



— 1 



8. (x-~*)'- . -4««. a— 

9. (4a*x-')'X(a"V). .4ii«. 16a, 
10. (a«*ft-^)*X(a-'"i'-")-V Am. a*^lr^. 



POWERS OP POLYNO^ILALS. 

316. A polynomial may be raised to any power by actual mul- 
tiplication Thus, if the quantity be multiplied by itself, the prod- 
uct will oe the second power; if the second power be multiplied 
by the quantity, the product will be the third power; and so on. 
Hence the following 

RULE. — Multiply the quantity by itself in continued multipli- 
cation^ till it has been taken as many times as a fojctor as there are 
units in the exponent of the required power, 

NoTB. It may be well to obflerve that In involution we may often reach 
the same result by different processes. Thus, we have a^ :=a^ xa = 
a^xa'i -(as)2=(a2)3 

EXAMPLES FOa PRACTICE. 

- Expand the following expressions : 

1. (2x'+3^)'. Ans. Ax*+12x^t/+dy\ 

2. i^x—yy. Am, 125x»— 75xy-fl5ary*— yV 
8. (l+2x-^xy. Am. l+4a:— 2x"— 12x»+9a\ 

14 
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4. (Sa+2h+cy. 

Ans. 27a*+54a*6+27a'c+36a6"+36a6c+8Z^*+9ac»+ 125V+ 

5. ia+by. 

Ans. a'+^a•b+21a'b^+Sba*l•+^5a^l^+2Wl'+ 7ab'+b\ 

Am. x* — Sx'i^+2Sxy — 66xy + 70xy— 66xy 4-28xy — 

7. (a*rr-«+a-V)\ ^iw. a*c-*4-2+a"^c*. 

8. (a«4.1+a-«)*. ^n*. a*4-3a*4-6a'+7+6a-«+3a"*4-a--. 

9. (a"+x*)». Ans. a""4-3a'-x*+3a*x?*4-a;*» 



POLYNOMIAL SQUAREa 

917* Wo have seen that the square of any binomial may be 
written without the labor of formal multiplication, (70). Thus, 
if X and y represent the terms of any binomial, then 

(x+yy = x'+2xy+y'. 

This formula for a binomial square furnishes a simple rule for 
writing out the square of any polynomial, in the same direct manner. 
To deduce the method, let it be required to square the polynomial, 
a+b+c+d+e+ 

Put x = a and y = &-|-c4-^+^+ • • • ♦ • Then the square of x-\-y 
will be equal to the square of the given polynomial ; or 
a:«+2x^+y = {a+b+c+d+e+ ....)'• 
And the three parts of the required square will be 

x' = a«, 0) 

2xy =2a2>+2ac+2acf+2ac+...., 0) 

Now y represents a polynomial ; and to obtain its square, we must 

proceed as at first. Thus, put x* = b and y' = <;-|-r/-|-c+ 

Then the square of a/+y' will be equal to the square of 6+c-]-c?+ 
«+ ..... And we have 
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«'• = 6', (8) 

2xy = 2bc-\-2bd+2le+ ..... (4) 

y'' = (c+d+e+ ...)«. 
If we proceed with the value of ^'" as with the value of y*, we 
shall finally obtain all the parts of the required square. 

By inspecting equations (1), (2), (3) and (4), we perceive that the 
required square will assume the following general form : 

(^a+b+c+d+e+ ....)"= a^+2a(b -{-c+d+e+ ....)+ fc' + 
2h (c+rf-f^H" • • • •) +c"-|-2c (c?+^+ ••••)> *^^ ^ 0^- Hence to 
dbtain the square of any polynomial, we have the following 

Eule. Write the square of e§ch term, together with twice theprO' 
duct of each term hy the mm of all the terms which foUow itj and 
reduce Hie rendt if necessary, 

EXAMPLES FOR FBAOTIOE. 

1. Square a+b+c. Am. a"+2a6+2ac+6"-).25c-)-c» 

2. Find the square of a+5+r-|-rf. 

Atis. a^+2ab+2ac+2ad+b^+2hc+2bd+d'+2cd+d'. 
8. Find the square of a-|-fc-fc+J+^. 

Ans, a* + 2ab + 2ac +2ad+2ae+b^+2bc+2bd+2be+c*+2cd 
+2c-64-c?'+2r/e-fe". 

4. Square x—y+z, Ans. x* — 2ay+2x2;+y*— 2|y2+2\ 

5. Find the square of a — 2b-{-^ab — c. 

Ans. a*— 4a6+6a*6— 2ac+46»— 12aZ.«+4ic+9a*5'— 6aic+c\ 

6. Find the square of 1 — a-\'a* — a*. 

Ans. 1— 2a+3a'--4a"+3a*--2a»4-a*. 

7. Find the square of 3aa5-f2a" — 4a;" — 6. 

Ans. 12a"a;— 24a;c'— 30ajr + 4a*— 7aV— 20a* 
+ 16a;* + 40a;» + 25. 

8. Find the square of 1 — 2x — y*+xy — x^. 

Ans. 1— 4x— 2^4- 2ay+ 2x^+4:xy^-^x^y +Ax*+y* -2xy*-^ 
2x'y + 3jjy +a;*. 

218. In a future section we shall give a formula, called the 
Binomial Formula, by means of which any power of a binomial may 
be obtained without the labor of multiplication. 
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EVOLUnOK 

SI 9* A Eoot of any quantity is one of the equal factors which, 
multiplied together, will produce the given quantity. 

330. The name or degree of a root corresponds to the number 
of equal factors into which the quantity is supposed to be divided. 
Thus, 

The square root of a is one of the two equal factors whose 
product is a. 

The cube root of a is one of the three equal factors whose 
product is a. 

The fourth root of a is one of the four equal factors whose 
product is a ; and so on. 

3S1. Evolntion is the process of extracting any root of a ^ven 
quantity ; it is the converse of involution. 

333. There are two methods of indicating evolution : 

1st. By the radical sign, |/. 

When this method is employed, the name or degree of the root 
IS denoted by a figure or letter written above the radical, called the 
index of the root. Thus \/« denotes the rulje roof of a ; and t/a 
denotes the fourth root of a. When no index is written, 2 is un- 
derstood. Thus i/x denotes the square root of x, and signifies 
the same as \/x» 

2d. By fractional exponents. 

To explain the origin of this method of indicating roots, we 
observe that a quantity is raised to any power, by multiplying its 
exponent by the exponent of the required power. Conversely, any 
root of a quantity may be obtained, by dividing the exponent of the 
quantity by the index of the required root. Thus, the cube root of 
a, or a*, is written a , and the cube root of a" will be a . 

Hence, a fractional exponent may be analyzed as follows : 

1. — The numerator denotes the power of the quantity ^ whose rttot 
is to he extracted, 

2. — The denominator shows what root of that power is to be 
extracted : 
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293. The two methods of iniicating roots may be illustrated 
by equivalent expressions, as follows : 

|/a, or a , denotes the square root of a j 
Va, or a*, " « cube « "a; 

Va, or a*, « «* nth « " a. 
And if a" represent any power of a, then 

^ l/a", or a^, denotes the square root of o* j 

l/a", ora? " <* cube ** « a"; 

■i 
Va-,ora% " << nth « " a" 

334. A Surd is a root which cannot be exactly obtained .; ui 
I % 'Va« or >/«•— 2a6. 

A surd is called an irrational quantity, while a root which can 
be exactly obtained is called a rational quantity. A root will be 
rational when the given quantity is a perfect power corresponding 
in degree to the required root ; otherwise it will be a surd. 

The root of a number which is an imperfect power, may always 
be obtained approximately. Thus, |/6 is a surd ; but we have 
l/6=2.44, nearly; for (2.44)'= 5.9536. 

333. An Imaginary root is one which is known to be impossi- 
ble on account of the sign of the given quantity. Thus, the square 
root of — a", or V — a", is impossible, since no quantity raised t** 
the second power will produce — a*. A root which is not imaginary 
is said to be reaL 



ROOTS OP MONOMIALS. 

330. It has already been shown that the root of a simple 
algebraic quantity may be expressed by dividing the exponent of 
the quantity by the index of the required root (333). And it 
is evident that if the exponent of the quantity will not exactly con- 
tain the index of the required root, the result must be a surd. 
14* L 
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S3 7. We have seen tliat a quantity composed of several fac- 
tors, is raised to any power by involving each factor separately to the 
required power ; (SOS). Conversely, we shall obtain the root of 
a quantity by extracting the root of each factor separately. Thus, 
if ahc. ...k represent the product of any number of factors^ then 

VcU}c....k = VaVhVc... .Vk) 
or, wiih fractional exponents, 

L ± ± L -1 

(a5c... .^)» =a*b'^c* .. . .k*. 
That is. 

The nth root of the product of two or more /actors is egual to 
the product of the nth roots of the factors. 

SS8. There are certain properties of roots which depend upon 
the law of signs in involution : 

1. — Every odd root of a quantity is real, and has the same sign 
as the quantity itself 

For, any positive quantity raised to an odd power is positive ; and 
any negative quantity raised to an odd power is negative; (SIO). 

2. — Every even root of a positive quantity is real, and may be 
either positive or negative. 

For, either a positive or negative quantity raised to an even pow- 
er is positive ; (210). 

3. — Every even root of a negative quantify is imaginary. 

For, no quantity, whether positive or negative, raised to an even 
power, will give a negative result. 

330. From the principles now established, we have the follow- 
ing rule for extracting the roots of monomials : 

Rule. I. Extract the required root of the numeral coefficients 
for a new coefficient. 

II. Divide the exponent of each literal factor by the index of the 
required root. 

III. Prefix the double sign, ±.,to all even roots, and the minus 
sign to the odd roofs of a negative quantity. 

Notes. 1. When the required root of any factor is a surd, it may be 
indicated either by a fractional exponent, or by the radical sign. 

2. The root of a fraction may be obtained by taking the root of the nu 
mcrator and denominator separately. 
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EXAMPLES POE PRACTICOB. 

1. What is the square root of 49a V ? Ans. ±7ax\ 

2. What is the square root of 25c"&* ? Ans. ±bc*h. 

3. What is the square root of 144a Vx"y"? Ans, dbl2ac"ary. 

4. What is the cube root of 125a' t Am. 5a. 

5. What is the cube root of — 64aj* t Am, — 4x". 

6. What is the cube root of — 216ay ? Ans. — 6a^*. 

7. What is the cube root of 729a*x" ? Am. 9aV. 

8. What is the 4th root of 256a*a;» ? Am. ±4ax\ 

9. Find the 4th root of 16a. An9. ±2al, or ±2Vo. 

10. Find the cube root of 27a"x. Am. 3a' x^, orSVilv^. 

11. Find the 5th root of — 32x'y. Am. —2xV^,or—2x" V>*. 

12. Find the nth root of a^U^. Am. a%^. 

13. Find the square root of 81a-*Z»*. Am. ±^ar'h\ 

14. Find the cube root of — 21 Ga-^'c"". Am. — 6a— c"?. 

15. Find the 5th root of 243a-'6-". Am. Zar'b^. 

16. Find the mth root of a"^y*'. Am. a*^* 

17. Find the nth root of a:"V*'^*- -^w«- a^yV*- 

4aV 2x' 

18. Required the square root of -^ • Am. ± -^• 

19. Eequired the cube root of ^ , , i- Am. - — ^^* 

200a' 5a" 

20. Eequired the square root o f 190 ' -4w«. ±-7- 

21. Required the nth root of ^*. j[„, ^'. 

a* • _^ * 

22. Required the nth root of-r— • ^n«. a* 6 *c~*. 

23. Find the square root of (a — x)'^*. -4?w. ± (a — x)y. 

24. Fmd the cube root of (x— 1)" (x+1)*. Am. (x*— 1) (x+1). 

25. Find the square root of x'y* (x — t/y. Ans, ±(ajy— ary*). 
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SQUARE ROOT OP POLYNO^IIALS. 

330. To deduce a rule for the extraction of the sqnare root of 
a polynomial, let ns first observe how the sqnare of any binomial, aa 
a-f^, is formed. We have 

(a+hy = a*+2a6+6". 
And the last two terms may be written as follows : 

(2a+h)h. 
Let ns now consider how the process of involution may be re- 
versed, and the root, a-f-^, derived from the square. 

Extracting the square root of a", operation. 

we obtain a, the first term of the root. 

Taking a" from the whole expression, a'-|-2a5+Z»"la-|-^ 

we have 2a6+6*, or (2a-|-6)6, for a a* 

remainder. Dividing the first term 2a-\-h 2ab-\-b* 

of this remainder by 2a, as a partial 2ah-\-b* 

divisor, we obtain h, which we place 

in the root, and also at the right of the 2a to complete the divisor, 
2(t-{-h. Multiplying the complete divisor by 2», and subtracting the 
product from the dividend, we have no remainder, and the work is 
finished. 

By the same process continued, we may extract the root of any 
quantity that is. a perfect square. To establish the rale in a general 
manner, let 

a-|-6-}-c-|-c?. ••• 
represent any polynomial. By a previous article, the square of 
this polynomial consists of tJie square of each term, together with 
tuyice the product of each term by oM the terms which foUow it ; 
(SI 7) ; and the square may be written as follows : 

a*-\-2db-^2ae-\-2ad +6*+2ftc+2M +c«+2tf<f +£? 

And it is evident that if the root, a-\-h-\-c-\-d . . . , , is arranged 
according to the powers of some letter, the square will also be 
arranged according to powers of the same letter. 

We may now derive the root from the square, in the following 
manner : 
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OPERATION. 
a*+2<ib-\-2ac-\-2ad, . . .+&«-|-25c+2W. . 


|a4-64-c-|-a. 
..+c«4-2«i... 


...,root. 


2a^b 


2ab+2ac+2ad. . . . +^+2Ac+2W. . 
fktb +d> 


..+(j«+2«l... 


.4-<P.... 


2a+26+0 


+2a<5+2ad.... +26c+2W.. 
206 +26e 


..+c«4-2ai... 


.+d».... 


2a ,'2b'^2e-{-d 2ad.... +26d. . 
2ad +2W 


.. +2crf... 
. +2«l 





We find a as in the former example, and take its square from the 
whole expression. We then divide the first term of the remainder 
by 2a, and writ« the quotient, h, in the root, and also in the divisor. 
We then multiply the complete divisor by 6, subtract the product 
from the first remainder, and thus obtain a new dividend. Then 
writing 2a-^2b for a partial divisor, we find c in the same manner 
as we found b ; and thus we continue till the work is finished. 

If we examine the several subtrahends, taking the terms dta^' 
onalli/ in the operation, we shall find a*, 2a6, 2ac, 2ad, etc. ; 6', 
2bc, 2bd, etc. ; c", 2c(Z, etc. ; rf*, etc. That is, we have, in the ope- 
ration, the sguare of each term of tlie root, together with tvnce the 
product of each term by all the terms which follow it. Thus we 
have exactly reversed the process of forming a polynomial square. 
Hence the following general 

KuLE. I. Arrange the terms according to the powers of some 
letter y and write the square root of tlie first term in the quotient. 

II. Subtract the square of the root thus found from the given 
quantity, and bring dovm two or mx}re terms for a dividend. 

III. Divide the first term of the dividend by twice the root already 
foundj and write tlie result both in the root and in the divisor, 

IV. Multiply tlie divisor, thus completed, by tlie term of the root 
last found, subtract the product from the dividend, and proceed uyith 
the remainder, if any, as before. 

Note — According to the law of signs in evolution, every square rooi 
obtained will still be a root, if the signs of all its terms be change'i 
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EXAMPLES FOR PRACTICE.* 

1. What is the square root of a"+2ai+2ac+6'+26c+c" ? 

Ans. a-i-h-^c. 

2. What is the square root of a*--6a»6+4a" + 96'— 126 + 4 ? 

Ans. a"— 36+2. 

3. What is the square root of a*+4a;»+2x*— 2x*+5x«— 2a;+ 
1 f Ans. a;"+2x"— x+1. 

4. What is the square root of 1— 2a+3a'— 4a»+3a*— 2a»+ 
a*? Ans, 1 — a-|-a" — a*. 

5. What is the square root of 4a*6"--12a"6«+8a"6*+9«"6*— 
12a'6"+4a«6*? Ans, 2a«6— 3a6+2a6\ 

6. What is the square root of 9x«— 30a-»y + a:*/ +76-ry — 
44a:y_48x/+36y? Ans, 3x'— 5iV— ^-^y^^' 

7. What is the square root of a*--6a'6c+4a*«?— 2aV/' + 96 V 
^l2hc^d+6hc(P+^c^(P^Ac(P+d* ? Ans. a"— 36c+2c<?—rf*. 

3a"6« ab* 6* 

8. What is the square root of a*— a*6-| -r 7- + T3^ 

^w«- « "2 +4* 

9. What is the square root of x*— 6x»+llx'— 6x-*+x-* ? 

Ans, x*— 3x4-x-V 

10. What is the square root of a*6-"— 10a6-'+27— 10a-*6+ 
a-*6«? Ans, a6-'— 5+a-*6. 

11. What is the square root of a**+6a*"c»+lla'*c*»+6aV*+ 



SQUARE ROOT OP NUMBERS. 

331. In order to discover the process of extracting the square 
root of a number^ it is necessary to determine 

1st The relative number of places in a number and its square 
root. 

2d. The local relations of the several figures of the root to the 
periods of the number 
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8d. The law by which the parts ot a number are combined in the 
formation of its square. 

S33. Tlie relative number of places in a given number and its 
square root may be shown by illustrations, as follows : 

r= 1 r= 1 

9«= 81 10*= 1,00 

99*= 98,01 100«= 1,00,00 

999*= 99,80,01 1000« = 1,00,00,00 

From these examples we perceive that a root consisting of 1 place 
may have 1 or 2 places in the square ; and that in all cases the addi- 
tion of 1 place to the root adds 2 places to the square. Hence, 

If we point off a mtmher into tioo-Jjgnre periods y commencing at 
the right hand, the number of periods will indicate the number of 
places in the square root. 

S33. If any number, as 2345, be decomposed at pleasure, the 
squares of the parts, beginning with the highest order, will be rel^ 
ted in local value as follows : 

2000' = 4 ^0 00 00 
2300' = 5 29 00 00 
2340« = 5 47 66 00 
2345* = 5 49 90 25. Hence 

77ie square of tJie first figure of the root is contained wholly in 
tlie first period of the power ; the square of the first two figures of 
the root is contained wlwlli/ in the first two periods of the power ; 
and so on, 

S34:. If the figtires of a number be separated into two parts, 
and written with their local value, we may then form the square of 
the number by the formula for a binomial square. Thus, 

76 =70 + 6. And if we put a = 70 and 6 = 6, then 
a-^-h =z 76 ; and we shall have 
a« == 4900 
2ab = 840 
. 6' = 36 

a*+2ab+b*= 5776=70« 
Hence, the binomial square may be used as a formula for extracting 
the square root of a number. 
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1. liOt it be required to extract the square root of 5776. 
There are two periods ia the nuin- operatiox 

ber, iDdlcatiug that there will be two 

places in the root As the square of ^^ ^^ \J^ 

the tens is contaiaed wholly in the a*, 49 00 

first period, (333), we first seek the 2fij 140 8 76 

greatest perfect scjuare in 57. This 2a-f-^, 146 8 76 
we find io be 49, the root of which is 7, the first figure of the root 
sought. Ilonee we have a = 70, aud subtractiug a", or 4900, from 
the entire number, we have 876 for a remainder, which must be 
ec|ual to (2c(-f-6)^ ; (330)* Dividing the remainder by the partial 
divisor, 2a, or 140, we have 5 = 6, the second figure of the root. 
Completing the divisor, we have 2a-^L = 146 ; whence (2a-j-^)X 
b =: 876, and the work is complete. 

It is obvious that we may omit ciphers, and still employ the 
Hgures with their proper local values, in the operation. It will not 
then be necessary to form the partial divisor separate &om the com- 
plete divisor. 

the given number consists of more than two periods, we may 
ract the two superior figures of the root from the first two 
iods, (333), bringing down another period to the remainder, 
hen a in the binomial formula will represent the part of the root 
already found; cojisidered as tens of tlie next inferior </rder ; and 
so on. 

2. Required the square root of 226576. 

OPERAIION. 

22 6*5 76 [ 476, Ans. 
16 



plete 

*^ey;ra 

IKrio 

Then 



87 665 
609 

946 5676 
5676 

Having found 47, the square root of the first two periods, we 
bring down the last period, and have 5676 for a new dividend. We 
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then take 2a = 47X2 = 94 for a partial divisor, whence we obtain 
fe = 6, the last figure of the root. We should observe that by 
simply doubling the 7 in the 87, we may obtain 94, the new trial 
divisor. 

From these principles and illustrations, we have the following 
BuLE. I. Point off the given number into periods of two figures 

eac\ counting from uni^s place toward the left and right, 

n. Find the greatest square number in the left-hand period^ and 

writ^ its root for the first figure in the root sought ; sultract the 

square number from the left-hand period, and to the remainder bring 

down the next period for a dividend. 

ILL, At the left of the dividend write twice the first figure of the 
root, for a trial divisor ; divide the dividend, exclusive of its right- 
hand figure, by the trial divisor, and write the quotient for a trial 
figure in the root, 

IV. Annex the trial figure of the root to the trial divisor fch 
complete divisor ; muUipli/ the complete divisor by the trial figure m 
the root, subtroA^t {he product from, the dividend, and to the remainder 
hring down the next period for a new dividend, 

V. Take the last complete divisor, doubling its right-hand figure, 
for a new trial divisor, with which proceed as before, till the work 
is finished. 

Notes. 1. If there is a remainder after all the periods have been 
brought down, annex periods of ciphers, and continue the operation to as 
many decimal places as are required. 

2. If the denominator of a fraction is not a perfect square, the fraction 
may be first reduced to a decimal, and its root then taken. 



EXAMPLES FOR PRACTIOE. 

1. What is the square root of 7225 J Ans. 85. 

2. What is the square root of 108241 1 Ans. 329. 

3. What is the square root of 651249 ? Ans. 807. 

4. What is the square root of 974169 ? Ans, 987. 

5. What is the square root of 5098564 f Ans, 2258 

15 
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6. WLat b the aqoare root of 66^4.1025? Jjm. 81.45. 

7. Wbat k the srjuaie root of 18128S60S47 Amm. 4^78. 

8. What is the iqaare root of .3398S9? Jju. .583. 

9. Tlliat k the sqiiare root of .00524176 7 Jju. J)724. 

10. Tlliai is the square root of 477 ? ^m. 21.S403+. 

11. What » the square root of 11.09 1 Jjm. 3.33016+. 

12. Required the square root of tV/Zt* '^*'- AV 

13. Required the square root of T9?iii¥rr« '^*'- tvIft* 

14. Required the square root of ||{. Am*. ^. 

15. Required the square root of 5$. Amg. 2.3604^. 

CONTRACTED IIETHOD. 

99S, When the required root is a surd, the work may be 
abridged bj the method of contracted decimal multiplication. To 
insure a correct result, each contracted divisor should contain it 
least one redundant place — that is, one place more than is necessary 
to produce the required order of units in the product This figure 
should be multiplied mentally, and the tens (increased by 1 when 
the units are 5 or more) carried to the product of the next figure. 

To illustrate this principle, let it be required to divide 28337 by 
53194, correct to 3 decimal places. 

In multiplying the first divisor, of 53194) 28337 (.5327 
which the last figure, 4, is treated as re- 26597 

dun dan t, we say 5 times 4 are 20, and 5319 1740 
reserve the 2 tens for the next partial 1595 

product ; then, 5 times 9 are 45, and 2 532 145 

tens added make 47, and we write the 106 

unit figure of this result for the first in 53 39 

the contracted product. In multiplying 37 

the second divisor, 5319, we have 9x3 

= 27 ; hence there will be 3 tens to carry, because 27 is nearer 30 
than 20. The third divisor is 532, one unit being carried to 531 
of the preceding divisor, because the rejected figure, 9, is greater 
than 5. 
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OPERATION. 



1 2.668333 ± Ans . 
7.120000 
4 



1. Required the square root of 7.12 correct to six decimal places. 

We continue the operation as usual 
until we have obtained the dividend, 
1776. At this point we omit the pe- 
riod of ciphers,* and consider 533 as 
the divisor ; and in multiplying by 8, 
the new root figure, we carry the 1 ten 
from the product of the redundant 
figure 6, and 1 also from the 8 units 
in this product, making 1601 for the 
first contracted product. After this 
we drop one figure from the right, to 
form each successive divisor, and thus 
continue till the work is finished. 



46 " 


812 
276 


626 


8600 
3156 


6828 


44400 
42624 


6336 


1776* 
1601 


634 


178 
160 



63 



16 

16 



It will be observed that there are as many figures in the root thus 
obtained, as there are in the assumed number. 

From this illustration, we have the following 

Rule. I. If necessary^ annex periods of ciphers to the given 
number, and assume as many figures as there are places required 
in the root ; then proceed in the usual manner untU all the assumed 
figures have been brought down. 

II. Form the next trial divisor as usual, but omit to annex to it 
the trial figure of the root, reject one figure from, tJie right to form 
each subsequent divisor, and in multiplying regard the right-hand 
figure of ea4:h contracted divisor as redundant. 

Note. — If a rejected figure is 5 or more, increase the next figure at 
the left by 1. 

EXAMPLES. 

1. Find the square root of 56 correct to 7 decimal places. 

Ans. 7.4833147+. 

2. Find the square root of 14 correct to 7 decimal places. 

Ans. 3.7416573 4-. 
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8. Find the sqiiare root of 18 correct to 4 decima places. 

Am 4.2426+. 
4. Find the square root of 19 correct to 6 decimal places. 

Ans. 4.358898+. 
6. Find the square root of 52.463 correct to 7 decimal places. 

Ans. 7.2431346+. 

6. Find the square root of 7 correct to 8 decimal places. 

Am. 2.64575181+. 

7. Find the value of 5^ correct to 5 decimal places. 

Am. 11.18034- 



CUBB BOOT OF POLYNOMIAIA 

336* We may deduce a rule for extracting the cube root oi a 
polynomial in a manner similar to that pursued in square root^ Lj 
analyzing the combination of terms in the binomial cube. 

If the binomial, a+&, be cubed, we have 

a»+3a«6+3a6«+fc». 

We will now consider how the process may be reversed, and the 
root extracted from the power. We observe 

1st. That the first term of the root may be obtained by taking 
the cube root of the first term of the power. Thus, 

Va' = a. 
2d. The second term of the root may be found by dividing the 
second term of the power by three times the square of the first 
term of the root. Thus, 

8a«J-f-3a« = h. 

8d. The last three terms of the power may be factored, and 
written as follows : 

(8a«+8a6+&«)6 or {8a«+(3a+6)6}6. 

Thus we see that if to the trial divisor, 3a', we add a correction, 
8a6+Z»', or (8a+6)6, the result will be a complete divisor, which 
multiplied by 6, will give the last three terms of the power. 

Ilcnce, the whole operation of extracting the root, a-{ 6, from 
the cube, a*+8a'6+3a6'+6", may be written as follows : 
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OPERATION. 

a'+3a'6+3ay+y|a+6 



Sa+h Sah+h* 



3a« 3a*6+3a6*+6* 

3a'+3a5+y Sa^b+Sah'+h* 



Haying found a, the first term of the root^ we- take its cube from 
the whole expression, and obtain 3a*6+3«&'+ft*. Dividing the 
first term of this remainder by Sa', we obtain b, the second term of 
the root. To complete the divisor, we first write the quantity Sa-\-b ; 
and multiplying this by 6, we have 3a6-|-6", which added to the 
trial divisor, gives 3a*+3a6-|-6*, the complete divisor. Multiplying 
this by 6, and subtracting the product from the dividend, there is 
no remainder, and the work is complete. 

53 7. To recapitulate, we may designate the quantities employed 
in the foregoing operation, as follows : 

Trial divisor, 3a* ^ 

First factor of correction, Ba-}-b f , ^ 

\ fctj 
Correction of trial divisor, 3aJ-j-6" C 

Complete divisor, 3a"-|-3a6-|-6" y 

538. Next, suppose there are three terms in the root, as a-^-h 
+c. 

Assume s =: a-|-6; then s-f-c = a-^-b-^-c; and we have 

(s+cy = «*+3s*c+3«c'+c*. 
If we proceed as in the last example, we shall obtain a-f-2>, or 
that part of the root represented by s, and subtract its cube from 
the whole expression. There will then be left 3«*c-|-3sc'-|-c', which 
may be factored and written 

(3s*+3«c+c")c or {3s«+(38+c)c}c. 

And we perceive that 3s* will be the new trial divisor to obtain 
c, and that (3«-|- c)c will be the new correction. 

The value of 3«', or 3(a+6)*, may be obtained by multiplication. 
It will be more convenient, however, to derive it by the addition of 
three quantities already used in the operation. Thus, 

15* 
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Last complete divisor, 3a*-|-3a6+Z»* 

Last correction, Sab+b* ^ ^i^ 

Square of last term of tlie root, fc] 

3«* = 3(a+6)* = 3a'+6a6+36« 
Let it now be required to find the cube root of the polynomial 
a;«+3x»-^x*— llx»+6x*+12a?— 8. 



} 



OPSRATION. 



|aj*+«— 2, root 



of 



aiS"+» 8«»+aJ* 



3iB* &c»-&p*-lliB»+(te»+iae-8 



8^+3a?— 3, — te«— 6a?+4 



3a:«+au»-ar"-6a?-l-4, -ftu*-12«»+ai^-Hl2a?-8 



Having arranged the polynomial according to the exponents of rr, 
we proceed as in the former example, and obtain x*, the first term 
of the root, 3x»— 3x*— lla;*+6x*+12a;— 8 the first remainder, 
Sx* the trial divisor, and x the second term of the root To com- 
plete the trial divisor according to formula (a), we write three times 
the first term of the root plus the second, or 3x'-f-^) ^or the first 
factor of the correction. Whence we have (Bx^-\-x)x, or 3x"+a:', 
for the correction ; 3x*-|-3j;*-|-a;* for the complete divisor ; (3x*-f- 
Sx*'^x*)x, or 3j;»+3-c*+ar', for the product; and— 6x*— 12x»+ 
6jc"+12x — 8 for the new dividend. 

To form the new trial divisor according to formula (&), we have 
(3x*+3x"+x«) + (Sx'+x*) +x* = 3x*+6x*+3i*; whence, by 
division, we obtain — 2 for the third term of the root To com- 
plete the new trial divisor, we have for the first factor of the cor- 
rection, 3(x'-f-aj) — 2 = 3x*-f 3x — 2. This may be obtained in the 
operation from the former factor 3x'+a:, by simply multiplying its 
second term by 3, and annexing the — 2. We now find the correc- 
tion, complete divisor, and product as before, and the work is 
finished. It is evident that three or more terms of the root will 
sustain the same relation to the next succeeding term, that the first 
sustains to the second, or the first and second to the third. 
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S30. From the foregoing analysis we derive the following 

KuLE. I. Arrange the polyrwmial according to the powers of some 
letter, and wi'tte tlie cube root of the first term in the quotient ; sub- 
tract the cube of the root thus found from the polynomial, and ar^ 
range the remainder for a dividend. 

n. At the left of the dividend write three times the square of the 
root already foundy for a trial divisor) divide the first term of tJie 
dividend by this divisor , and write the quotient for tJie next term of 
the root. 

m. To three times the first term of the root annex the last term, 
and write the result at the left, and one line below , the trial divisor ; 
multiply this result by the last term of the root, for a correction of 
the trial divisor ; add the correcfiony and the result wiU be the com" 
plete divisor, 

IV. Multiply the complete divisor by the lust term of the root, 
subtract tlie product from the dividend^ and arrange the remainder 
for a new dividend. 

V. Add together the last complete divisor ^ the last correction^ and 
tlie square of the last term of the root, for a new trial divisor ; and 
by division obtain another term of the root. 

VL Take the first factor of the last correction with its last term 
multiplied by 3, and annex to it the last term of the root, for the 
first factor of tlie new correction ; with which proceed as before^ 
till the work is finished. 

EXAMPLES FOR PRACTICE. 

1. What is the cube root of 27a"+108a'+144a+64 ? 

Ans. 3a+4 

2. What is the cube root of x^+Ga;*— 40x*+96x— 64 ? 

Ans. x*-\-2x — 4. 

3. What is the cube root of 8x«— 36x»+66x*— 63a5"+33x*— 9aj 
+1? Ans. 2x*— 3x+l. 

4. TVTiat is the cube root of a«+9a»Z»+24a*&'+9a"&"— 24a'Z>* 
+9a^»»— «»•? Ans. a*+Sab—b\ 

5. What is the cube root of «•— 6a»+27a'— 74a*+159a»— 
234a'+257a*— 174a*+60a— 8 ? Ans a*— 2a'+5a— 2. 
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6. What is the cube root of «•— 3x*+6x'— 10a;«+12x»—12x* 
+10x"— 6a;«+3x— 1 ? Ans. a'— x'+x— 1. 

7. What is the cube root of 8a* — 12a»6 + 86a'i»c + 6a'6* — 
86a'6"c— a«6*+54ai» V+9a"6"c— 27ai» V+ 27i» V ? 

Aru. 2a — ah-^Bhc. 

195x* 195x* 

8. What is ihe cube root of ^•—12x»+ — | 70x»+ -^^ 

9. What is the cube root of x^+Gx*— 64x*— 96^•+192x*+ 
512x•— 768a>— 612? Am, x"+2x«— 4x— 8. 
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84:0« To establish a rule for extracting the cube root of a num- 
ber, we must first ascertain the relative number of pluees in a cube 
and its root. This relation is exhibited in the following examples : 



Boota. 


CnbM. 


Boot*. 


Oubea. 


1 


1 


1 


1 


9 


729 


10 


1,000 


99 


970,299 


100 


1,000,000 


999 


997,002,999 


1000 


1,000,000,000 



Thus we perceive that a number consisting of one place, may 
have from one to three places in its cube; and that in all cases the 
addition of one place to the root adds three places, to the cube. 
Hence, 

If a number he pointed off into three-figure periods, commencing 
at units' place, the number of periods vnll indicate the number of 
places in the root. 

S41. To ascertain how the several figures of the root are related 
in local value to the periods of the power, we may dec(»mpose any 
number, as 5423, and form the cubes of its several parts, as follows : 
5000* = 125 000 000 000 
' 5400* = 157 464 000 000 
5420" ==159 220 088 000 
5423" = 159 484 621 967 Henoe, 
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The euhe of the first figure of the root is contained whoUy in the 
fii'st period of the power ; the cube of the first two figures of the 
root is contained wkoUy in the first two periods of the power ; and 
so on, 

343. To employ the binomial cube as a formula for extracting 
the cube root of a number, we must represent the first figure or 
figures of the root, taken with their local value, by a, and the re- 
maining figures by h. The operation will then be the same, in form 
and principle, as that employed in extracting the cube root of alge- 
braic quantities. 

1. Let it be required to find the cube root of 164,206,490,176, 

OPEBATION. 

164206496l76| 5476 
125 



154 


7500 39206 
616 8116 32464 


1627 


874800 6742490 
11389 886189 6203323 


16416 98496 


89762700 539167176 
89861196 539167176 



There are four periods in the given number, indicating that there 
will be four figures in the root. As the cube of the first figure will 
be contained wholly in the first period, (341), we seek the greatest 
perfect cube in 164. This we find to be 125 ; its root is 5, which 
we write as the first figure of the root sought. 

We may now consider the 5 as tens of the next inferior order in 
the root, and let a ^ 50, and h represent the next figure. And since 
the cube of a +6 will be contained wholly in the first two periods of 
the number, (341), we subtract a", or 125, from 164, and to the 
remainder bring down the next period, making 39206. Then this 
result must contain at least 3a'6-j-3a6*+ft", (336), and we there- 
fore divide it by 3a', or 7500, as a trial divisor, and obtain 4 for 
the value of 6, or the second figure of the root. 

To complete the divisor, we have 3a-f-^ = 154 for the first factor 
of the correction, and (3a-f 6)6 = 616 for the first correction ; 

M 



178 EVOLUTION. 

whence by addition we obtain 8116, the complete divisor. Multiply- 
^ng this by 4, and subtracting the product from the dividend, we have^ 
^ter bringing down the next period, 6742490 for a new dividend. 

We may now form a new trial divisor, according to (5838, 6). 
We shall have 8116+616+16 = 8748 ; or 874800, if we give to 
the figures their local value with respect to the lowest order in the 
dividend. By division, we have 7 for the next figure of the root. 
To find a correction for the new trial divisor, we annex the last 
figure, 7, to 3 times the former figures of the root, and obtain 162 
for the first factor ; and we then continue the operation^ repeating 
the former steps, till the work is finished. 

Hence we have the following 

Rule. I. Point off the given number into periods of three figures 
eachy counting from units' place toward the lejt and right. 

II. Find the greatest cube in the left Jiand period^ and pla^x its 
root for the first figure of the required root ; subtra^ct this cube 
from the first period, and to the remainder bring down the next 
period for a dividend, 

III. At the left of the dividend write three times the square of the 
root already foundy and annex two cip?iers,for a trial divisor; divide 
the dividend, and write the quotient for the next figure of the root, 

IV. To three times the first figure of the root annex the last; 
multiply this result by the last root figure, for a correction to the 
trial divisor; add the correction, and the result wHl be the complete 
divisor. 

V. Multiply the complete divisor by the last figure of the root, 
subtract the product from the dividend, and to the remainder bring 
down another period for a new dividend. 

YL Add together the last complete divisor, the last correction, 
and the square of the last figure of the root, and annex two ciphers, 
for a new trial divisor ; then by division obtain another figure of 
the root. 

VII. Take the first factor of the last correction, multiplying its 
right hand figure by 3, and annex the last figure of the root, for 
the first Jactor of the new correction ; with which proceed as in the 
former steps, till the work is finished. 
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EXAMPLES FOB PBACTICE. 



1. Find 

2. Find 
8. Find 
4. Find 
6. Find 

6. Find 

7. Find 

8. Find 

9. Find 

10. Find 

11. Find 

12. Find 

13. Find 

14. Find 

15. Find 



the cube root of 
the cube root of 
the cube root of 
the cube root of 
the cube root of 
the cube root of 
the cube root of 
the cube root of 
the cube root of 
the cube root of 
the cube root of 
the cube root of 
the cube root of 
the cube root of 
the cube root of 



148877. 

671787. 

256047876. 

354894912. 

11852.352. 

144125083907. 

128100283921. 

106565669176. 

731189187729. 

1762.790912. 

1061520160601^ 

33212361.641984. 

1371737997260631. 

.171467. 

.004235801032. 



Ans. 53. 

Ans, 83. 

Am. 636 

Ans. 708. 

Ans, 22.8. 

Ans, 6243. 

Ans. 6041. 

An^. 4726. 

Ans. 9009. 

Ans. 12.08. 

Ans. 10201. 

Ans. 321.44. 

Ans. mill. 

Ans. .55556+. 

Ans, .1618. 



OONTBACTED METHOD. 

S43. In applying the method of contracted decimal division to 
the extraction of the cube root of a number, we observe, 

Ist. For each new figure in the root, the terms in the operation 
extend to the right 3 places in the column of dividsnds, 2 places in 
the column of divisors^ and 1 place in the extreme left-hand column* 
Hence, 

2d. K at any point in the operation we ondt to bring down new 
periods in the dividend, we must shorten each succeeding divisor 1 
place, and each succeeding term in the left-hand column 2 places. 

3d. If, however, for the first contraction in the column of divisors, 
and in the left hand column, we simply omit the extended part, and 
aflerward contract according to the precept just given, each con- 
tracted multiplicand will have one redundant JigftMre. 
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EVOLUTION. 



1. Find tlie cabe root of 850 correct to 8 decimal places. 

OP£RATION. 

19.47268237+, root 



850.000000 
729 



274 


1096 


24300 121000 
25396 101584 


2827 


19789 


2650800 
2670589 


19416000 
18694123 


2841 


668 


2690427 
2690995 


721877* 
538199 


28 


17 


269156 
269173 


183678 
161504 


*■ 




26919 


22174 
21535 




2692 


639 
538 




269 


101 
81 




27 


20 
19 



We proceed in the usual manuer until we reach the first contract- 
ed dividendy 721877, which is obtained in the common way, the 
period of ciphers being omitted. The corresponding trial divisor, 
with the ciphers at the right omitted, is 2690427, the right hand 
figure of which is redundant, being of an order lower than is 
required to obtain a product corresponding in local value to the 
contracted dividend. By division, we have 2 for a new figure in 
the root. To obtain a correction whose lowest figure shall be of 
the same order as the lowest in the trial divisor, we form the term 
2841 in the common way, but omit to annex 2, the last figure :a 
the root. Then 2841 X 2 = 5682, of which 568 is the part required 
for the correction. We then have 2690995 for a complete divisor, 
538199 fof a product, and 183678 for the new dividend. For the 
next trial divisor, we add 2690995 and 568, and reject one figure, 
thus obtaining 269156. The square of 2, the last root figure^ is of 
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coiiise rejected, on account of its inferior local value. The remain- 
ing part of the operation requires no further explanation. 

It will be seen that the number of places obtained in the root is 
equal to the number of places assumed in the power. Hence we 
have the following 

Rule. I. Assume as many places in the power as there are 
places required in the root, and proceed in the usual manner till aU 
the assumed figures have been brought down, 

n. Form the next trial divisor as usual, omitting the ciphers at ihe 
right; and reject one place in forming each subsequent trial divisor. 

in. In completing tJie first contracted divisor, omit to annex the 
new figure of the root to the corresponding term in the left-hand 
column, and reject two places in forming each succeeding term in 
this column. 

IV. In mvltipli/vng, treat the right-hand figure of each contract 
ed term as redundant, both in the column at the left, and in the col- 
umn of divisors. 

Note. — ^To avoid complicating the process of contracting, it is bettei to 
use none but full periods, even if the root is thereby carried beyond the 
required number of places. 

EXAMPLES FOR PRACTICE. 

1. Find the cube root of 3 correct to 6 decimal places. 

Ans. 1.442249+. 

2. Find the cube root of 7 correct to 6 decimal places. 

Ans. 1.912931+. 

3. Find the cube root of 156 correct to 8 decimal places. 

Ans. 5.38321261+. 

4. Find the cube root of 34786 correct to 6 decimal places. 

Ans. 32.643859+. 

5. Find the cube root of 10.973937 correct to 6 decimal places. 

Ans. 2.222222+. 

6. Find the cube root of 1500.101520125 correct to 8 decimal 
places. Ans. 11.44740066+. 

7. Find the cube root of 1.164132 correct to 6 decimal places. 

Ans. 1.051963+ 
16 
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SECTION IV. 

RADICAL QUANTITIES. 

344. A Eadical Quantity is a root merely indicated, either by 
the radical sign or by a fractional exponent ; as 3y/a, ^ a — 6, 
c(a-|-i)^, m Va' — y*. A radical quantity may be either surd or 
rational. 

The quantity or factor placed before a radical is its coefficient 
Thus in the examples just given, 8, 1, c, and m are the cocfficicDts 
of the radicals. 

34 tS. The Degree of a radical quantity is denoted by the radical 
index, or by the denominator of the fractional exponent. Thus, 

l/a, (a — 6)' are radicals of the 2d degree ; 

F x' — y, a^6' are radicals of the 3d degree; 

V^ (aj+y)* ^^ radicals of the nth degree. 
34 O. Similar Eadicals are those in which the same quantily 
is affected by radical signs having the same index. Thus, "* 

4 ^a"-f-6, — i!^a"-f6, and 7 (a"+6)^ are similar radicals. 

I REDUCTION OP RADICALa 
CASE I. 

S47. To reduce a radical to its simplest form. 

A radical is in its simplest form when it contains no perfect 
power corresponding to the degree of the radical. 

1. Reduce l/48a'x' to its simplest form. 

We have seen that the nth root of a quantity is equal to the prod- 
uct of the nth roots of its component factors; (337). Hence 
we have 

l/48^« = l/l6aVx3x = 1^16?? X V^= Wxl/^Z 



EBDUCTION. ^ 188 

It will be seen that we first separate the quantity under the rad- 
ical sign into two factors, one of which is a perfect square. Then 
according to the principle of evolution just adduced, we have the 
product of two radicals, one of which, l/l6a*x*, is rational, and the 
other, \/Sx, is a surd. The expression is then reduced by extract- 
ing the root of the rational part, and multiplying it by the surd. 

2. Eeduce SySx*j/*—^Sx*j/* to its simplest form. 
Factoring as before, we have 

SfSxY—SxY = 3 X ^8^* X ^^=^ 
— 3 X 2xyX ^"^ 
= ^xy^xr-y 
Hence the following 

EuLE. I. Separate the facton of tlie quantity under the radical 
sign into two groups, one of which shall contain aU the perfect pow^ 
ers corresponding in degree to the radical, 

n. Extract the root of Hie rational part, multipli/ this root hy 
the given coefficient^ and prefix the product to the surd or irrational 
part, 

EXAMPLES POE PRACTICE. 

Eeduce the following radicals to their simplest form : 



1. Vn. 


Atu. 5|/3. 


2. \^98a\ 


Am. 7ay<2. 


3. V^12xy 


Ant. 2a:T/8y. 


4. r54x*. 


An$. Sxf^2x. 


5. 41?^108. 


Am. 12,^4. 


6. Vx*—a*x\ 


An*. XV X — o*. 


7, 6r32a'. 


An*. IZaf^i. 


8. 3l/28aV. 


An*. QaccVla. 


9. ta*+a'b\ 


An*, afl+b*. 


10. {x—y)V2x'-4x*if+2xy\ 


An*, (x— y)»l/2x. 


11. (a— J)l/2a»6+4ai'+2&'. 


An*. (o»— J»)i/2J: 


12. 56(6'— 6*)*. 


An*. 56*(6— l)i. 
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13. (2a»6»— 3a»6')i Am, a6(2a"— 36«)V 

14. ^(a*6»+a»6*)i Am, a\ah*-\^a%)^, 

15. V%a^x**. Arts. 2a*a;**|/2. 

16. ^a^c*^, Ans. a"c*F a^c**. 

17. (2x«"y"— 3x»*y«*)". Ans. xV(2— 3x"^'*)"' . 

J. -L 

18. a"^c(a"^c** — a*"^c*)*. ^n«. c*(c* — a"^)*. 

348. When the quantity under tlie radical sign is a fraction, 
we may transform it in such a manner that the denominator shall be 
a perfect power corresponding in degree to the indicated root. 
Then after simplifying, the quantity remaining under the radical 
sign will be entire. It will generally be expedient to separate the 
given fraction into two factors, one of which shall be a perfect 
power ; we may then operate upon the surd part separately. 

1. Eeduce k 41 ^ ^^ simplest form. 

OPERATION. 

2. Eeduoe yifj^ to its simplest form. 

OPERATION. 

f'J^ = ^^5 =^^ijXl6 = if'IS, Ans. 
In like manner reduce the following : 

8. 1^^. Ans. |#^rO 

4. ^^ Ans. lf^75. 

6. V:^,. Ans. 3^/6. 



6. 2V-f • Ans.iV6a. 

7. §!/,%• ^^' *^^- 
8 f \E Ans. V^. 
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CASE II. 

349. To reduce a rational quantity to a radical, or to 

introduce a coefficient of a radical under the radical sign. 

Since involution and evolution are the converse of each other, we 

have 

a = ^a^ = ^a« = Va\ etc. 

Whence, we have also, 

ai/b = i/a*Xi/h = V^. 

"We have, therefore, the following 

Rule. I. To reduce a rational quantity to a radical : — Involve 
it to a power denoted hy the degree of five required radical, and write 
the result under the radical sign, 

II. To introduce the coefficient of a radical quantity under the 
radical sign : — Involve it to a power denoted hy tihe degree of the rad- 
ical, and multiply tlve guantity under the radical hy the power thu$ 
obtained. 

EXAMPLES FOB PRACTICE. 

1, Reduce ah* to a radical of the second degree. Ans. Vc^. 

2, Reduce ba^xy* to a radical of the 3d degree. 

Am. #^125aV/. 

3. Reduce a — cz to a radical of the 4th degree. 

Ans. (a*-4a»c«+6aV««-4ac»«»+cV)i 

Introduce the coefficients of the following radicals under the rad« 
ical sign : 

4. 4iaV2xy. Ans. VZ2vhcy. 

6. 3.x»^iII^ Ans. ^27x^— 27xV 

6. (a— 26)i/2S; Ans. l/2a»— 8a»6+8«6". 

c \a c/ \c cV 



7. ?/" 



8. .(^_«+«;_£;)i. ^^. (._?+«;_«v 

\» »" X* ai'/ \ x^ X* x*l 



16* 
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CASE in. 
3tS0. To reduce radicals to a common index. 

m «r 

It may be shown that a* =z a*^, r being any integer whatever 

m 

Let x = a*', (1) 

involving (1) to the nth power, oj* = a", &) 

« (2) « rth « ar=ar, (8) 

Mr 

taking the nrth root of (8), a? = a"', (4) 

m mr 

equating values of x in (1) and (4), a* = a"'. Ilence, 

1 — J/ hoth terms of a fractional exponent he multiplied or di- 
vided by the sam^ number ^ the value of the expression will not be 
altered. 

From (333) we have 

« 

and a^ ssz'^a^, Henoe, 

2. — If both the index of a radical and the exponent of the quan' 
tity under the radical sign be mvltiplied or divided by the same 
number J the value of the expression vnU not be altered, 

1. Beduoe (aby and (a^xy tc* a common index. 



(ab )i = (ab)i = (a«6«)i ) 
(a^x)^ = (a"a;)* = (aV)^/' 



*'Ans. 

2. Beduoe va*c and ^^xV to a common index. 

Ans, 



a'c = >^a*c* 



Henoe, we have the following 

EuLE. I. When the quantities are affected by fractional expo- 
nents : — Reduce the given exponents to their least common denomi- 
nator; then raise each quantity to a power denoted by the numera^ 
tor of its new exponent^ and affect each result with a fractional 
index equal to the reciprocal of the common denominator. 



Ansm 
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n. When the quantities are affected by radical signs : — Find the 
least common multiple of the given indices for the commxm index 
required ; and raise the quantity vnder each radical sign to a pouh 
er indicated by the quotient of the new index divided by the given 
index. 

EXAMPTiES ]t)B PBAOTIOB. 

1. Bcduoe a^f (cd) «, and (a*cy to a common index. 

Ans. aA (c'd'y^^, (aV)A 

2. Keduce (Sa*xy^ (2ar*)*,and (5aV)« to a common index. 

Ans. (81aV)T^, (8aV)T^, (25a*a;")T3. 

1 2 

8. Eedace (a — 6)* and (a-j-ft)^ to a common index. 

!(a— 6)3, or (a»— 3a«6+3aJ«— ft*)^; 
(a+6)*, or (a*+4a«J+6a«6«+4ai»«-f ^*)^- 

4. Keduce a, Vac^ va^x, and >^2ac* to a common index. 

Ans. Va", ">^% "V^*^ "Vs^iv.*. 

5. Keduce |/2, V2, and V2 to a common index. 

Ans. *Vio24, •V32, 'VT6. 

6. Keduce a", k 6aj, v2axy and >^4a'a; to a common index. 

Ans. »Vo", *Vl5625:?, "Vl6^*, V64^«. 

7. Reduce vx — y, F ic+y, and >^x' — y' to a common index. 

Ans. V(a>-y)«, 'v^CH^^, ^i^* 

8. Keduce V ox, "^ay, and "^cx to a common index. 

Ans. ^"Vo^V^^, *"V^?V^, *"V^i5=^ 



ADDITION OP RADICALS 

3«ll. When the quantities to be added are similar radicals, it is 
evident that the common radical part may be made the unit of addi- 
tion ; the result will then be a single radical whose coefficient is the 
sum of the coefficients of the given radicals. Radicals which do 
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not appear to be similar^ may become similar when reduced to their 
simplest forms. 

1. What is the sum of 7"/ac, 3V^, andbVac? 
7\/'^+B\/^+bV^= (7+3+6)1/^17= 15l/^ An: 

2. What is the sum of ^8^ l?^27^c, and f^OioV f 

OPERATION. 

Sum = (5a+4c)F aV, Am, 
If the given radicals are dissimilar^ the addition can only be indi- 
cated. Hence the following 

Rule. I. Reduce each radical to its simplest form, 
11. 1/ the resvlting radicals are similar j add their coeJicienU^ 
and to the sum annex the commxm radical ; if dissimilar ^ indicate 
the addition hy the proper signs. 

EXAMPLES FOB PBACTIOE. 

1. Find the sum of l/l6a"x and l/4tt"iu. Ans. 6ai/x. 

2. Find the sum of 1^32^ VW, and l/i28. Ans. 18|/2. 

3. Find the sum of f^W, ^135, and 1?'625. Ans. 10^6. 

4. Find the sum of ^108, 9l?^4, and ^1372. Ans. 19^4. 
6. Find the sum of ^/J, |/|, and y/j\. Ans. y/2. 

6. Find the sum of #^II» ^%\, and 1?" jlf. Ans f 2f^3. 

7. Find the sum of ||/f , |l/^, and IV^If. ^n«. iW^' 

8. Find the sum of zVahm*, mViah, and V^babm*. 

Ans. lOmVah. 

9. Find the sum of 2aVc*x — c'y, ^cVa*x — a'y, and 
^V'^a't-'x — a^c^y. Ans. IQacVx — jf 
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10. Find the sum of l/20a«m— 20acm+6mc« and 

V 20mc* — 60acm-j>45a'm. Am, (c — d)Vbm. 

11. Find the sum of 3F ca?*, vax*j and 2^ax*. 

Ans. ^x{^c+^d). 

12. Find the sum of 5a(ca;"— db")» and 2x(a"c;— a*c)». 

Ans, 8ax(c — cQ*. 

13. Find the sum of \ ^ ^ ^ > \"^zF"^ *°^ 

14. Find the sum of l/(l+a)-«, l/aXl+a)-*, and 
«l/(l+a) (1— a)-V Aiu.^^^. 



SUBTRACTION OF RADICALS. 

3«0. When the radicals are similar, it is evident that we may 
make the common radical the unit of subtraction. Hence the 
following 

Rule. I. Reduce each radical to its simplest form. 

II. If the resulting radicals are similar^ find the difference of 
the coefficients J and to the result annex the common radical part ; 
if dissimilar ^ indicate the subtraction 6y the proper sign, 

EXAMPLES FOB PBAOTIOE. 

1. From 4l/T35 take 21/601 Ans. iVlb. 

2. From vTs take VbO. Ans. 5(i/3— 1/2). 

3. From zVu^h take 3l/^^ An^. (12a«— 3a)|/6. 

4. From ^^I^take iVlnj. Ans. |/11. 
^ ^ 2 /490^ , a ImT , a 
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6. From (aV— 8c«a;)* take 2(aV—3<?iF)^. 

Am. (c— 2d) (a"— 8x)i 

7. From (a'— ai*+a*6— J*)^ take (a«— 8a"J+3a6«— *•)». 

^n<. 2J(a— fc)i 

. /^?^J« , _/?^^" , 2a6 /-T-T- 

8. From a\ ^ji ^® ^\ ^ . ^ - ^n*. ^IIjV ^ — !• 

MULTIPLICATION OF RADICALS. 

3S3. It haa already been shown (337) that the nth roM 
of the product of two or more factors is equal to the product of 
the nth roots of those factors. And since the converse of this prop- 
osition is true, we shall have 

Va X V6 = V^ 
If the radicals have coefficients, the product of the coefficients 
may be taken separately. Thus, 

cVaX«?l^i = cX^XVaXV2» = ce^ V^ 

If the radicals have not a conmion index, they must first be 
reduced to the same degree. 

Let it be required to find the product of a^x and hvx^y, 

OPERATION. 

a^x = a y/x* 

Product, ah ^ V = alx ^ay*, Afu, 
Hence the following 

BuLE. I. If necessary, redtice the given radicals to a common 
index. 

n. MvItipJy the qtiantities in the radical parts together, and place 
the prodiutt under the common radical sign ; to this result prefix the 
product of the given coefficients, and reduce ike whole to its simplest 
form. 



DIVISION. 
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EXAMPLES FOB PRAOTICE. 



Find the following indicated products : 

1. 5/5x3i/8. 

2. 41/12 X3/2. 

3. 3/2x2i/8. 

4. 2/6x2l'^10x3v/6. 

5. 2#'l4x3f^4. 

6. 5cfaxX<*l^a"X^ax*. 

8. (rr-y)?X(^+y)i. 

9. f'Tsxv'Io: 



Ans. 30l/r0. 

uiiw. 24|/6. 

^7u. 24. 

Ans. 120|/3. 

uim. 12^7. 

Ans. 5ac*xVa*x, 

Ans. x2fz(xY'^) - 
Ans. 'V(x--y«)' (x+y). 



^fM. 






DIVISION OF RADICALS. 

3«S4. Since a fraction is raised to any power by involving its 
numerator and denominator separately to the required power, it is 
evident that any root of a fraction will be obtained by extracting the 
required root of each term separately. Hence we have 

nja Va 

Conversely, we shall have 

Y^-.:t Thatis, 

The qtiotient of the ufh roofs of two quantities is equal to the nih 
root of their quotient. 

Upon this principle is based the rule for the division of radicals. 
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1. Divide 6aV6c by Say^c, 



2a|/5, iiiia. 



Sai/c 8a 
2. Divide p x*y by V^ay. 

Hence the following 

Rule. I. If necessary^ reduce the radicals to a com/num index. 

II. Divide the coefficient of ike dividend by the coefficient of the 
divisor ; divide also the quantitt/ in the radical part of the dividend 
hy tlie quantity in the radical part of the divisor^ placing the quo- 
tient under the common radical sign. Prefix the former quotient 
to the latter, and reduce the result to its simplest form. 



EXAMPLES FOR PRACTIOS. 



1. Divide 4l/50 by 2^/5. 

2. Divide 6^100 by 3^5. 

3. Divide f'20^hj VTE^ 

4. Divide (aVcf-)» by (^. 

5. Divide (16a'— 12a*a;)^ by 2a. 

6. Divide 45 by 3i/5. 

7. Divide (a2>V)i by (a«5V)*. 

8. Divide 12c*(a— a:)^ by 4c(a— a;)i 

9. Divide (aV)~ by {acy . 

i/a Va* 

10. Divide V by ^. 

f^x ^ f^x* 

11. Divide Va«6— a5* by l/^. 



Ans. 2VW. 
Ans. ifW. 
An.. i/I^. 

An.. (a6)i 

Ans. (4a— 3a;)4. 

Ans. 8|/5. 

An. '^. 

Ans. 8c(a— a;)A. 
Ans. (^•••-•c*"**)'**. 



Ans. \ — . 

^ a 

Ans. 4 ^a*6»— a»6*. 
ah 
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POWERS AND ROOTS OF RADICAL QUANTITIES. 

33«S. According to the rule for multiplication of radicals, to 
j_ 

form the mth power of a^ , or Va, we must take the quantity, a, 

m times as a &ctor, and affect the result by the common radical 

index. Hence, 

i_ JL * 

0t (Va)* = Va*. That is, 

The mth power of the nth root of a quantUy u e^tioZ to the vdh 

root of the mth power of that quantity/, 

2. 
3«S6« To obtain the mth root of the radical a" , or Va, we 

may proceed as follows : Let 

X = (a^)~ 01 r/v^ (1) 

Involving both members of (1) to the mth power, 

2_ 
afz=ar or Va; (2) 

involving both members of (2) to the nth power, 

af^ z= a or a; (8) 

taking the mnth root of each member of (3), 

a5 = a"*or"Va; W 

hence by equating values of ^ in (1) and (4)^ 

J. ± i_ 

(a")~ = a**, 



or. 



r/V« = "Vo. That is, 



The mth root of the nth rooVof a quantity u equal to the mnth 
root of thai quantity. 

357« Since * fVa = "Va, and lp7a = "Va, we have 

Thik mth root of the nth root of a quantity is the tame as the nth 
root of the mth root of thai quantity, 
17 N 
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OARV T. 

3tl8. To involve a radical quantity to any power. 

I. Eaise (ab)* to the 2d power. 
From (9SSf) we have 

{ (aiy y = (al)^ = (ah) i, Ami. 
• 2. Kaise ^2ax to the 4th power. 
From (Stiff) we have 

But since 6 = 2x3, we have, from (3tl6), 

V16aV = ^pfi^ = f^4?^ ^M . 

In practice, the simplification may be effected by canceling a 
factor from the index of the radical, and extracting the correspond- 
ing root of the quantity under the radical sign. Thus, in general 
terms, we have 

Hence the following 

KuLE. I. If the quantity is affected hy a fractwaal exponent^ 
multiply this exponent hy the index of the required power. 

II. If the quantity is affected hy the radical sign, raise the quan- 
tity under the radical sign to the required power ; and if the result 
is a perfect power y of a degree corresponding to any factor of the 
radical indeXj cancel this factor from the index, and extract the 
corresponding root of ike quantity under the radical sign. 

Note. — The coefficient may be inyolyed separately. 

EXAMPLES FOB PRACTICE. 

1. Raise ^2^ to the 3d power, Ans. a^^Sa. 

2. Kaise ^^?y* to the 2d power. Atis. xyvxy. 
8. Raise 3^4^ to the 4th power. Ans. 162a'^2ac". 
^ Raise (a — hy to the 2d power. Ans. (a — 6)» 
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5. Raise Vl2a6" to the 6tli power. Ans. 2lVZa. 

6. Raise ^'^c(a — a;)"to ihe 8th power. 

Am» (a — 05) F c" (a — a). 

7. Raise axVaM to the 4th power. Am. a*x*. 

8. Raise f^x*y* — x*y* to the 2d power. Ans. acyf^a^(x-^)\ 

9. Raise (a+a;)^ to the 6th power. Ans. a*'{-2ax-{-x\ 
10. Raise -^9^cx' to the( 2d power. Ans. — ^^^, 



CASE n. 

ftSO. To extract any root of a radical quantity. 

1. What is the square root of 4^9aV 1 
Since the coefficient is a perfect square^ 

J4f'9aV = 2j^95^. 
But from (3S7) we have 

2JW^^ = 2*/l/9aV = 2f 8^, jImi. 

2. What is the 6th root of 5c^l/6c? 

Passing the coefficient under the radical sign, we have 
6ccfl/6r= l/l26c»d». 
But by (256), 



Reducing this result by canceling the factor 3 from the radical 
index, and taking the cube root of the quantity, we have 
*Vl25c*c^ = V6^^ Ans. 
3. What is the 4th root of (ac)l ? 
By (396) we have 

{(iac)^i = (ac)^ "" ^ = (oc)*, ^iw. 
Hence the following 

Rule. 1. If the guamtUtf is affected hy a frctctionai exponent^ 
divide this exponent hf the index of tht required root. 



196 BADICAL QUANTITIES. 

II. 4/ ^ quantity is affected by the radical iign^ extract the 
required root of the quantity under the radical sign^ if possible ; 
otherwise^ multiply the index of tlie radical fjy the index of the 
required root, and simplify the result at in Case L 

m. If the given radical has a coefficient, extract its root sepor 
rately when possible; othervnse, pass the coefficients under the 
radical. 



EXAMPLES lOB P&AOTIOB. 

1. Find the cube root of 2V^ai% Ans. ^Hmd. 

2. Find the cube root of a^a'an^m Ans. ^a*x. 
8. Find the 4th root of 2f'98. Ans. ^28. 

4. Find the square root of |^^486. Ans. VS. 

5. Find the square root of 49a*Vahx. Ans. 7a*^alx. 

6. Find the cube root of 5|/5. Ans. |/5. 

7. Find the 6t3i root of (-^j* Ans. f^j • 

8. Find the 4th root of i^^. Ans. lf'l2 
360. The principle established in (396), viz., that 



may be conveniently applied to the extraction of the higher roots 
of quantities, when the index of the required root is a composite 
number. 

EXAMPLES. > 

1. Hequired ihe 4th root of 8603056. 

Since 4 = 2X2, we take the square root of the square root of 
the given number. Thus, 

1/8603056"= 2916 -, 1^2916 = 54, Ans. 

2. Required the 6th root of 117649. 
Since 6 = 2x3, we have 

1/117649 = 343; ^848 = 7, Am. 
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8. Kequired the 4tli root of 1296. Ans, 6. 

4. Required tlie 6th root of 177978515626. Ans. 75. 

5. Required the 6th root of 191102976. Ans. ^. 

6. Required the 8th root of 65536. Ans. 4. 

7. Required the 4th root of a'—Sa*h+2Wh^S2ah*+16h\ 

Ans. a — 2h. 

8. Required the 6th root of a"+6a"5+15aV+20a*6*+15a*6* 
+6aV+6*. Ans. a*+6. 



GENERAL THEORY OF EXPONENTa 

361. It has ahreadj been shown that 

a* 
a"*X«* = a"'+*, -— = a"*^, and (a*)* = a"*, 
a 

m and n being integers, and either positive or negative. To prove 

that the above relations are true universality it remains only to show 

that they hold true when m and n are /ractianaL 

We will therefore place 

m = — and « = — 

q s 

L To show that a* xcC^c^ '. 

Reducing the exponents to a common denominator^ we have 

Rut from the nature of fractional exponents, (333), Uie sec- 
ond member of this equation may be written 

and as the two factors have the same radical index (337) the 
result reduces to • 

(o^Xa'O''; 
and since ps and ^ are integral, this last result becomes 



17* 
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ThAtii, 

wUch WBB to be proved. 

n. To show that n^-^iC — d» *. 

Bj tnuufomiatioiui Bimilar to thoee just employed, we haTe 

' C 1? 



■{^) 






l»»-fr f^r 



wbicb was to be prored. 



0) 



in. To show that (ci^y- a**. 
Let OS place 

InYolying (1) to the power denoted by «, 

by (3tltl) equation C^) beoomes 

(nvolying (8) to the power denoted by q^ 

extracting the root whoee index is qi^ 

x = a% W 

hence, by equating yalues of x in (1) and G9| 

# r jir 

{a'y = o^, 
which was to be proved. 

We condudej there/are, that in mvMpltcatum^ dwtnon^ involutUm 
and evolution^ the tame rate vnU oppl^j whether the eacponenU are 
positive or negative^ integral or fractional 
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EXAMPLES. 



1. Multiply a^6» by a»6', and simplify the product 
ah^y^i^h^ = (a^Xa*) X (^'^X^'^*) = ah = aJA/a, 

2. Simplify the expression (x^X^)- 

(iB^X^M = (aJ^*)* = «^» ^^' 
8. Multiply 05^— 3a;i+x^ by x^— 2x^—8. 

OPERATION. 

05* — 8x+a;* 

— 2a;+6x*— 2xi 

4. Divide a>— 5Va;»- 7^x*— Sj/x— 6^x by ^x*— 2v/a:+ 
8^x. 

OPERATION. 

X— 6Vx»+7^x*— 5i/a>— 6^x | ^x«— 2|/x+8^x 

x~2Vx*+3^x' | Vx— 8l/x~-2, ^wf . 

— 8Vx»+4f^x«— Sy/x 
-^Vx*+6^a?'— Oy/x 

— 2f^x«+4v/x— Gf'x 
— 2^x'+4|/x— 6^x 

5. Multiply x^ by x^ Am. xi 

6. Multiply a*2>i by aHi ^iw. aV^ 

7. Find tiie product of a*, a", a', and a *. -4im. pa". 

8. Divide a^c^ by a^c^ Am. IL\ . 
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9. Divide («5)' by (J)K Ans. ll\ *. 

10. Multiply J— a^ by J+l. Am. a'-^l. 

11. Multiply 2^x*+l/^by 3f^x—T/^ 

Ans. Ox + 3 Viy — 2 V'^V'— ^y- 

12. Multiply ai—2a^+ar^ by a^ — a"^. 

An$. a*— 3-f 3a"^— «"^. 

13. Divide a — b by y/a +V'^. Am. y/a — 1/6. 

14. Divide a^-^2a^+a^ by a^ —1. Ans. a^-^^ 
16. Multiply J+a*i^+a^6^+a**+a^i»t^6^* by a*— Z.V 

16. Divide x^+x^J+a^ by x^+aj^al+al 

17. Simplify (J-a^)Tr^T. ^^ ^f^ 

18. Simplify (l^^y. ^M. 2±|/6. 

i_ 1. ^ 

19. Simplify ^) ^ ^ ^ "^ ^^ . ^n*. (-) 

{VcWcyVa'\ ^^^ 

i;.. i 2i/3-2n 08|i 
•3(3) 

•21. SimpUfy /iOlI?]^! J. ^n«. §(2^5-5V2)i 
I (l/l3+3xW3+v/3)CVl3— 1/3) J 



20. Simplify -^ -'^^ ; \ • An*. fVj. 

(3^72 •3(3)2) 
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IMAGINARY QUANTITIES. 

36S. It has been sliown (338, 3) that an even root of a nega- 
live qiiantity is imaginary j an expression for such a root being a 
symbol of an impossible operation. Thus if we take a', which is 
numerically a perfect square, and affect it with the minus sign, we 
oan not obtain the square root of the result. For we have 

(—a)' = -\-a\ 

Hence the indicated root, V — a', is not real but imaginary. Such 
expressions are, however, of frequent occurrence in analysis and its 
application to physical science, and conclusions of the highest impor- 
tance depend upon their use and proper interpretation. We there- 
fore proceed to investigate the rules to be observed in operating 
with such quantities. 

363* When a real and an imaginary quantity are connected in 
a single expression, the whole is considered imaginary on account of 
the presence of the imaginary part. Thus the binomial, 4-|-l/ — 3, 
considered as a single quantity, is imaginary. 

364:« According to (33T)y we may have 

VZIa = l/aX(— 1) — i/a • V—l ; 
also, l/-^"— ^^•+2a6 = |/(a— 6)*X(— 1) = (a— 5)l/:ii. 
Hence, if we regard only quadratic expressions, every imaginary 
quantity may be reduced to the form, 

a±5|/IIi, 

in which a is the reed part, h the coefficient of the imaginary part, 
and V — 1 the imaginary factxyr. Thus we may employ only the 
single symbol, V — 1, to indicate that a quantity is imaginary. 

369. For convenience in multiplication and division of imagi- 
nary quantities, we will now obtain some of the successive powers 
»f the symbol V^^-l, and deduce the law of their formation. 

(1^-1)*= 0/-i)x(v^i) = -i,_ 
(/-ly = (-1) X (i/-i) = -»/_i, 

(ytTl)* = (-•-!) X (1/-1) =» +1, 
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Multiplying these powers, in their order, hy the 4th, we shal. 
obtain the 5th, 6th, 7th and 8th, the same as the Ist, 2d, 3d, and 
4th ; and so on. 

366. The common mles for multiplication and division of 
radicals will apply to imaginary quantities, tinih a nmpU modificti- 
tion respecting the law of signs. 

Let it be required to find the product of l/^^ and l/ — h. 

To obtain the true result, we must separate the imaginary symbol 
|/ — 1 from each factor. Thus 

= \/ab X (—1) [From a«5], 

a real quantity, and negative. 

But if we multiply by the common rule for radicals, (3S3), we 

shall have 

V^axV"^ = T^(— a) • (—6) =V^, 
a result erroneous with respect to the sign before the radioaL 
Proceeding as in the first operation we find that 

(«_'|/i::i)X(— l/I^) = +V^ • (—1) = — l/^ ; 
(+l/~a)x(— 1^=5) = -Vdb ' (—1) = +V'^. 
Thus, like signs produce — , and unlike signs produce -|— Hence, 
1. — The product of two tmaginary terms will he real, and the 
sign he/ore the radical will he determined hy the common rule re- 
versed. 

We may operate in like manner in division of imaginary quanti- 
ties. Thus, 

+l/Z:ab +Vah • V—i 



^l/— a +|/a V— 1 



= + l/h; 



7=7- = - 7=z=r = — l/O. 

+1/— a +y/a -V— 1 

rhat is, like signs produce -f a^^ unlike signs produce — . Henoe, 
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2. Hie quotient of one imagimary term divided hy awther wiU 
he real^ xnd the tign he/ore the radical vnO be governed by the com^ 
men rule. 

367. Let us assume the equation 

a+ bV~\ = a'+b'V—\, (1) 

in which a and a' are real. By transposition, 

ar--a' = (b'—b)V~\. W 

Now it is evident that in this equation 

a = a\ 
For, if a >• a' or a <a', then the first member of equation (2) is 
different from zero, and real. But this oan not be, because the sec- 
ond member is either nothing or imaginary. Hence a^:^ a) and 
equation (2) becomes 

which oan only be satisfied by putting 

h = b\ Hence, 

If two imaginary quantities are equal, then the real parts a*^ 
equxd^ and the coefficients of the im^aginary symbol are also equal. 

368. These principles may now be applied in the following 

EXAMPLES. 

1. Multiply aV^ by bV^. Ana. — oJl/cX 

2. Multiply 2V~e by V^^5. Ans. ^-^VW. 
8. Multiply ^V—ac by V^— o^. Ans, aVTd. 

4. Multiply ^V—2 by |/5. Ans. SV^^^^. 

5. Multiply 3+l/— 5 by ^^V~b. Ans. 26+4l/^. 

6. Multiply y/a -f l/^ by V^^J^^c. Ans. {a+c)V~l. 

7. Divide W—U^ by ^V~2. An*. 3^/5. 



8. Divide aV—b by cV^^. Ans. %^t 

c \i 
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9. Beduce — - to simpler terms. Am. J^3. 

10. Expand (a+l/~c)*. 

Am. a*—6aV+o*+(4a»— 4ao)K^^. 

11. Divide a^+V^ by a-^l/~a, Ans. a+V^~l. 

12. Find the values of x and y in the equation a-f-y-}"^^ — ^ 
= c-f-ic+y V — a. ^ j « = a+l^tfc ; 

PROPERTIES OP QUADRATIC SURDS. 

369. A Quadratic Surd is the square root of an imperfect 
square. 

370* The root of a number will be a surd, when the number 
contains one or more irrational factors. Thus V 12 is a surd, for 
K 12 =2|/3. The surd factor |/3, is called the irrational part of 
the given surd. 

371. A quantity may be a surd when considered algehrairaJIt/^ 
even though its numerical value is rational. Thus, the quantity, 
Va-\-2h is a surd, considered as an algebraic expression. ]^ut if 
a = 13 and fc = 6, we have Va-\-2b = 1^13+12 = l/25"= 5, 
a rational quantity. 

373. The following properties of surds are important both in a 
theoretical and a practical view. The radical expressions are sup- 
posed to represent irrational numbers. 

L — TJie product of two quadratic surdz which have not the same 
irrational part, is irrationaL 

Let a-^h and c^d be the two surds, reduced to their simplest 
form. Their product will be 

acVhd. 
And since, by hypothesis, h and d are not the same numbers, 
one of them must contain at least a factor which the other does 
not. But this factor must be irrational, otherwise the given surd^i 
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are not in their simplest form. Therefore the product acVhd, is 
irrational ; (970). 

2. — The «um or difference of two quadratic surds which have not 
the same irratiatiaJ part^ can not be equal to a rational quantity. 

Let |/a and |/6 be the two surds ; and, if possible, suppose 
l/a+i/b = c, (1) 

e being rational. Squaring both members, and transposing a-f 2>, 
2Vab = c*—ar-b. (3) 

Tliat is, we have an irrational quantity equal to a rational quan- 
tity, which is impossible. Therefore equation (1) cannot be true. 

In like manner it can be shown that the difference of two surds, 
not having the same irrational part, can not be rational. 

3. — The z^im or difference of two quadratic surds which have 
not the same irrational party can not be equal to another quadratic 
surd. 

If possible, suppose i/a-^-y/b = y^c, in which c is rational, but 
l/c a surd. 

Squaring both members, and transposing, 

2\/ab =z c—or-by 

which is impossible, because a surd can not be equal to a rational 
quantity. 

4 — In any equation, which involves both rationai quantifies and 
quadratic surds, the rational parts on each side are equal, and also 
the irrational jxrrts, -•> 

Suppose we have 

a-\-bi/x = c-j-(7^y, (1) 

the surds being in their simplest form. By transposition, 

bi/x — dy/y = c — a. (2) 

Since the second member is rational, equation (3) can not be true 
If the surds have not the same irrational part; (2). Therefore 
l/a; = i/y, and the equation may be written, 

(b — d )'i/x = c — a, (3) 

which can be true only when b — d = and c — a = j for other- 
wise, we should have a surd equal to a rational quantity or to zero* 
Hence, in (1), a^szc, and by/x = dy^y. 

18 
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BQUABE BOOT 07 A BINOMIAL SUBD. 

373. A Binomial Surd is a binomial, one or both of whose 
terms are surds. Thiui, 34-y^5 and y^7 — 1/2 are binomial surds. 

374. K we square a binomial surd in the form of a ± |/& or 
|/a dz i/h, the result will be a binomial surd. Thus, 

(3+i/6/ = 14+6y^; 
(y^7_^2)« = 9— 2l/l4. 

Hence, a hinamial turd in the /orm of a-^z \/h may iometimes 
he a perfect square. 

379. To obtain a rule for extracting the square root of a 
binomial surd in the form of a ± -|/5, let us assume 

l/x+y'y = l/^FT^ « 

in which one or both of the terms in the first member must be 
irrational, because the second member is a surd. 
Squaring both members, 

a;+2l/^4-y = a+i/h. W 

Hence from (373, 4) we have 

«+y =0, (8) 

2l/^y = i/b. (4) 

Subtracting (4) from (3), and then taking the square root of the result, 

|/aj— |/y = l/^Zy^ (6) 

Multiplying 0) by (5), 

a— y = 1/ a*— 6. ff) 

Combining (8) and (6) we obtain 

X = — ! « 

2 ' 



(D 



y = ^ (8) 

Now it is obvious ftom these equations that x and y will be 
rational when a* — h is a perfect square. Moreover, the values of 
X and y in (7) and (8) will evidently satisfy equations (1) and (5). 
Hence, to obtain the square root of a binomial surd, we may pro- 
ceed as follows : 
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Let a represent the rational part, and y^h the radical part, and 
find the values of x and y in equations (7) and (8). Then if the bi- 
nomial is in the form of a-^i/hy as in equation (1), the required 
root will be 

But if the binomial is in the form of a — ]/&, as in equation (5)^ the 
required root will be 

l/a5 — |/y. 

EXAMPLES FOB PBAOTIOB. 

1. Bequired the square root of 7+4^^3. 

In this example a = 7, and |/5 = 4|/3 ; or 1^=348. Ilenoey 

7+1/49=48 _ 
«- 2 "■ ' 

7_l/49_48 . 
jr = 2 -'• 

And we have 

l/x+y/y = 2+|/3, Ans. 

2. Required the square root of 11 — 8k — 5. 

In this ezamplea = 11 and|/6 = 8l/^, or h =z —320. W« 

have, therefore, 

11 +1/121+ 320 
«= 2 ==^*' 

11—1/121+320 

y= 2 -J-^- 

Henoe, j/x — |/y = 4— l/ — 6, -4n«. 

8. Required the square root of 6m*— c+4ml/m*— «. 
We have a = bm*—c, and 6 = 16m*— 16mV. Whence 

5m«— c+l/(5m*— <;)•— (16m*— 16m*c) . , 
X = = «m ; 

6m*— o— l/(5m*— cV— (16m*— 16m*c) , 
y = ^ 2 — ^^ ssm-^i 

and we have 

l/«+l/y = 2m+l^m*— c, -4n«. 
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4. What 18 the square root of ll+6|/2f Ans. 8+|/2. 

5. What is the square root of 7— 4|/3 t Ans. 2 — 1/3. 

6. WTiat is the square root of 7— 2y^l0 ? Ans. i/5 — 1/2. 

7. What is the square root of 94+42|/5 ? Ans. 7+3|/5. 

8. WTiat is the square root of 28+10|/3 ? uiw*. 5+|/3. 

9. What is the square root of nj>-\-2m* — 2mVnp-\-m* ? 

Ans. Vnp-\-m* — m, 

10. What is the square root of hc+2lVho^* t 

Am. h+Vu^\ 

11. What is the square root of 7+30V^^ J 

Ans. 5+81/^=27 

12. Find the yalue of \16+30V^+\16— 30l/^l. 

Ans. 10. 

13. Find the value of \ 11 +6/2+ \ 7—2^10. 

Ans. 3+|/5. 

14. Find the value of \31+12V^+ V- l^-4l/=5. 

Ans. 8+2l/=6. 

15. Find the value of y^n+12^2. Ans. l+i/2. 



RATIONALIZATION. 

376. It is sometimes useful to transform a fraction whose de- 
nominator is a surd, in such a manner that the dflnoroinator shall 
hecome rational. The fraction is thus simplified, because, in gen- 
eral, its numerical value can he more readily calculated. This 
transformation is usually effected hy multiplying both terma of the 
fraction by the same factor. 
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277. The process of clearing a quantity of radical signs by 
multiplication, is called Rationalization^ and we will now consider 
how we may find the factor which will rationalize a surd quantity, 
in some of the more important cases. 

278. To find a factor which will rationalize any rao- 
uomial. 

It is evident that the factor in this case will be the monomial it- 
self, with an index equal to the difference between unity and the 
given index. For, we have in general terms, 

a* X« = a. 

1. Rationalize -|/a. 

The factor is |/a; for, i/aXv^a = «> 
a rational quantity. 

2. Rationalize x*. 

The factor is x** ; for, «» X^ ^ as* = as. 

279. To find a factor which will rationalize a bino- 
mial in the form of a=hVfr, or VadiV^j ^ and n being 
each some power of 2. 

The product of the sum and difference of two quantities is equal 
. to the difference of their squares. Hence, if we multiply the given 
binomial in this case, by the same terms connected by the opposite 
sign, the indices of the product must be respectively the Jialvcs of 
the given indices ; and a repetition of the process will ultimately ra- 
tionalize the quantity, provided m and n are any powers of 2. 

1. Rationalize a'\-y/c. 

The factor is a — j/c ; for we have 

(a-|-|/c) (a — |/c) = a* — c. 

2. Rationalize \/a — Vx. 

(|/a — Vx) (i/or+Va^) = a — ^/x j 
(a — \/x) (a-|-|/x) := a" — x, 

a rational result; and the complete multiplier is 
(l/a+Va;) (a+|/x). 
18* 
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A IrtnomtoZ may be treated in a smiilar maimer, wlien it oon- 
taina only ladieab of the 2d degree. 
8. Bationalize |/5-f |/2— 1/3. 

v/6+|/2 +|/8 

6+1/10— 1/15 
y^lO-t- 2— v^6 

j/15-[V«— 8 

4+2|/10 
4— 2|/10 



16--40 = — 24 
a rational result; and the complete mnltiplier ia 
(l/5+|/2+|/3) (4— 2|/10). 

Thus we perceive that it is necessary simply to change the sign 
of one of the terms of the trinomial, and multiply by the result, 
repeating the process with the product 

380. To find a factor which will rationalize any 
binomial Burd whatever. 

Let the binomial be represented by the general form, 

j_ J. 
a' ±h\ 

L JL 

Put x^sza ^and y = &' ; and let n be the leciU common mnUiple 

of r and «. Then af ±:y will be rational. But a:+y ^^^ exactly 

divide aJ*+y when n is odd, and aJ* — y* when n is even ; and x — y 

will exactly divide af — y* whether n is odd or even; (89). These 

quotients will therefore be the factors that will rationalize the 

respective divisors. Hence^ let q represent the required £ictor; 

then 

/i\ a5*+y -L i. 

^ ' ^=1^4:;r' fora'+6-,whennisodd; 



«+y 



1 1 



/^^ ^ — ^ ~ — 

W !?= ^1 > for a' +6% when n is even; 

W ff = > for a' — 6* , n being odd or even. 
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1. Badonalize the binomial a^-^-b*. 

Since n =r 6^ an even number, we have from (2), 

die &ctor required ; and 

die rational result 

The foregoing mediods may be applied in die solution of die fol- 
lowing 

IZAMFLSa. 

1. Beduee J!, to a fraction whose denominator shall be rationaL 

c 

2. Beduee -^ to a fraction whose denominator shall 

V^ 

be rational. ^ 2l/l5— 31^10 

Ans. . 

X 

8. Beduee -rr- ^ >^ fraction whose denominator shall be rational 



g^o* 



Ans, 

a 

f l/2 

^ 4. Beduee tta to a fraction whose denominator shall be rational 

Aru. L.. 

8 

5. Beduee to a fraction whose denominator shall be 

v/7+v^8 
rational. ^^, 5(-|/7— /S) 

4 

6. Beduee — -1— — to a fraction whose denominator shall be 

ya — |/c 

rationaL ^ns, ^~f^fl^ 
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7. Reduce ll ZJl_ to a rational denominator. 

r/ll— 1/5 

8 

8. Reduce /^^^ /o to its simplest form. Ant. vU — 1/3. 

9. Reduce —7=^ -p — to its simplest form. Ant. 4-|- V 15. 

10. Reduce .- to its simplest form. 



11. Simplify (3W3) (3+V^Kv^5--2)^ ^«. ^^^ 

^ ^ (5-1/5) (1/3+I) *^^^- 

12. Simplify ^ ^ . — Ant. l±l±rJL, 

13. Find the factor wliich will rationalize |/5 — VS. 

^n*. 6|/6+V^10+6V/2+V8. 
1 2 

14. Reduce to a rational denominator. 



RADICAL EQUATIONS 

!t£8l. A Radical Equation is one in which the unknown quan 
tity t8 effected by the radical sign. 

383. In order to solve a radical equation, it is necessary in the 
fii^t phice to rationalize the terms containing the unknown quantity. 
In ca?e <>f fractional terms, this may be eflfected in part by methods 
already explained. But the process is commonly one of involution. 

The following are examples of simple equationt containing radical 

qtian titles. 
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1. Given Vx+ll+Vx^ = 5 to find a?. 

OPERATION. 

l/^+TI+l/i^ = 5 ; 

by transposition, l/x+Il = 6— T/aj-4 ; ^ 

squaring and reducing, ar+11 = x+21— lOV^a,— 4 ; 

transposing and reducing, Vx — 4 = 1 ; 
squaring and reducing, aj = 5. 

^x—Vx^ 435—35 / ^ , 

2. Given ^^- j== = — j-— to find a. 

OPERATION. 

y^g—l^^^ _ 4x— 35 

Multiplying both terms of ^ 2aj— 5— 2T/S^^^a; 4a>— 35 . 

the fraction by the nume- V = r — } 

rator,(ar9), J ^ 

clearing of fractions, etc., -2V x*— 5x = 2a;— 30 ; 

dividing by 2, ^l/x«— 5x = x— 15 ; 

squaring and reducing, 25x = 225 ; 

whence, a; = 9. 

• c fn\/a fn . - j 

iJ. Uiven ^^^^^-1- a._a |/x— y^a 

The least common multiple of the denominators is x — « = 
(l/^r+r/a) (|/£c — |/o) ; and the solution will be as in the fol- 
lowing 

OPERATION. 

e m^a m 

y/x+i/a "^ »— a "" |/x— i/a 
c(|/a? — i/a)+mi/a = w(i/»+|/a), 
(c — wi)|/ ac = C|/a, 

x/a5 = — ^^ 9 

^ c — m 

ac* . 

(c — mjr 
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From these illnstrationBy we derive the following precepts for the 
solution of radical equations : 

1. — It is sometimes advantageous to rationalize the denominator 
of a fractional tenu; before transposition or involution. 

2. — An equation should be simplified as much as possible before 
involution ; and care should be taken so to dispose the terms in the 
two members as to secure the simplest results after involution. 

EXABfPLES FOB F&AOUGS. 

Find the values of the unknown quantity in each of the follow- 
ing equations : 

1. Vx+7+i/xz:z7. Aru. « = 9. 

2. x+S = !/«•— 4x+59. Ans. aj = 5. 



8. 



\Vx 



4-48 — i/x == t/x. Am. X = 16. 

a* — 4a 



Aiu. x = . 



4 



■; -" > ' "^ ^ ^ \x+2\/a+x = \a—Va+x. 

5. ^ + 3/?=:^/!!.. Am. x = c(j/n^-a). 
j/x e \x 

V\^x , 1+g . 8aj 

6. . + y = —T , Am. » =r f . 

l/l+x l/l-<»« V^l-^V 

7. Vc4-a5 = ~=- jijM. « = — s— 

l/c+a? 2c 

8- »— -^/q+xi/x^IIS s 8. ^11*. X = SI 

9. 2i/x— 21/^=32 = 1/82: AM.Xz=:bO. 

l/a; — 2 X — 4 yx^Z \ a — c/ 

^ Vmx — -i/m i/x+m 

11. — 7= — ^^^ — = ^^-y — J — • -4n«. x = mc 

^2. ^a«_3a*x + x*l/3a=a=ca--aj. Am, a: = 3a— 1. 
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13 a;+l/c»~ax= . - jIim. « = — — • 



16. l/a— a? = ^a+x\ -Aw. a? = -^• 

16. .--2— = v=^ • ^«- «' = II- 



K 17. #'6+aj+#'6— 05 = flO. jiwi. aj = 6. 

19. a?+a == J^H/P+^. 



iiiM. a; = \ 



4a 



l/6ar— 2 4l/6x— ^ 

20. ~7= = — 7= — • -in». a = 6. 

VQx+2 4yQx+a 

21. #'64+x--8x=^7|=- 

22. V^6+i+i/x = :^7=. 

l/^— 6 3l/^— 26 ^ W 

24. —7=1 = — r= . -an«. x = — .. 

Vax+6 SVax+bb ^ 

_^ i/j^+i+v'i^ 4 

25. . — Tii: = 9. Am. « = q« 

V4:X+l—V^X ^ 

yX'\-2 |/a;+40 

^x+V'x^ n^a . (l±w)* 

27. '^ ^ . :i = . An$. x:=za -rxr--. 



^iM. as = 4. 
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SECTION V. 



QUADRATIC EQUATIONS. 

383. A Quadratic Equation is an equation of the second 
degree, or one which contains the second power of the unknown 
quaatity, and no higher power; as 3x* = 48, and ox* — 2bx = c. 
That term of the equation wliich does not contain the unknown 
quantity, is called the absolute term, 

384. Quadratic equations are divided into two classes — Pure 
Quadratics, and Affected Quadratics. 



PURE QUADRATICa 

383. A Pure Quadratic Equation is one which contains the 
second power only, of the unknown quantity ; as 8x* — 7 = 20. 

NoTB.^A pure equation^ in general, is one wliicli contains but a single 
power of the unknown quantity. 

386. It is evident that by the rule for solving simple equations* 
every pure quad m tic may be reduced to the form of 

x" = a, 
ID which a may be any quantity, real or imaginary, positive or 
hc^tlre* 

Extractiiig the square root of both members of this equation, we 

HoDce, 

£iH'ry pttrt qumfrattc equatum has two root$f equal in numertcai 

1. Given^^^^'^^^=**-.32,tofindih6valueirfx. 
u 4 2 
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OPERATION. 

a;«-4 a*— 24 aj» „^ 

clearing of fractions, 2x*— 8 — 3x*+72 = 6x*— 384 ; 
collecting terms, 7x* = 448 ; 

dividing by 7, a;* = 64; 

by evolution, x =r ±8, -4n«. 

We have therefore, for the solution of pure quadratics, the 
following 

KuLE. Reduce the equution to the /arm of x» = a, and then take 
the sguare raot af hath members, 

EXAMPLES FOR PRACTICE. 

Find the Talues of x in each of the following equations : 

1. 8x*— 16 = a;*+2. Ans, x=±? 

2. 2a:»— 64 = 126--5a:*. Ans. x = ±6. 
8. 7a;*+8 =57 + 3a:' + 15. Ans. x = ±4. 

4. hx'+2d = 2cx'+a. Ans. x = -f-^^^ 

^6— 2c' 

5. aa;*+l = (a— <») (a+a;). Ans. x = ±:Va^\. 
aj+4^a>-4 10 

«• ^;=i+^q:4 = -8- ^n.. « = ±8 

x-\-2 , aj— 2 18 
^' ^2+^2 = T- ^n*.x=±10. 

8.^ + ^ = 7. ^n...= :4:i^. 

X — a x-^-a — 1/5 

^ 0? 4 0? 8 



10. - 4- - = - 4- -. Am. X = ±v 



UCi, 



^ a*— 8 
•1. — g— = l+i/5. ^7w. a; = ±(3+i/5). 

19 
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12. ^ -— = l-|/2. Ans. xzn ±(l-rV 2). 



18. ^•+2« = 9+ — • 

, 8x» 2u* 
^*- 2 8 -^• 



Am. x = +3 
Ams. xz:z ±lM5Ub+. 



16. ?=f_^l|g±!)==a^ ^.0.= ±4.54924+. 



AFFECTED QUADRATICa 




387. An Affected Quadratic Equation is one which coDtalnf 
both the firat and the second powers of the unknown quantity; aa 
2x*— 8a; = 12. 

Notes. 1. The two classes of quadratics, pure and affected, are some- 
times called, respectively, inMmpUte and complete equations of the second 
degree. 

2. A complete equation, in general, is one which contains every power 
of the unknown quantity, from the first to the highest inclusive. Thus 
a complete equation of the thh*d degree must contain the first, second, 
and third powers of the unknown quantity. 

^HM» Kviiiy affected quadratic equation may be reduced to the 

a*-f"2aa5 = 5, 
- Itch 2 If and & are positive or negative, integral or fractional. 
^ -^ to oHoct this, we have only to ^ bring all the terms containing 
* ^ -knaWFL quantity into the first member, and all the known terms 
^ .ho HOC u lid member, and divide the result by the coefficient of x* 
f §9« To solve a quadratic^ suppose it first reduced to the 

M x*-\-2cix = b. 

^Q bi>ni members add a', or the square of one half the coefficic;nt 




ill us 



x*+2ax+a* = a^+L 
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The first member is now a complete square. Taking the square 
root of both members, we have 

whence bj transposition, 

Thus the equation hag two roots^ which are nneqnal in all oases 
except when a'-{-& = ; in this case we shall have 

X = ad:0, 
and the equation is said to have two equal roots. Thus take the 
equation^ 

«»— lOx s —25. 
Adding 25 to both members; 

aj»_10»-f25a0; 
whence, bj eyolution, 

«— 5=±0; 
that IS, a; = 5±:0 =s 5 or 5. 

I. Given — r^ -\ — ^ = -5-, to find the values of x. 

OPERATION. 

X x+1 _ 13 
a+l+ x ""T' 

clearing of fractions, 6a5*+6-c*+12a;+6 = 13a;*+ 13a; ; 

reducing terms, a'+x = 6 ; 

adding (})" to both members; a*+x4- J = ^ 9 

by evolution, x+l = ±1 ; 

whence, x = 2 or — 3. 

Hence, for the solution of an affected quadratic equation we have 
the following 

Rule. I. Reduce the given equation to the form o/*x*-|-2ax = b. 

II. Add to both sides of the equation the square of one half the cO' 
efficient ofx, and thefrst member wUl he a complete square, 

III. Extract the square root of Loth memherSy and reduce tht 
resulting equation. 
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990« Wbffi Uie equalioii bas been reduced to the form of 

Ub roots maj be obtained directl j b j tbe foUowing obyions role : 
Write one kai/ Ae coefficiaU of z wiik tb eomirary f^, fhu or 

mmaif the wfnare root of ike woeami tmember mcretued by the iquare 

of otu ha^ thtB eoefidemL 

L Giten x"— «x = &5, to find tbe vahua of X. 



OPERATION. 

x = 3±8 = llor— K, 



XZAMFLB8 lOB PRACnOS. 



Find tbe valaes of the nnknown 
equations: 

1. a5*+2x = 15. 

2. «•— «x = 16. 

8. «•— 2ic = —96. 
4. «•— 6x-7 = 83. 
6. x»-28a:+80=— 115. 

6. x»+6x+l = 92. 

7. a;*+12x = 589. 

8. X*— 6x+10 = 65. 

9. x*+12x+2 = 110. 

10. x»— 14x = 51. 

11. a:«+20x+19 = 0. 

12. x*--6a;+6 = 9. 
18. x"+8x = 12. 

14. x*+12x = 10. 

15. 3x*— 15x = — 12. 

16. 4x*+12x = 40. 
17 2x"+28 = 18x. 



quantity in eacb oi tbe following 



X =r 8 or — 5. 

Aiu. x = 8or— 2. 

Am. X = 12 or 8. 

.^Mf. X = 10 or — 4. 

jifif. x = 15 oris. 

Jn$. x = 7or— 13. 

An». x = 19 or —81. 

^na. X = 11 or — 5. 

Am, x = 6or— 18. 

AnM. X = 17 or ^-8. 

Ans. X = — 1 or — 19. 

Ans. x = 84:2|/8. 

Am. x==— 4±2v/7. 

Am. x = — 6±l/46; 

Am. X = 4 or 1. 

Am. X = 2 or — 5, 

Am. X = 7 or 2 
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18. (8x— 6) (2aj— 2) = 2(x»+16). Am. x = 5 or —1. 

19. (2x+2)(5x— 8) = (»+l)(5a;+4). Am. a; = 4 or —1. 

20. (3x+4)* = 64x. Am. a = | ot f . 

^^ • 2aj 7 - « f 

21. ^—15 =12- -^- »=tor— tV 

22. 16x* + -5- = 6. ^iM.a! = {or — |. 



23. 4a? ^ = :^. -4m. « = ^ or -^. 

4 6 12 

25- zxT+;;zi:2=ZLa- .i«.» = 8OT-f. 



SECOND METHOD OF COMPLETING THE SQUABE. 

391. It frequently happens in reducing a quadratic to the form 
of a;"-|-2c/4C = 6, that 2a, the coefficient of a?, becomes fractional, 
thus rendering the solution a little complicated. In such cases it 
will be sufficient to reduce the first member to the simplest entire 
terms. The equation will then be in the form 

a3i^'\-hx = c, (1) 

in which a and h are integral in form, andjpnm« to each other ^ and 
c is entire or fractional. 

To render the first term of equation (1) a perfect square, multiply 
both members by a; thus, 

oV-|-a5» = ac. (3) 

Adding -j to both members, we have 

where the first member is a complete square. Now if 6 is eyen, - 

will be entire; but if 6 is odd, -j will be fractional, a result which 
19* 
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we wish to ayoid. To modify the rule to suit the latter case, sup- 
pose equation (3) to be multiplied by 4 ; thus, 

4aV+4aix+5« = 4ac+6*. (4) 

The first member is now a complete square, and its terms are entire. 
Moreoyer, we observe that (4) may be obtained directly from (1) by 
multiplying (1) by 4a, and adding h* to both sides of the result. 

Hence, for the second method of completing the square in the 
first member, we have the following 

Rule. I. Reduce the equation to the form o/*ax'-|-bx = c, where 
a and b are prime to each other, 

TLIfhu even, mvUiply the equatum hy the coefficient of x*, 
and add the square of one hcd/the coefficient of x to both members. 

UL If h is oddy multiply the equation hy 4 times the coefficient 
of z'l and add the square of the coefficient of z to both members. 

The above rule may be considered as more general than the first ; 
for if applied to equations in the form of x*-\-2a>x = 5, the opera- 
tion will be the same as by the first rule, with the simple modifica- 
tion of avoiding fractions in the first member, when 2a is fractional. 

1. Given 6x* — 6x = 8, to find the values of x, 

OPERATION. 

ba^—Sx = 8. 
Multiplying by 6, and ad-^ 
ding 3*, or 9, to both mem- V 26x"— 80a;-f9 = 49 ; 
bers, 3 

by evolution, 6* — 8 = ±7 j 

whence, bx = 10 or — 4 ; 

or, « = 2 or— f. 

2. Given l&c*— 5&6 = 850, to find x. 

OPERATION. 

16a:«— 55x = 350. 
Dividing the given equation by 5, 805* — lla? = 70 ; 

multiplying by 12, and ad- 1 86x--132.+121 = 961 ; 

ding 121 to both members, ) ' ' 

by evolution, 6x — 11 ^ ±31 ; 

whence, reducing, a; = 7 or — 4,^. 
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We will now apply tliis rule to an eqnation in the fcrm of 
x*-\-2<ix = by where 2a is odd. 

3. Giyen x* — 7x = 44, to find x. 

OPEBATION. 

«■— 7x = 44. 
Multiplying by 4 timc« 1, | ^._2S^^^9 = 226 ; 
and adding 7' to both sides, ) 

by evolution, 2x — 7 := ±15 ; 

whence, a; = 11 or — 4. 

Thus we may always operate in such a manner as to ayoid frac- 
tions in the first member ; and indeed in the second member, if wo 
first reduce both members of the tequation to eniu'e iemu. 



EXAMPLES FOB FBAOTIOE. 

Solye each of the following equations : 

1. 5x'+4x = 204. Am. « = 6 or — V- 

2. 5x«+4a = 273. Ans. a? = 7 or — iyt. 

3. 7aj«— 20x = 32. Ans. a = 4 or — 1|. 

4. 6a;*+15a; = 9. Ans. a? = ^ or —3. 

5. 2x*— 5x = 117. Am. a: = 9 or — ^ji. 

6. 21x'— 292x = —500. Am. x = lljf or 2. 

7. 6a;*— 13«+6 = 0. Am. a: = | or |. 

8. 7x'— 5a; = 160. Am. a; = 5 or — y. 

9. 3x«— 53x = —34. Ans. a; = 17 or f . 

10. a;*+13x— 140 = 0. Ans. a; = 7 o? — 20. 

11. 3a;«— 8x = 5+4|/3. Ans. x = 2+^/3 or f -^Z. 

12. a;*+lla>— 80 z= 0. Am. a; = 5 or —16. 

72a! 

18. Tas-f- ^^^ =60. ^n». «= 2 or ^. 

14. ?±^ + ^ = a!+14. ^»«. a!=28or9. 
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16. g(2a^ll) ^2g_4^ Ans.x=6ori. 

X — o 

,- 236—8 , Sa;— 6 6 4 , , 

^^•3^^5 + 2^=8 = 2- ^«.«=J«rl. 

„ Sas— 2 , 2a>— 6 10 j 1. 1 

"• 2^=6 + 8^=^=T ^«.«=Vorf 

TREATMENT OF SPEOIAL 0ASS8. 

S93. Either of the two preceding rules is sufficient for the 
solution of any quadratic equation whatever. There are certain 
cases, however, where the solution maj be much simplified, either 
by a modification of one of the common rules, or by a special prep 
aration of the example. 

393. When the coefficient of the highest power of 
the unknown quantity is a perfect square. 
In this case the equation will be in the form of 

aV4-6x = c. (1) 

Let the quantity to be added to complete the square in the first 
member, be represented by f. Then 

aV+6x4-/* = c+e. (3) 

Now in any binomial square, the middle term is twice the product 
of the square roots of the extremes. Hence, 
2<Xax = &x; 



"" (2 J ' 



"'4?- 



And equation (2) becomes 

»'»''+^^+(2-a)*=''+(2-a)*' (8) 

which may be used as the formula for completing the square, in this 
case. Or we may proceed according to the following 

Rule. Divide the coefficient of x by twice the square root of the 
coefficient of x', and add the square of this result to both members. 
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1. Oiyen 25x'— 20a; =: ~3, to find the Taluee of x. 
In thicT example the number to be added to complete the square is 
20 



'=G-^.)-=c^>-=*, 



and the whole operation will be 

25x«— 20x = — S, 
25x"— 20a;+4 = l, 

6aj— 2==±1, 

a; = I or I, Ang. 

2. Oiyen -rrzr — ^ = ^, to find the yalues of as. 

For this example we haye 

'■={2 ><4) ^(s) =64' 
and the solution is as follows : 

4^_» _51 
49 2-64' 
— « 49_100 
49 2 + 64 - 64 ' 



2aj 7 10 



7~8 ""=*= 8' 



IXAMTTiEU rOB PRAOTIOK. 

1 16a:"fl2« = 10. Am. x^\m—\. 

2. 36a5*— 5aj = t%. Ans. x-\\ or — ^V- 

8. Six*— 12aj = — j. Am. op = ^ or 3'^. 

. 49x« . 6x 40 , 

K 841x« 68x ,, . 

"626 5"^ ^= V/» or -li- 
ft 7x"— 8« . 7x*+8x ,^ . « 

6. — j^ 1 ^^ =r lOx+8. ^iw. flE;=: 2 or — jf 
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SECTION V. 



QUADRATIC EQUATIONS. 

383« A Quadratic Equation is an equation of the second 
degree, or one which contains the second power of the unknown 
quantity, and no higher power ; as 3x' = 48, and ox* — 2bx = c. 
That term of the equation which does not contain the unknown 
quantity, is called the absolute term, 

384. Quadratic equations are divided into two classes — Pure 
Quadratics, and Affected Quadratics. 



PUKE QUADRATICa 

383. A Pure Quadratic Equation is one which contains the 
second power only, of the unknown quantity ; as 3x* — 7 = 20. 

NoTB. — ^A pure equation^ in general, is one which contains but a single 
power of the unknown quantity. 

386. It is evident that by the rule for solving simple equations^ 
every pure quadratic may be reduced to the form of 

X* = a, 
in which a may be any quantityi real or imaginary, positive or 
negative. 

Extracting the square root of both members of this equation, we 
havOi 

X = +i/a or — ^a 
Hencei 

Every pure quadratic equation has two roots, equal in numerica* 
value, but of opposite signs, 

X*— 4 rr*— 24 «• 
1. Given — g j — =5- — 32, to find the values of x. 
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OPERATION. 
»■— 4 rr*— 24 «• ^^ 

clearing of fractions, 2x«— 8— 3aj*+72 = 6x*— 584 ; 
collecting terms, 7x* = 448 ; 

dividing by 7, a;* = 64; 

by evolution, a- — -+-8, An$. 

We have therefore, for the solution of pure quadratics, the 
following 

Rule. Reduce the equation to the form of^* = a, and then, take 
the sguare root of both members. 

EXAMPLES FOR PRACTICE. 

Find the values of x in each of the following equations : 

1. 8a;*—16 = aj*+2. Ans. x=i±S 

2. 2a;«— 64 = 126— 3a^. Ans. x = ±6. 
8. 7a:*+8 =67 + 3a?' + 15. Ans. x = ±4. 

4. ba^+2d = 2cx'+a. Ans, x = -f-^^^ 

^6— 2c* 

5. aa;*+l = (a— a) (a+x). Ans. x = ±iVa—\. 
aj+4 . 05—4 10 

®- ^=i + i+4 = -8- ^«.. « = ±8 

a:+2 , aj— 2 13 
^- ^=5+i+2 = T' ^n,. c.= ±10. 

g+g aj— a 8a 

n te 4 SB 8 



-^ a; ; a a; . c , / 

10. -. + - = - + -. Ans. x = ±y 

a ' X c * x 



ac. 



, «•— 8 
'1. —Q— = l+i/5. u4n<. aj = ±(3+i/6). 

19 
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EQUATIONS m THE QUADRATIC FORM. 

396. There are many equations whicli, thoagh not really qnad- 
ratio, or of the second degree, may be solved by methods similar to 
those employed in quadratics. All such equations are reducible to 
the following form : 

in which x represents a simple or a compound quantity, and n is 
positive or negative, integral or fractional. It is always necessary 
that the greater exponent shovld he twice the lesM, 

1. Given x* — 16x* = — 28, to find the values of x. 

OPERATION. 

aj*_16x« = —28. 
Adding 8«, or 64, «*— 16x«+64 = 36 ; 
extracting the square root, a;" — 8 = ±6 ; 
by transposition, «■ = 14 or 2 ; 

whence, x = drv/14 or ±1/2, Ant. 

2. Given x ^-6a5» =s — 6, to find the yalues of x. 

OPERATION. 

as— 6x2 =—5. 

Completing the square, x— 6x*4-9 = 4 ; 

by evolution, x» — 3 = ± 2 ; 

or, x* =:= 5 or 1 ; 

involving to the 2d power, x =: 25 or 1. An», 

3. Given xr«-f 10x-» = 24, to find the values of x. 

OPERATION. 

x-«+10x-J=24, 
Completing square, x-^+lOx"* +26 = 49 ; 

extracting square root, ar^-\-5 = ±7 ; 

transposing, X"^ = 2 or — 12 ; 

taking the reciprocals, x = | or — -^^^ Am. 
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4. Giyen (x*-|-2a;)«— .23(a;«+2x) == —120, to find the values of x. 

This equation is in the quadratic form, for it contains the first and 
second powers of the compound quantity, x*-f-2x. 

For conyenience, let us assume 

y = a;«+2x. ' 
Then by substitution in the ^ven equation, we haye 

y-23j^ = -120; 
whence, y«_23y+^A = 4^, 

y = 15 or 8. 
We haye now the two equations, 

a:*+2x = 15 and ^■+2« = 8, 
which are solyed as follows : 

a;*4-2x = 15, x'+2» = 8, 

a:«+2x+l = 16, aj«+2x+l = 9, 

aj+1 = ±4, x+l = ±3, 

a; = 3 or — 5. aj = 2 or — 4. 

Thus the equation has four roots, 

3, —5, 2,-4; 
and it will be found by trial that any one of these four yaluee will 
satisfy the giyen equation. 

Equations of the third and fourth degrees may often be solyed 
like quadratics, eyen if they do not, at first, present themselyes in 
the quadratic form, like the last equation. If any equation is sus- 
ceptible of such a solution, it will be found to contain the firtt and 
second powers of some compound quantity, with known coefficients. 
To determine whether this be the fact in any particular case, we 
may proceed as follows : 

Transpose all the terms to the first member; and if the highest 
power of the unknown quantity is not even, multiply the equation 
through by the unknown letter, to render it even. Then extract 
the square root to two or more terms, as the case may require ; and 
if at any time a remainder occurs, which, with or without the abso- 
lute term, is a multiple, or an aliquot pari of the root already ob- 
tained, a reduction to the quadratic form may be effected. Other- 
wise it will be impossible. 
20 
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6 Given x*— 4x*— 14a;«+36x+45 = 0, to find x. 

SOLUTION. 

a;*-4x*— 14x*+86x+46 = 0[ a;'-2a? 



2x«-.2a; — 4x*-14a;* 
— 4x'+ 4x' 



— 18x'+86x+46 
Or by factoring, _18(x*— 2x)4-45 
Hence the given equation may be written thus : 

(«•— 2x)«— 18(x«— 2x)+45 = 0. 
Without Bubstitnting any letter for the compound quantity, 
SB* — ^2x, the remaining part of the operation will be as follows : 
(x"— 2x)«— 18(x«— 2x) = —45, 
(x*— 2x)«— 18(x"-2x)+81 = 86, 
(a:««.2x)— = ±6, 
whence, «■ — ^2x = 15, (1) 

or, «■— -2x = 8. (8) 

From (1) we obtain x = 5 or — 3 ) ^ 



-3) 
-1) 



« (2) « « X = 3 or . 

6. Given x*-j-4ax*-j-2a*x — 4a* = 0, to find x. 
As the highest exponent of x is odd^ we multiply the equation 
by X, and obtain 

x*+4ax'+2aV—4a"x = 0. 
Taking the square root of two ternui, and factoring the remainder, 

(x'+2axy— 2a"(x'+2ax) = 0. 

Assume y=x'-f2ax ; then 

y«_2a*y = 0, 
y"— 2aV+a* = a*, 

y—a* = d:a*, 
y = 2a' or 0. 
Hence we have two equations, solved as follows : 

gf+2ax = 2a*, x*+2ax = 0, 

x+a = ±ai/S, x*= — 2ax, 

X = — a±a|/3. X = — 2a. 

Hence, x = — ^(1— y^8), — a(l+y^3), or —2a, An*. 
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1 5 

7. Given 26x'— 6+ j-j =: 2, to find «. 

The two extremes in the first member are. perfect squares. We 
will therefore seek for a middle term which will render the square 
complete. This will be twice the product of the square roots of the 
extremes; or 

Ws therefore add 1 to both members^ and solye as follows : 

10a:*T3aj=:lj 
100a:«H=80x+| = 10+| = y, 

lOaTl = =ti, 

lOx = 5 or — ^2, or 2 or —5 ; 

8. Giyen x-+Ayx =^ 21, to find the yalnes of x. 

OPERATION. 

aj-f4i/aj = 21, 
aj44|/aj+4 =;= 26, 
(/a;+2 = ±6, 
y^aj = 3 or — 7f 
a; = 9 or 49, Ans. 

It should be observed here that when the equation contains a 
radical^ as in the last example, it cannot be satisfied by the roots 
obtained, withaut a tried of signe. The roots found in the last solu- 
tion are 9 and 49 ; but we have 

y^9 = +3 or —3, 
1/49"= +7 or —7. 
Now we may verify the ^ven equation^ if we take -|/as =:-{-8 or 
— 1 ; but not otherwise. 
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Thus, putting a; = 9 and ^x := 3 in the giyen equationy we bavt 

9+12 = 21; 
ako with a; =s 49 and |/x = — 7, we have 

49—28 = 21; 
and the equation is aatisfied in both cases. 
But putting a; = 9 and |/cb = — 3, we have 

9—12 = 21; 
also with « = 49 and -y/x =: -f-T, we haye 

49+28 = 21; 

both of which are false. 

In general, it will be found that a radical equation can be satisfied 

by each of the roots of solution, under at least oim of the possibla 

combinations of signs. 

2 
9. Given 2T/a;+ -7- = 6, to find x. 

"|/X 

We have here a radical oquadon which is not in the quadratio 
form. In such cases, it is generally better to clear the equation of 
radical signs^ either entirely or partially. ThuS| 

2»+2 = 6|/aj, 
2x— 6|/a5 = —2, 
16»— 40|/aj+25 = 9, 

4|/a>— 5 = ±8, 
4|/x == 8 or 2y 
^x = 2 or J, 
« = 4 or j, Am 



EXAMPLES OF EQUATIONS SOLVED LIKE QUADRATICa 

1. X*— 34«» = —226. Am. x = ±6 or ±3. 

2. X*— 85x'+216 = 0. Am. x = 2 or 3. 

3. a;*— 4x*— 621 = 0. uiiw. x = 8 or #^=23 

4. x"+31x»— 82 = 0. Am. «. = 1 or —2. 
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5. a;* — x^ = 56. Ans. a; := 4 or f^49. 

6. a;*"— 2x* = 8. Ans. x=Vl or V^. 

7. 20x«— Six* = —12. -iiM. « = (!)• or (|)«. 

8. 3^x*— lO^aj = —3. Am. « = 27 or j^- 

9. a;+5— l/x+5 = 6. -In*, a; = 4 or —1. 

10. (a;+12)i+(x+12)^ = 6. Am. « = 4 or 69. 

11. (x+a)^+2?^(x+a)i = 86*. uin*. « = 6*— a or 816*— a. 

12. x+l/6x+10 = 8. -4»w. a; = 18 or 8. 

13. 9x+4+2 1^9^+4 = 15. Am. a; = | or f. 

14. l/l04^— Via+^ = 2. u4w«. « = 6 or — «. 

15. (aj— 5)*— 3(x— 5)* = 40. Am. x = ^ or 5+#^(Il5)"\ 

16. 2(l+a>-x«)— (1+x— a;«)^+l = 0. 

Ans. ir=^=t|l/4r or i±jVTX 

17. aj-j-ie— 31^^+16 = 10. Am. x = 9 or —12. 

18. 81x*+17+-i = 99. Am. x= ±1 or ±f 

4 955 , « , 

19. 25x*+6+^, == -^. .iiw. X = ±2 or ±y\. 

20. x*+2x«— 7x«— 8x+12 = 0. Am. x = 1, 2, —2, or —3. 

21. X*— 8x«+19x— 12 = 0. Am. x = 1, 3, or 4. 

22. X*— 10x»+35x»— 50x+24 = 0. Am. x = 1, 2, 3, or 4. 

23. X*— 8ax*+8aV+32a"x— 9a* = 0. 

Am. X = a(2d:V^13) or a(2±|/8). 

24. /— 2cy*+(c«— 2y +2<y =c\ 

^'«.y = -2±(j+i±i/i+?)*. 



20* 
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nosascuous examptiIB in quadratics. 

1. x"-|-lLr = 80. Ans. x = 5 or —16. 

_ _ Bx — 8 So; — 6 - ^ ^ 

2. 8x 5-==— 5 — . ^fM. xs=:4or — 1. 

X — 8 2 

. 8 1 1 ■ o i; 

*• 2(?=l)-4^+I)- = 8- ^i«.« = 8or-6. 

»— 1 , »— 2 2aj+15 . K f 

«+l^«+8 a;+19 * 

^ «•— 10x*+l . . , «« 

®- , ^ , n =«— «• Am. x = lw —28. 

7. a*— 2a«+x" = 5. -4im. a? = aiPi/h. 

8. «■— 2aa+6* =s 0. An$. x = a±Va*—b\ 



9. mx* — 2mxi/n = nx* — mn. Am. 05 = — ^ r- 

-^ 4a:" , 8aj 20 . ^ ,^- 

^^- 49- + 2l = T- ^~- «^ = 7or-ll|. 

11. ^ — :^ = —82. Afu. 0!= 152 «r 76. 

12 ^^ = 1+^:^ ^«.» = 8«rl. 

18. «'+ll+V^?+ri = 42. ^M. « = ±6 <w ±V^. 

14. SB*— 2a!+6v'««— 2x+5 = 11. ^n^ a: = 1 or l±2vl5. 

17a^ 
»15. »!*+ ^^= 84a:+16. An*, a; = 2, —2, —8, or —J. 

2 

•16. as— 1 = 2+-y-^ Ans. « = 4 or (- 1)», 



Tv^^ 



x 



^n 2|/a;+2 4— 1/« 



( 
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19 



i. X -j3v^2-2^ = ?^. Am. X = ±(2±,/2)i 

yjx — -—yjl — - ^—. An*. X = i(l±i/5), 
20. i= 1== = ^. J«.x = d=J. 

22. f?±±^^^*=a^2. ^i«. aj=:6OT8. 

23. a:*+a;* = 766. Am. « = 243 or — Sv'Beii. 

24. 6a?*"— 13a?» = —6. uliw. a; = V| or Vf . 

_ c«— 2 

25. y^5+Zx+2« = c(l-<c). -Ifw. as = 1 or ., - 

26. (x+ay—(x-^y = 852a». 

An$. X = ±a^h or ±:aK — 7. 

27--«+5^=^ ^.a> = gl^(2c+6±l/SC:iO. 

28. 5 = — Vt A — • Aii*. X = —a or — 6. 

a+h+x a ' 6 ' 05 

^^ 2a . a*— «■ a?*— a'4-16 . ^ 

»■ ' ox 8a 

80. "^gr-^ = ^. " ^ »= ±2a|/f 
Vx-^a+vx — a 2a 

81. ^ + ^ = 4«. ^«.'; = |(l±^6). 
a-^-x a — X u 

ffl+« / 1/26—6* J 
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SIMULTANEOUS EQUATIONS CONTAINING QUADRATlCa 

397* Haying treated of quadratics oontaining one unknown 
quantity, we will now consider certain cases of simultaneous 
equations where one or more is of a degree higher than the first 

S98« In general, the tohitUm of two quadratic equations^ involv- 
ing two unknown quantities^ depends upon the solution of a single 
equation of the fourth degree, containing one unknoum quantity. 

To show this, let us represent the two equations under a general 
form, as follows : 

««+aay+6y+cx+cfy+« = 0, (1) 

in which the coefficients a, 6, c, etc., and a', h\ c\ etc., may haie 
any value, positive or negative, integral or fractional. 

Arranging the terms in these equations with reference to x, and 
factoring, we have 

Subtracting (4) from (8), we have 
By transposition, we have 

[(«_«>+<^'] X = (i'-fty+(d'_d>+(,'_«)j 

whence we obtain 

(a-a>+(<^') 
This value of x substituted in either equation, (8) or (4), will give 
a final equation involving only y. Without actually making this 
substitution, which would lead to a complicated expression, it is 
obvious that the resulting equation would be of the fourth degree. 
For the value of x is in the form of 

in which y is involved to the second power. Therefore the term 
oontaining «• in (8), or (4), must involve y to the fourth power. 
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Hence, two equations, essentially quadratic, and containing two 
unknown quantities, can not^ in general, be solved by the rules for 
quadratics. 

399« There are certain cases where simultaneous equations, 
involving one or more of the unknown quantities to a higher degree 
than the first, may be solved by means of a final equation in the 
quadratic form. Most of the examples of this kind are embraced 
in these three cases : 

1st. Where one of the equations is simple^ and the other 
quadratic. 

2d. Where both of the equations are quadratic, but homogeneous. 

3d. Where one or both of the equations are symmetrical, 
involving the different letters in a similar manner with respect to 
coefficients and exponents. 

The following are illustrations : 

1st. SiHPLB Aim Quadratic EquATiONS. 
The solution is effected in this case by the ordinary methods of 
elimination. 



1. Oiyen | J^-^f = f I to find « and y. 



OPERATION. 




ba^^^xy = 8, 

8»— 2y = 6. 

6+2y 
From equation (2), « = — 5-^; 


OS) 


froMd), «(«f^> 6,(6+2,) ^^^ 





180+120y+20y— 108^+36y« = 72, 
16/— 12y = 108 ; 
9 441 

, 3 21 

^^-2==^Y^ 

4y = 12or— 9; 
whence, y = 3 or — J, 

and 05 = 4 or i 



1 
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2d. HOMOOKNEOUB EQUATIONS. 

In the case of homogeneous equations, an auxiliary quantity ib • 

employed in the elimination. 

2. Given I «^f *.T^ ~ H to find the values of x and y. 
1 2y"-|-3xy = 8 J 

SOLUTION. 

Pat x^vjfi ihen the ^ven equations become 

2,;-y--ty«==6,ory-==-A-; (1) 



whencoi 



2/+8V = 8,ory-=^3p3j;; 
6 8 



9) 



2i;«— « "■ 2+3v' 

6+9i; = 8i;"— 4v, 

8„«_13i; = 6, 

v =: 2 or — |. 

Taking t? = 2, equation (2) gives 

y = zhl ; whence x = ±2. 

Taking v = — |, the same equation gives 

8 ^ 8 

y = ± -^ ; whence a = qp -^. 

It may be observed here, that in this example, as in all other 
examples of simultaneous equations, the different sets of values 
which are capable of satisfying the equations, will be found by tak- 
ing the signs in their order ; — ^that is, the upper signs should be 
taken throughout, and the lower signs throughout. Thus, 
when y = +1, x = -f 2 ; 



y=-i, 


« = — 2; 


^ = + 77' 


3 


8 


' = + ^- 
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8d. Symmbtbical Equations. 

When the equations are of this description^ they may be solved 
by taking advantage of multiple forms, and of the necessary rela- 
tions existing between the sum, difference, and product of two 
quandties. 

8« Given ] " 0.1 r to find the values of x and v. 

( ay = 21 i ^ 





OPERATION. 






a:+y = 10, 


m 




ay = 21. 


m 


Squaring (1), 


«"+2ay+y' = 100; 




subtracting 4 times (3), 


«•— 2ay+y» = 16; 




by evolution, 


aj— y = ±4; 




but in (1), 


a:+y = 10; 




whence, 


aj = 7 or 3 ; 





y = 3 or 7. 

4. Given | *+^^+y = J J Ito find the values of x andy. 
1 3ir+xsf+^ = 133 J • 

OPERATION. 

Put «+y = •> ***^ vxy =2>« 

Then ihe give.n equations become 

i+p = 19, 0) 

«»-:p' = 133. (8) 

Dividing (3) by (1), t--p = 7; (8) 

whence from (1) and (8), t = 13, 

and p = 6 ; 

that is, 35-f-y = 13, 

and xy = 36. 

Proceeding now as in the third example, we have 
a;«+2ay+y» = 169, 
a;'— 2ay+y« = 25, 
a;— y= ±5, 
a; = 9 or 4, 
y = 4 or 9 



240 
5 Given 

Put 
then 
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4nd X and jr. 



OPKBATIOir. 



B^=P, andy^ssQ; 



J = 



= P»,M»dy»==C 



l=, 



Sabstituting theee Talues in the given equatiooi, 

P«+C = 20. 

2FQ =16; 
P*—2FQ+Qr=zA; 
P-C=±2; 



From (1) 
taking (2) from (8), 
taking (4) from 9), 
by eyolutioni 



a) 

0) 
(4) 



P=4or; 



Q =2 or 4. 
^ = 2 or 4 ; 



y 



y = 82orl024. 



whence we have 

x' = 4 or 2, 

a;«==64or8, 
05 = ±8 or ±2|/2. 
In this example, the auxiliary letters were used to avoid frao- 
tional exponents in the operation. This practice, however, is not a 
necessity, but only a convenience. The auxiliary letters should be 
made to represent the lowest powen of the unknown quantitieiB. 



6. Given i^*+*M=208 j. ^ find * and 



y 



Assume 



C*=«5 



ihen, 
ud 



OPESATION. 

a;* = P, 

x* = P\ y* = C. 
Substituting these values in the ^ven equations, and faetonng, 
P\P-\.Q)= 208 = 1316, (1) 

Q'(Q+P) = 1053 = 13-81. (2) 



«• 

i"~" 


81 
= 16' 


Q 
p- 


9 
= 4' 
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Dividing (2) by (1), ^.= T7r' ® 

(4 

or, g = — , and P= -^. © 

Substituting these values in (1) and (2), we Ibave 

4 0* 
<2* + -^= 13-81. ff) 

From (C), P» = a:* = 64; 

from (7), e«=/ = 729; 

whence. a;= ±8, 

and y = ±27. 

If we take tlie minus sign in the second member of equation (4). 
we shall obtain 

X = ±8l/^^. y = ±271^^—^. 

7. Given j • i » IZ i <<> \ ^ ^^^ ^^ values of a: and y. 

OPERATION. 

ar+y = 8, (1) 

x'+y' = 152. (2) 

Cubm<^ (1), x'+3a:V+3a-./+.j^* = 612 ; (3) 

taking (2) from (3), 3x^+3^ = 360, (4) 

a:K-^+y) = 120; (5) 

dividing (5) by (1), ajy = 15. (6) 

Whence, by combining (1) and (6) as in the 3d example, 
flc = 5 or 3, y = 3 or 5. 

300* For examples of more than two unknown quantities, no 
additional illustrations are necessary. The few cases which lead to 
a final equation in the quadratic form are to be treated by the same 
methods that apply to the preceding. And skill in the management 
of this whole class of examples, must depend less upon precept 
than upon practice. 

21 Q 
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SOI. As ixiliary to the solution of certain question*, particu- 
larly in goomttrical progression, we giv.e the following 

Problem. — Given x-f-y = « and jri/ = p^to find the values of x^ 
-\-i/*f a:'+y*, x*+y*, and x*-|-^*, expressed in terms of s and p, 

SOLUTiON. 



x+^ = «, 


(1) 


ocy=p. 


(2) 


Squaring the first, x'+2j:^+^* z=: «" ; 




2ry =2/>; 




1st result, ^'+/ = »•— 2/>. 


(^J 


Multiplying (A) by (1), 




ic'+a:V+^y+^' = «•— 2j>«; 




subtracting ^T^C-^+y) = P^f 




2d result, a''+^* = «•— 3/;«; 


(B) 


Again, squaring (-4), 




a:'+2.ry+y = «*-45>+4/>'; 




subtracting 2.iVy« = 2p*; 




8d result, a:*+y* = s^—As^p+'IjJ*. 


(O 


Multiplying (A) by (i?). 




^'+^y+^V+if" = s*^5s'2y+Q^p*; 




subtracting a:V(.r+y) = sji*; 




4th result, ic»+y» = «•— 5a'^)+5k^". 


W 



The following example will illustrate the use of these formulas. 

1. Given \ ^^'^ "' l to find the values of x and v. 

U*+y=-2417) 

In this example we have 

« = 9, «• = 81, «* = 6561. 
Hence, from (C), we have 

6561 — 324jp+2p« = 2417 ; 
p«— 162;) = —2072, 
.;?•— 162p+6561 = 4489, 
p- 81 = ±67, 
ay zzzp == 148 or 14. 

If we take xy = 148, the values of x and jy yrill be imaginary, 
Taking xy = 14, with the equation a-|-^ = 9, we readily obtain 
a: = 7 or 2, y =TT 2 or 7. 
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EXAMPLES OP SIMULTANEOUS EQUATIONS. 

Find tiic values of the unknown quantities in the following 
groups of equations : 



10. 
11. 
12. 



! = 18 or 121, 
3 or -2^. 



2. i^+2y = 120) J„,.i*=8or 17|, 

\2x+if =22) (y = 6or-13|. 

3 f-+y = 25) ^^ j. = 9or-14A, 

Ux =%) Jy = 4or— 61. 

|5x+y = 26J ]y = 10or45. 

\Sx'^' = 3) U=±3. 



.3z'-y' 
\4x+]f =40) (^ = —72 or —8. 



jSx*+xy = 336) J„, i*= 28 or 12, 

= 40) \i, = —12, 



f.r^+y =126) ^^ (,= ±15, 

<-5Cx+^) = 7x ) ljr = ± 6. 

fx-+4/=181) ^^^ ca>=±9, 

\5ix—>/) = 4y J ly=t ±5. 

|.'+r^=12) ^„..i-=±2, 

l/+x^r = 24) U=±4. 

I x+^r =2) jy = 2+i/J. 

fx'+ry =56) ^^^ fx=±4,/2or±14, 

lay+2^' = 60) ■ (^^=±3i/2or Tie. 



f3.r'+3y =68) ( a!=±4 or drJy^'aj 

1 4/ +3xy = 160 r ^''*' 1 y = ± 5 or T V^'3. 

13. -i ' V . ^"«. < I 

(y = ±lor±^. 



j x'+ay = 12 I 
|ary-2y'= if 
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14. i «='-<^y +y' =211. ^„. i * = ±4 or ±3i/8, 
(/— 2jy+16= 0) ly=±5or±j/3. 

15 ((x+y)'+2(*+y) = 120) 

^„ f * = 6 or 9, or — 0±|/5 ; 
ly = 4 or 1, or — 3:p|/5 

5 
( 6x'+2/ = 5ay+12 ) r a; = ±2 or n:-^., 

16. J V. An*. ' •^'^^ 



(y = 



17. 



j Sy'-a** = 2a:y+3 ( ' ' (y = ±8 or T-4=. 

»/31 

fx'+y = 65) ^^ (x=±7or±4, 

I ay = 28 ) * ly = ±4 or ±7 

18. {«='+/ = 8n. ^„. (x = 8or-^, 

I «— y = 8) (y = 5or — 8. 

19. 



20. 



(x'+y' = 4914) ^^ fa:=17orl, 

1 x+y= 18) * U= lor 17. 

f a'+y' = 189) ^„, (a: = 5or4, 

I jr'y+sry' = 180 ) (y = 4 or 6. 



I = 3 or —2, 



21. j (-•+/)(—*) = 13) ^„,. i- = 
I ary(x— y) = 6 ) ly = 2 or —3. 

22. i^*+i'' = (-+jr).'y}. ^^^ U = 2. 
t x+y = 4 J (y = 2. 



23. 
24. 



+y = 4 ) ly: 

( Zxy-2Ty = 1 ) ^«,. I *= ± ♦'S or ± i»^^, 

I x = 2yl ly=±^1^2or ±^r-6. 

fx'+y' = 18^) rx = 8or4, 

\ x+y = 12 I ^'"- iy = 4or8. 

25 fx*+y = 2402) ^^ U=7 or 1 or 4±l/=T05, 

I x+y= 8) ■ (y=l or7or4+|/— 105. 

26. I^;^t'^=;2l. ^„.. i- = 2ori, 

U'y+y= 18) ly = 2orl6. 

27 I •-«=•+/ = 2ry(xH-y)) ^^^ (r=±2V^5±2, 

I ay = 16 ) ' ry=-fc2»^6q:2. 
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28. |-J+-¥=«[ 

\(a-\-hy/ ' ^ \(a+by) 

29. (*«-^-(a=+y)= 8} ^„. i- = 5' 
t (a:+y)(x— y)' = 82 i iy = 3. 

80. • i ^'+"* = '^ I . ^«.. j« = ±lv/aT2i±iT/^^ 

(ay = i ) (y = ±Jl/a+2tq:|l/a— 26. 

81. ] [. Am. ] /— — i 

82. \'^^+^'= ''I 
(x/H-y =333) 

C a;+y = 10) (« = 8or2, 

37. ^!+y^ = 84. Ans. j"='*"-'' 

(x'+yS =0! ) (y=8. 

88 j^^+y^+2x^+2/^^ = 23} 

( zy=6 r 

. f« = 27,8,-l,or_216; 
■ ly = 8, 27,— 216,or— 1 



.Int. .< 

y = 9 or 324. 



t+b' 



= 27 or 8, 
8 or 27. 
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89. 



An*. (^ = ±8' ±V2, or { .(_-^^i-.)|f. 
r* 4,/x_83| fx-9or«o* 

41. |-!^^=2/|. ^«. 1^ = 2744 or 8, 

(8zS-y* = 14 ) 1^ = 9004 or 4. 

43. j^^ 



1+ Jyf ^.y? = 1009 ? Jm i '^ = 8^ *"■ ^^' 
+a;^y^y' = 582193 V *"• 1 y = 16 or 81. 



43 •- -«^*^ = 



U.-8.^y=64) ^„.. |-2i. 

(xV+a;y' = 30) 
( a; ^y 6 J 



^^ U = 3,2, l,or— 6; 
'jy = 2,3,-6,orl. 



(^•+y-i = 2-j |^ = ±2;f }y=T2. 

fx'-y* = 3093) ^„,.|-=5or-2, 

ix—y = 3i ly = 2or— 5, 

47. (x'4.Tjr+y'= 7) ^)„ I * = ±2 or +3, 

I z*+xy +y'= 133 ) ■ 1 y = q:3 or ±2. 



45. 
46 




'=2«' 26' 
48 ^-^ - =13 ?•. Ant. <y= 3 or -jg, 



_5_ 
26 
15 
13' 
15 
^ = 4*' 44- 
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THEORY OF QUADRATICS. 

30S« Having treated of the practical methods of solving quad- 
ratic ecjuatiuns, we will now proceed to consider certain general 
principles relating to quadratics. 

303. Let us resume the general equation, 

x'+2ax = 6. (A) 

If we solve this equation, and represent one root by r and the 
other by r', we shall have 

r = — a+l/a«+6, (1) 

r' = — a— l/a«H^ (2) 

By adding these equations, and also multiplying them together, we 
obtain 

r+r' = —2a, (3) 

rr' = —b. (4) 

That is, 

1. — TTie mm of the two roots is equal to the coefficient of x taken 
with the contrari/ sif/n, 

2. — The product of tlie two roots is equal to the absolute term 
taken with the contrari/ sign, 

304L. From equations (8) and (4) in the last article, we have 
2a = — (r-f r'), and b = —rr\ 
Substituting these values in (A), and transposing the absolute term, 

we have 

a*— (r+r')x-{-rr' = ; 

or by factoring, 

{x — r)(x — r') = 0. Hence, 

If all the terms of a quadratic equation be transposed, to the first 
meml/er, tJie residt will consist of two binomial factors^ formed by 
annexing the two roots with their opposite signs to the unknown 
quantity, 

303. A Quadratic Expression is one which contains the first 
and second powers of some letter or quantity. 

By the principle established in the preceamg article, any quadratio 
expression whatever may be resolved into simple factors. 
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1. Let it be required to resolve the expression, a:'-j-12x — 15, in- 
to simple factors. 

Assume rr'-|-12a: — 45 = 0, 

This equation readily gives 

a: = 3, X '=. — 15. 
Hence, a;*+12x— i5 = (a:— 3) (a-+15), Ant. 

2. Separate 5j5' — 8^-|-^ '°*o simple factors 
We first separate the factor 5 ; thus, 



. <--i^+i)- 



We may now factor the quantity within the parenthesis, as in the 
last example; thus, 

. 8jj 3 

5 + 25"~^' 
4 1 

*-5==^6' 

. 3 

a; = 1 or r- 
o 

And the given quantity is factored as follows : 

5x'— 8^+3 = 5(x— 1) (X— I), AnM. 



EXAMPLES. 

1. Resolve a5'-f-2x — 120 into simple factors. 

Am. (x— 10)(x-|-12.) 

2. Resolve re* — ^x-\-\\ into simple factors. 

Am, (aj— 2)(x— 7) 

3. Resolve x'-f 8x+15 into simple factors. 

Am, (x+3)(a;+5). 

4. Resolve x'— 35^+300 into simple factors. 

Am, (a;— 15) (x— 20) 

5. Resolve x' — j — ~ into simple factors. 

Am, (x-3)(a:+J> 
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6. Resolve 15js"-|-19x+6 into simple factors. 

7. Resolve ex* — 2ax-\-c*x — 2ac' into simple factors. 

Ans, clx )(^+c*)- 

300* The same principle also enables us to construct an eqtia- 
tion whose roots shall be any given quantities. This is done by 
multiplying together the two binomial factors, which, according to 
the principle in questioc^ the required ec^uation must contain. 

1. Find the equation whose roota shall be ^ and — ^. 



Ix + l 



or, 6«'+ic — 1 = 0, Ans. 



EXAMPLES. 

1. Find the equation whose roots shall be 6 and — 15. 

Ans. a;*+9x— 90 = 0. 

2. Find the equation whose ropts shall be 3 and — 15. 

Ans. a:*+12x— 45 = 0. 

8. Find the equation whose roots shall be 16 and 9. 

Ans. a:*— 25X+144 = 0. 

4. Find the equation whose roots shall be 84 and — 1. 

Ans. »•— 83x— 84 = 

5. Find the equation whose roots shall be | and — |. 

X 1 
^^•^•-2 ~9 =^ 

6. Find the equation whose roots shall be J and — 4« 

. 17x 1 ^ 
Ans.x*-^-:^ = 

7. Find the equation whose roots shall be ^ and |. 

Ans. 8x'— 6x+l = 0. 

8. Find the equation whose roots shall be 2a and — c. 

Ans. x* — (2a — c)x—'2ae = 0. 
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DISCUSSION OF TIIE FOUR FORMS. 

307. In the general equation a:"-f2aa; = 6, the coefficient of x, 
as well as the absolute term, may be either positive or ncgntiye. 
Ilcuce, to represent all the varieties, with respect to signs, we must 
employ the/aur/orms, as follows : 

x*+2ax = +6, (1) 

x*—2ax = +b, (2) 

x*+2ax = -^h, (3) 

x*—2ax = -^. W 
From these equations wo obtain 

X = — aihV^^M^ W . 

X = +a±Va*+b^ (8) 

a; = — <i±l/a*^ (3) 

« = +a±Va*-^b. (4) 

TVe may now consider what conditions will render these roots real 
or imaginary, positive or negative^ equal or unequal. 

308. Heal and imaginary roots. 

In the first and second forms, the quantity a*-{-h, under the rad 
teal, is positive, and the radical quantity is therefore real. But in 
the third and fourth forms, the quantity a* — h, under the radical, 
will be negative when h is numerically greater than a* ; in which 
case the radical quantity is imaginary. Hence, 

1. — In each of the first and second forms^ Loth roots are always 
real, 

2. — In each of the third and fourth formsj both roots are tmagu 
nary when the absolute term is numerically greater than tlie square 
of one half the coefficient of :s, ; otherwise they are real, 

309. Positive and negative roots. 

Since a*+6 > a" and a* — b < a", we^have 

Va^-^-b > a and l/a*--6 < a 
It follows, therefore, that the signs of the roots in the first and 
second forms will correspond to the signs of the radical ; but the 
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signs of tLe roots in the third and fourth forms will correspond to 
the signs of the rational parts. Hence, 

1. — In each of tlie first and second furmSj one root is positive and 
die other negative, 

2. — In the third form hofh roots are negative, and in the fourth 
form both roots are ^yositive^ 

310. Equal and unequal roots. 

It is obvious that in the first and second forms the two roots are 
always unequal ; for in ,each of these forms, one root is numerically 
the sum of a rational and a radical part, and the other the difference 
of the same parts. 

The same may be said of the third and fourth forms, if we ex- 
cept the case where a* =zb ; in which case the roots are equal, and 
we have, for the third form, 

X = — a±0 = — a or — a, 
and for the fourth form, 

X = -f-a±0 = +a or -{-a. Hence, 

1. — In each of the first and second forms, the two roots are always 
unequal, 

2. — In each of the third and fourth forms^ the roots will he equal 
when the absolute term is numerirulli/ equal to tlie square oj one half 
the coffficient of x ; otherwise they will be unequal. 

In the first and third forms, the negative root consists of the sum 
of the rational and radical parts ; while in the second and fourth 
forms, the positive root consists of the sum of the two parts. Hence, 
if we exclude the case of equal roots, 

3 — In the first and third foi^ms the negative root is numct^aUy 
greater than the positive, 

4 — In tJie second and fourth form^^y the positive root is numerical- 
ly yr eater than the negative. 

The principles which we have now established, respecting 
the roots of quadratic equations, are all that are of importance, 
either theoretically or practically. 
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DISCUSSION OP PROBLEMa 

311. In the solution of particular problems inYolving quadrat- 
ics, we shall find that in certain cases both roots of the equation 
will answer the conditions of the problem, while in other cases only 
one of the roots is admissible. 

The reason is, that the algebraic expression is more general in its 
meaning than ordinary language ; and thus the cc|uation which rep- 
resents the conditions of the given problem, will sometimes be found 
to repi-esent the conditions of other analogous problems. 

1. A man bought a horse for a certain price. Now if he sells 
him for $24, he will lose as much per cent, as the horse cost ; re- 
quired the price of the horse. 

Let X denote the price. Then x X -|77^ , o^-TaTTj ^^^ ^ ^^® ^^^^» ^ 
he sells him for $24. Hence, we have 

or, a* — 100a; = —2400 ; 

«•— 100a;+2500 = 100 ; 
whence, x — 50 = dilO; 

or, X = 60 or 40. 

Both values of x fulfill the conditions. For, 

60X.60 = 36 ; and 60—36 = 24. 
40X.40 = 16 ; and 40—16 = 24. 

2. A person bought a number of sheep for $240 ; if lie haa 
bought 8 more for the 'same sura, each sheep would have cost $1 
less. How many sheep did he purchase ? 

240 
Let X = the number of sheep purchased ; then = cost of 

X 

one. Had he purchased 8 sheep more, the cost of one would have 

240 „ 240 ^ 240 

been—. Hence, _^1 = —^ j 

reducing, a:«+8x = 1920; 

a;«+8x+16=: 1936; 
or, ir+4=±44; 

whence, a; = 40 or — 48. 
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In tliw case only the first value of x is admissible. The negative 
result, — 48, is numerical] j the answer to the problem which would 
be formed by substituting: in the above, the word more for the word 
less, and the word loss for the word more. 

INTERPRETATION OP IMAGINARY RESULTS. 

313. We have seen that when the absolute term of a quadratic 
is ne«rative. and numerically greater than the 8(|uare of one half the 
coefficient of the second power of the unknown quantity, the roots 
of the e(|uation will be imaginary. Now the imaginary roots will 
always satisfy the e(juation, and it is necessary to ascertjiin what 
they indicate respecting the conditions of the problem which the 
equation represents. 

1. Let it be required to divide 20 into two such parts, that their 
product shall be 140. 

Let X = one part ; then 20 — x = the other. Ilenee, 
a(20— x) = 140 ; 
or, a:*— 20^ = —140, 

a«-.20x+100 = —40, 

ir— 10 = ±l/^=^, 
X = 10±l/^=40. 
The result is imwnnary ; how shall it be interpreted ? Recurring 
to the problem, we find that the gi-eatest possible product that can 
be formed by multiplying together two parts of 20, is 10x10 =: 
100, the product of the halves of 20. Thus we find that the prob- 
lem is ImpoHsible. 

2. A farmer would inclose 50 square rods in rectangular form, by 
a fence whose entire length shall be 24 rods. Required the length 
and breadth of the inclosure. 

Let X = the length, and i/ = the breadth ; 
then ^-\-I/ = 12, 

and ay = 50 ; 

a:«+2.ry+y« = 144, 

x*—2xf/+2/' = —56, 

a>-y = ±2|/— 14 ; 
whence, x = Q±V^AI, y = ^::^V^^\. 
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Thus, ap:ain, the results are imaginary. The problem, however, 
is impossible. For, if any given area is to be inclosed in rectangular 
form, the perimeter will be the leant when the figure is a square. 
But the square root of 50 exceeds 7 ; hence the field will have a 
perimeter of more than 28 rods, and can not be inclosed by a fence 
24 rods long. We conclude, therefore, 

That imaginary roots indicate impossible conditions in the 
problem. 



PBOBLEM OF THE LIGHTS. 

313. To illustrate more fully the rules of algebraic interpreta- 
tion, we present for discussion the following general 

Problem. — Find upon the line which joins two lights, A and B, 
the point which is equally illuminated by them ; admitting that the 
intensity of a light at any given distance, is equal to its intensity at 
the distance 1, divided by the square of the given distance 

c^;^ A C B c 

"i i i i i— 

Let a represent the intensity of the light A at the distance 1, 
and b the intensity of the light B at the distance 1. 

Let c denote the distance AB, between the two lights. 
Assume A as the origin of distances, and regard all distances 
measured from A toward the right as positive. 

Finally, let C denote the point of equal illumination, and let x . 
represent the distance of this point from A. Then c — x must be 
the distance of the same point from B. That is, 

AC = X, 
BC = C'-x. 
But by the conditions of the problem, the intensity of the light 

A at the distance x is —5-, and the intensity of the light B at the 

distance c — x is rr. But these intensities are equal, because 

(c^xy 
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C represents the point of equal illumination ; hence we have the 
equation, 

iL = _i_j (m) 

(e-srV h 
or, i^_^^.==_; 

a;' a 

c — X ±1/6 
or, = — !i — . 

X |/a 

By reducing this equation, we obtain two values of x, as follows : 
a,__£}/fL_; (1) 



r-|/a 



(2) 



|/tt — j/6 

Since the two values of x are real, and also unequal, we conclude, 
That (here are two points of equal Ulumination on the line Ali, 
or mi this line prodtLced, 

This is evidently the conclusion to which w6 ought to arrive by 
an algebraic solution of the problem, in order to satisfy its condi- 
tions in a general manner. For, whatever may be the relative 
intensities of the two lights, there must always be one point of 
equal illumination between them. And if the lights are of uuequal 
intensities, there must be another point of equal illumination, in the 
prolongation of the line, on the side of the lesser light. 

We will now discuss the values of x, under several hypotheses. 

Ist Suppose a> 6. 
In this case, both values of x are positive ; therefore, both points 
of equal illumination are situated to the right of A. 

The first value of x is less than c ; because , ^ — -r is less than 

ya-\-i/h 

unity, being a proper fraction. This value of a: is also greater than 

one half of c ; for we have 

-y/a^z-^a; (1) 

and since a > &, \/a-{-i/h < 2|/a. (2) 

Dividing (1) by (3), wo have, 
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l/a+i/b 2' 
and consequently, ^^!^^f ,> ^- 

Ucnce, the first point of equal illuuiinatioD is at C, between A and 
B, but nearer B than A. 

The second value of x is greater than c ; for, ^ is greater 

"|/a — "|/6 

than unity, being an improper fraction. Hence, the second point is 
at C, in the prolongation of the line beyond B. 

These conclusions are evidently correct. For, the supposition 
that a is greater than h, implies that B is the feebler light ; both 
points should therefore be nearer B than A. 

2d. Suppose a <b. 

The first value of x is positive. It is, moreover, less than one 
half of c. For we have 

|/a = i/a; (1) 

and since a < 6, l^^+l/^ > 2y^a, (2) 

Dividing (1) by (2), we obtain, 



r<rv 



ct^a c 

and therefore, —. — ; — 77 < -. 

ya-\'yb 2 

Hence, the first point of equal illumination falls between A and B, 
and nearer A than B, as it should, because A is the lesser light. 

The second value of x is negative, since the denominator, |/cr — -^^h, 
is negative. 

Now in the statement of this problem, we considered distances 
reckoned from A toward the right as positive ) hence, according to 
the rule for interpreting negative results, previously established, 
(181), we must consider the negative result in this case, as a 
distance to be reckoned from A toward the left. Hence, the second 
point will be situated to the left of A, at C". And this is as it should 
be, because A, under the present supposition, is the lesser light 



1 
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3d. Suppose a== b. 

J* 
In this case, the first value of x is positive, and equal to - • 

Hence the first point of equal illumination is midway between A 
and B. 

The second value of ar is -L— ^ oo. This result indicates that 

there is no other point of equal illumination in the line AB, or in 
AB produced, «t a finite distance IVnni A. 

These conclusions are obviously correct. For, under the present 
supposition, the two lijrhts are e(|nally intense. Hence any point, 
to be equally illuminated by them, must be e(|ually distant from 
them ; and the only point which fulfills this condition is the })oint 
midway between them. 

If, however, we consider a and h as two varying quantities, at fii-st 
unequal, but continually approaching equality, then the sec(»nd value 
of J' will become greater and greater by degrees, until it reaches 
infinity. Under these conditions, the second point of e(|ual illumi- 
nation will continually recede from A, moving toward the right or 
toward the left, according as a is greater, or less than Z», until it is 
finally removed to an infinite distance. In this view of the case, it 
is soihctimes said that there are two points of equal illumination, 
under the hypothesis, a =z b} one point being at an wfinlte distance 
from A. 

4th. Suppose a = b and c = 0. 

The first value of x reduces to -— r- = : hence the first point 

2y/a * 

. IS situated at A. 

The second value of x is _ , the symbol of indetermination ; 

(188, 4). This result shows that there are an infinite number of 
other pdints equally illununated by the two lights. 

These interpretations are evidently correct. For, as the lights, 
under the present hypothesis, are equally intense, and both situated 
at A, every point in space must be equally illuminated by them 

5. Sni>pose c = 0, and a > 6 or a < 6. 
Both values of x now reduce to ; and the common rule for 
interpreting zero might lead us to suppose that the two points of 
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equal illmDiDation coincide with the point A. But this conclusion 
is not strictly correct; for it is obvious that when two lights, of 
unequal intensities, occupy the same place, there is no point in space 
equally illuminated by them ; not even the point in which they are 
both situated. 

Let us return to the original equation (wi), which truly represents 
the conditions of the problem. If we put c = 0, the result is 

a h 

an equation which can not be satisfied hi/ any value of x whatever j 
while a^ b or a <^b. For by substituting any value for x we 
shall always obtain two unequal fractions. If a; = 0, the two mem- 
bers are two unequal infinities. 

We conclude, therefore, that under the supposition, c = 0, while 
a and b are unequal, the problem faih altogether, and is impossible. 

Thus wo learn that zero may be the answer to a possible, or an 
impossible problem. And whenever we obtain this symbol as the 
result of a solution, we must not interpret it on the assumption that 
the thing required in the problem is possible ; but we must first 
determine whether the conditions are rational or absurd, by consid- 
ering the nature of the problem, or by substituting zero in the 
original equation. 
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314. It will be found that some of the following problems 
may bo solved by a single unknown quantity, while others require 
two. Still others may be conveniently solved by means of either 
one or two letters. It is left to the judgment and skill of the 
learner to discover the mode of solution, in each example, which is 
most simple. 

1. It is required to divide the number 14 into two such parts, 
irhat 9 times the quotient of the greater divided by the less, may be 
equal to 16 times the quotient of the less divided by the greater. 

Ans, 8 and 6. 
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2. A company, dining at an inn, agreed to pay $3.50 for the 
entertainment; but before the bill was presented, two of the party 
left, in consequence of which each of the othera had to pay 20 
cents more than if all had been present. How many persona 
dined? Ans. 7. 

3. There is a certain number, which being subtracted from 22, 
and the remainder multiplied by the number, tlie product will be 
117. • What is the number ? Ans. 13 or 9. 

4. It is required to divide the number 18 into two such parts, 
that the squares of these parte may be to each other as 25 to 16. 

Ans, 10 and 8. 

5. The difference of two numbers is 4, and their sura multiplied 
by the difference of their second powers, is 1600. What are the 
numbei-s ? Ans. 12 and 8. 

6. What two numbers are those whose difference is to the less aA 
4 to 3, and whose product multiplied by the less is equal to 504 ? 

Ans. 14 and 6. 

7. A man purchased a field, whose length was to its breadth as 8 
to 5. The number of dollars paid per acre was equal to the number 
of rods in the length of the field ; and the number of dollars given 
for the whole was equal to 13 times the number of rods round the 
field. Required the length and breadth of the field. 

Ans. Length, 104 rods; breadth, 65 rods. 

8. There is a stack of hay, whose length is to its breadth as 5 to 
4, and whose height is to ite breadth as 7 to 8. It is worth as many 
cente per cubic foot as it is feet in breadth ; and the whole is worth 
at that rate 224 times as many cents as there are square feet on the 
bottom. Kequired the dimensions of the stack. 

Ans. Length, 20 feet ; breadth, 16 feet ; height, 14 feet. 

9. There is a number, to which if you add 7 and extract the 
square root of the sum, and to which if you add 16 and extract the 
square root of the sum, the sum of the two roots will be 9. What 
is the number? Ans, 9 

Note. — Represent the number by aj" — ^7. 

10. A and B together carried 100 eggs to market, and each 
received the same sum. If A had carried as many as B, he would 
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have received 18 pence for them ; and if B had taken as many as 
A, he would have received 8 pence. How miiny had each 1* 

Ans. A 40, and B 60. 

11. The sum of two numbers is 6, and the sum of their cubes is 
72. What are the numbers ? Ans, 4 and 2. 

12. A man traveled 36 miles in a certain number of hours ; if he 
had traveled one mile more per hour, he would have required 3 
hours less to perform his journey. Uow many miles did he travel 
per hour ? Ans. 3 miles. 

13. The sum of two numbers is 100, the difference of their 
squure roots is two ; what are the numbers ? Ans. 36 and 64. 

14. A gentleman bought a number of pieces of cloth for 075 
dollars, which he sold again at 48 dollars a piece, and gained by the 
bargain as much as one piece cost him. What was the number of 
pieces? Atis. 15. 

15. A merchant sold a piece of cloth for 39 dollars, and gained 
88 much per cent, as it cost him. What did he pay for it ? 

Ans. ^30. 

16. A merchant sent for a piece of goods and paid a certain 
sum for it, besides 4 per cent, for carriage ; he sold it for l?300, and 
and thus gained as much per cent, on the cost and carriage as the 
12th part of the purchase money amounted to. For how much did 
he buy it ? Ans. 8300. 

17. From two towns, 396 miles apart, two persons, A and B, set 
out at the same time, and traveled toward each other ; after as many 
days tis .are equal to the difference of miles they traveled per day, they 
met, when it appeared that A had traveled 216 miles. Ilow many 
miles did each travel per day ? Ans. A, 36 ; B, 30. 

18. Divide the number 60 into two such parts that their product 
shall be 704. Ans. 44 and 16. 

19. A vintner sells 7 dozen of sheny and 12 dozen of claret for 
£50, and finds that he has sold 3 dozen more of sherry for £10 
than he has of claret for £6. Required the price of each. 

Ans. Sherry, £2 per dozen ; claret, £3. 
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20. A set out from C towards D, and traveled 7 miles a day. 
After he had gone 32 miles, B set out from D towards C, aud went 
every day j*g of the whole journey; and after he had traveled as 
many days as he went miles in a day, he met A. Required the 
distance from C to D. jl?w. 76 or 152 miles. 

21. A farmer received $24 for a certain quantity of wheat, and 
an equal sura at a price 25 cents less per bushel for a quantity of 
barley, which exceeded the quantity of wheat by 16 bushels, llow 
many bushels were there of each ? 

Alts, 32 bu.shcls of wheat and 48 of barley. 

22. Two travelers, A and B, set out to meet each other, A leaving 
C at the same time that B loft D. They traveled the direct road, 
and met 18 miles from the half-way point between C and D; and 
it appeared that A could have traveled B's dii^tance in 15| days, 
and B could have traveled A's distance in 28 days. Rcf|uired the 
distance between and D. Ans, 252 miles. 

23. Find two numbers, whose difference, multiplied by the differ- 
ence of their S(|uares, is 32, and whose sum, multiplied by the sum 
of their squares, is 272. Ans, 5 and 3. 

24. A and B hired a pasture at a certain rate per week, agreeing 
that each should pay according to the number of animals he should 
have in the pasture. At first A put in 4 horses, and B as many as 
cost him 18 shillings a week; afterward B put in 2 additional 
horses, and found that he must pay 20 shillings a week. At what 
rate was the pasture hired ? Aus, 30 shillings per week. 

25. If a certain number* be divided by the product of its two 
digits, the quotient will be 2; and if 27 be added to the nuujber, 
the digits will be inverted. What is the number ? Ans. 36. 

26. It is required to find three numbers, such that the difference 
of the first and second shall exceed the difference of the second and 
third by 6, the sum of the numbers shall be 33, and the sum of 
the s(|uares 441. Ans. 4, 13, and 16. 

27. AVhat two numbers are those whose product is 24, and whose 
Hum added to the sum of their squares is 62 ? Am. 4 and 6. 
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28. It is required to find two numbers, such that if their product 
be added to their sum, the result shall be 47 ; and if their sum be 
taken from the sum of their squares, the remainder shall be 62. 

Ang. 7 and 5. 

Note.— In many examples of two unknown quantities, giving rise to 
gymmetrieal equations, it will be found conyenicnt to denote one of the 
unknown quantities by x+jf, and the other by x^p. 

29. The sum of two numbers is 27, and the sum of their cubes 
is 5103. What are the numbers ? Ans, 12 and 15. 

30. The sura of two numbers is 9, and the sum of their fourth 
powers is 2417. What are the numbers ? Ans, 7 and 2. 

31. The product of two numbers multiplied by the sum of their 
squares, is 1248 ; and the difference of their squares is 20. What 
are the numbers ? Ans, 6 and 4. 

32. Two men are employed to do a piece of work, which they 
can finish in 12 days. In how many days could each do the work 
alone^ provided it would take one 10 days longer than the other ? 

Ans. One in 20 days ; the other in 30 days. 

33. The joint stock of two partners was $1000 ; A's money was 
in trade 9 months, and B*s 6 months 3 when they shared stock and 
gain, A received $1,140 and 13 $640. What was each man's stock? 

Ans, A's, $600 ; B's, $400. 

34. A speculator, going out to buy cattle, met with four droves. 
In the second were 4 more than 4 times the square root of one half 
the number in the first; the third contained three times as many 
as the first and second ; the fourth was o*ne half the number in the 
third, and 10 more; and the whole number in the four droves was 
1121. How many were in each drove ? 

Ans. 1st, 162 ; 2d, 40 ; 3d, 606 ; 4th, 313. 

35. Find two numbers, such that if the sum of their squares be 
subtracted from three times their product, 11 will remain; and if 
the difference of their squares be subtracted from twice their prod- 
uct, the remainder will be 14. Ans. 3 and 5. 

36. Divide the number 20 into two such parts, that the product 
of their squares shall be 9216. Ans. 12 and 8. 



Ans, 
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37. Divide the number a into two such parts, that the product 
df their squares shall be b, 

C Greater part, | + ~ (««— 4|/2»)i 

( Less part, | — 2 («"— 4i/2>)*. 

38. The greater of two numbers is a* times the less, and the 
product of the two is 6*. Find the numbers. Ans. - , and ah, 

39. A certain number is formed by the product of three consec- 
utive numbers; and if it be divided by each of them in turn, the 
sum of the quotients will be 74. What is the number? 

^^ j 120; that is, 4-5-6; or 

i —120 ; that is, (—4) • (—5) • (—6). 

40. An engraving, whose length was twice its breadth was mounted 
on Bristol board, so as to have a margin 3 inches wide, and equal 
in area to the engraving, lacking 36 inches. Find the width of 
the engiaving. Ans, 12 inches. 

41. A man has two square lots of unequal dimensions, containing 
together 25 A. 100 P. If the lots were contiguous to each other, 
it would require 280 rods of fence to embrace them in a sinirle in- 
clusure of six sides. Required the dimensions of the two lots. 

Ann, 62 rods and 16 rods, 60 rods and 40 rods. 

42. A person has £1800, which he divides into two portions, and 
lends at different rates of interest. He finds that the incomes from 
the two portions are equal ; but if the first portion had been lent 
at the second rate of interest it would have produced £36, and if 
the second portion had been lent at the first rate of interest it would 
have produced £49. Find the rates of interest. 

A.ts, 7 and 6 per cent. 

43. A sets out from London to York, and B at the same time 
from York to London, both traveling uniformly. A reaches York 
25 hours, and B reaches London 36 houre, after they have met on 
the road. Find in what time each has performed the journey. 

Ans. A, 55 hours; B, 66 hours. 

44. A owns a village lot, in square form, containing 36 square 
rods ; B owns the adjacent lot on the same street, which is also a 
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square, but greater than A's. Now if A should purchase all the 
front of IVs. lot, so as to extend the rear boundary line of his own 
through l>'s lot, parallel to the street, the two neighbors would pos- 
seftS etiual quantities of laud. Find the length of one side of B*s 
lot. Au8. 6(1+ 1/2) rods. 

45. There are three numerical quantities having the following 
relations to each other ; — the sum of the s(|uares of the firat and 
second, added to the first and second, is 82 ; the sum of the sijuares 
of the first and third, added to the first and third, is 42 ; and the 
sum of the s(|uares of the second and third, added to the second 

and third, is 50. lle(|uired the quantities. 

( 1st, 3 or 
Am. 



I 1st, 3 or — 4 ; 
2d, 4 or— 5; 
3d, 5 or —6. 



46. What is the side of that cube which contains as many solid 
units as there are linear units in the diagonal through its opposite 
corners. Ans. \/3. 

47. It is required to find two quantities such that their sum, theii 
pnxluct, and the sum of their squares, shall all be equal to each 
other. Am. ^(3±V'~3), and ^{Szf\/—S). 

48. Find those two numbers whose sum, product, and difference 
of their s<|uares, are all equal to each other. 

Aas. i(S±i/5), and Kl:*:/^)- 

49. Find two numbers, such that their product shall be equal to 
the ilifforcnce of their squares, antl the sum of their squares shall 
be e<itial to the difference of their cubes. 

An*. ±:ii/5, and ](5di|/5). 
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SECTION VI. 

PUOrORTlON, AND THE THEOUY OF PERMUTATLONS 
AND COxAlBlNATlONS 

rilorORTION. 

3I*?. Two r^nantitics of the same kind may bo compared, and 
Uicir iiuiiicricul relation dctcrniiucd, by finding how many times one 
coij tains the other. This mode of comparison gives rise to ratio 
and jtrojtfjt'fioiu 

310. Ratio is the quotient of one quantity divided by another 
of the snmc kind reiTiirded as a standard of comparison. 

There are two methods of indicating the ratio of two quantities. 

Ist. Hy writing the divisor before the dividend, with two dots 
between them; thuSy 

a : b 

indicates the ratio of a to h, where a b the divisor and h the 
dividend. 

2d. In the form of a fraction ; thus, the ratio of a to & may be 

written b 



317. A Compound Ratio is the product of two or more ratios. 
Thus, 

Simple ratios, {c]d 

Compound ratio, dc : Id 

318. The Duplicate Ratio of two quantities is the ratio of 
•heir squares. 

319. The Triplicate Ratio of two quantities is the ratio of 
.heir cubes. 

320. Proportion is an equality of ratios. Thus, if two quan- 
ities, a and b, have the same ratio as two other q antities, c and d, 

23 
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the four quantities, a, h, c^ d, taken in their order, are said to he 
proportional. 

Proportion may bo written in two ways ; thus. 
a : b::e : <f, 
which is read, aisto&ascistoc?; or thuSy 

a I b =1 c I d^ 
which may be read as the other, or, the ratio of a to & is equal to 
the ratio of c to d. The second method of writing proportion is rec- 
ommended as the more appropriate. 

331. A Couplet is the two quantities which form a ratio. 

333. The Terms of a proportion are the four quantities which 
are compared. 

333. The Antecedents in a proportion are the first terms of 
the two couplets; or the Jirst and third terms of the proportion. 

334. The Consequents in a proportion are the second terms of 
the two couplets ; or the second and fourth terms of the proportion. 

33«S. The Extremes in a proportion are the Jirst and fourth 
terms. 

336. The Means in a proportion are the second and third terms. 

337. When the first of a series of quantities has the same ratio 
to the second, as the second has to the third, as the third to the 
fourth, and so on, the several quantities are said to be in continued 
proportion^ and any one of them is a mean proportional between 
the two adjacent ones. Thus, if 

all) '=zh \ c ^ci d^d : ey 
then a, h, c, d, and e are in continued proportion, and & is a mean 
proportional between a and c, c a mean proportional between h and 
d) and so on. 

338. One quantity is said to vary directly as another when the 
two quantities, by reason of their mutual dependence, have always 
a constant ratio, so that if one be changed the other will be changed 
in the same proportion. 

Thus, for illustration, suppose, in the purchase of a commodity, a 
certain quantity, A, costs a certain sum, B, Now if the price of 
unity remain the same, it is evident that 2 A will cost 23 ; ZA will 
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cost 3^ ; and in general, mA will cost mB. In this case the cost 
is said to vary directly as the quantity. 

339. One quantity is said to vary inversely as another when 
the first has a constant ratio to the reciprocal of the other. 

330. One quantity is said to vary as two others jointly, when it 
has a constant ratio to the product of the two. 

331. The Sign of Variation is the symbol oc ; thus, the expres- 
sion, Ace B, signifies that A yaries as B. 

From the definition of yariation, it is evident that the expression, 
Ace By\& equivalent to the proportion, 

A\B=zm:\, 
where m is a constant. This proportion gives 

A = mB. 
Hence the general truth, 

If A vary as B, then A is equal to B multiplied by some constaii 
quantity. 

PBOPOSITIONS IN PBOPORTION. 

333. A Proposition is the statement of a truth to be demon 
Btrated, or of a problem to be solved. 

333. A Scholium is a remark showing the application or limit- 
ation of a preceding proposition. 

334. If in the proportion 

a : 5 = c : cf , 
the second method of indicating ratio be employed, we have 

h d 
a c 

which is the fundamental equation of proportion ; and any proposi- 
tion relating to proportion will be proved, when shown to be con- 
sistent with this equation. 

Proposition I. — In every proportion, the product of the ex* 
trenies is equal to the product of the m^eans. 
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Let a:h=z c:d represent any pTopordon j 

then by formula {A)^ ~ = - 1 

a e 

clearing of fractiona, he = ad. 

That by the product of b and c, the means, is equal to the prod- 
uct of a and d, the extremes. 

Scholium. — From the last equation, we hare 



(1) 



The first mean, 


6 = --!' 

e 


The second mean, 


ad 


The first extreme^ 


he 


The second extreme, 

• 


a 



® 



llence, 

Ist Either mean u equal to the j^roduct of the extremeB divided 
bjf the otJier mean. (1) 

2d. Either extreme u equal to the product of the means divided 
hjf the other extreme, (2) 

I^BOPOSITION n. — Conversely: — If the product of two qnaniilirt 
IS equal to the protfuct of two others^ then two of tJkifm may be taken 
for tl^e means, and the other two for the extremes of a proportion. 

Let be z=z ad, 

b d 
Diyiding by oc, - = - ) 

hence by formula {A\ o : 6 = c : cf, 

in which the factors of the first product, he, are the means, and 

the factors of the second product, at/, are the extremes. 

Proposition III. — Ifffmr quantities he in proportion, they wtU 
he in pr'tportion hy ALTERNATION ; that is, the antecetlents wiU ht 
to each other as the consequents. 

Let a :h=c:d} 

tlicn by formuk (4), -=- } (i) 

a c 
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he 
luultipljing (1) by c, — = (f ; (2) 

dividiDg (2) by 6, - = - J O 

a 6 

hence, a : c = 5 : cf , 

in which a and c, the antccedentJi of the given proportion, are pro- 
portional to b and d, the consequents of the given proportion. 

Proposition IV. — If /our quantities he in proportion^ iheif wiH he 
in projwrtion by INVERSION ; tl^at is, the second mill be to thejirst^ 
CLs the fourth to the third. 

Let a : &=se : J; 

h d 
then by formula (-4), — = — J 

a e 

clearing of fractions, hc^(Md\ 

hence by Prop. II, 5 : a = c^ : c. 

Scholium. — The last two propositions are but modifications of 

Prop. II. Thup we learn that Irom every equation three difierent 

forms of proportion may be derived. 

Let ad:=hc\ 

then, a ih^^c \ d\ 

or, a : c = 6 : rf ; 

or, 6 : a = c? : c. 

Proposition V. — Quantities irhuh are proportional to the same 
qnaittities are jtroportional to each other. 



If 




a : 2» == m : n, 


m 


and 




c : c7 = m : », 


» 


we are to prove 


thai 


aib^c id. 




From (1), 




h n 




from (2), 




d n 




hence, 




h d. 




or, 




a : 6 = e : dL 





23* 
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Proposition VT. — l/fovr magnitude** he in proportion^ (hey muKi 
he in proportion, hy COMl>OSlTlON or DIVISION; /Ao/ «, the first is to 
the sum or difference of tJie first and second^ as the third is to the 
hum or difference of the third and fourth. 

K aihzzzeidf 

we are to prore tliat a : a±,h = c : c±€?. 



9) 



By fonnnla W), 


V Ur 


wliencOy 


'a * c 


or, 


a c ' 


from (2), 


a+6 c+<i 
a - c ' 


from (8), 


a — h c— ^ 
a - c ' 


hence from (4), 


a : a+ft = c : c-|-<?; 


and from (^, 


a : a — & = c : o— <f. 


Scholium.— In like 


manner, it may be shown that 




o-f-^ ' h = c-f-«^ : rf, 




a — 6 : h = c — d : rf. 



9) 



Proposition Vll. — If four quantities he in proportion^ the sum 
of the first and second is to their difference, as the sum of the third 
and fourth is to their difference. 

If a : 5 = c : <f, 

we are to prove that a-^-h : a — h = c-^-d : c — d. 
By Prop. VI, a : a+fi = e : c-^-d ; (1) 

also, aia — h=zeic — cf; 9) 

from(l), ±±? ==£!£; (S) 

' a c 

a — 6 0— <f. 

from (2), = 5 W 

dividing (4) by (8), ^ = 5^' W 

whence^ a-f-ft s a — ^ = c4-<^ • o— <^. 
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Proposition Vm. — If there he a proportion^ consisting of three 
or more equal ratios, then eitlier antecedent vriU he to'its consequent, 
as the. sum of aU the antecedents is to the sum of aU the consequents. 

Suppose o : 5 = c : c? = e : /= g :h=, etc. 
Then bj comparing the ratio, a : h, first with itself, and after- 
ward with each of the following ratios in succession, we obtain 

ah = haj 

ad= hcj 

af=he, 

ah =r= hg, etc. ; 

whence, a(6-f-^+/+^+ ®*^) = ^("+^+^+5'+ etc.), 
or, a : 6 = a--\-c-\-e-\-g--\- etc. : h-\-d-\-f-\-h-^' etc. 

Proposition IX. — If four quantities he in proportion, the terms 
of either couplet may he multiplied or divided hy any number, and 
the results wHl he proportionaL 

Let a : h =c : d} 

h d 
then, — z= — 

' a c 

And since the value of a fraction is not changed bj multiplying or 
dividing both of its terms by the same number, we have 

nh d ^j 



na c 




h nd 
or, - = — ; 

' a nc' 


(2) 


in which n ma j be either integral or fractional. 


If n be integral, 


we have, from (1) and (2), 





na : nh := c : df (8) 

a : h =z nc : nd ; (4) 

m which the terms of the given couplets are multiplied. But put 

n = — ; then (8) and (4) become 



m 

a h 



- :-=c:d, (6) 

m m 



y e d ,^ 

«> = -:- 5 m 

m m 



in which the given terms are divided. 
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Proposition X. — Jf four qvtnttttipfi he h prtvimrfton^ either' the 
antereileitti or the coitaetjHfntu mni/ ttv nniitipHtif nr t/irit/nt tttf avy 
number, and the regatta iu s^cvrij aitw icl/t U- jfru2»*Jt'tionaL 

Let a : L z=z c : d} 

then, ^-^^^j (1) 

, nb nd 

whence, — ~ — • (8) 

o c 

b d 
or, -=-; (3) 

na uc ' 

in whichfi may bo cither integral or fractional. If n he integral, 

we have from (Ji) and (li), 

a:nh = c I nd; (4) 

na : b = iic : d; (•'>) 

in which the given antecedents and consequents arc niuhii'lLed. .Put 

«==-.; then (4) and (5) become 
m 

b d 



a c 

— : b =z - : di 

m m 

in which the given antecedents and consequents are divided. 

Proposition XT. — If four quant It tea which, nre lu pmpnrtnm, f,> 
muitijf/ied or divided^ tf-rm hy temi^ bjf fimr othtr qmthtltlts idsn ,'y. 
proportion J tJie products, or quotieittSj taken in oi'dvr, uriil l/t- jn'^J^^'f 
tional. 

If a:b=zc:d, (1) 

and a; : ^ = m : n, (2) 

then we are to prove that 

ax : hi/ = cm : dn, 

, abed 

and —:—= — : — 

X f/ m n 

From (1) and (2), we obtain 

ad =r 7>c ; (8) 

xn = j/m ; (4) 
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multiplying (3) by (4), {ax){fln) = {hy)(rm) ; (5) 

d«ai.,«,b,«. (:-)(:^)=(;-)a)> ,« 

whence, from (5)^ oos : 2>y = cm : Jn ; 

^ /. /»v abed 

and from (o), —: — = —: — 

(c y m n 

Proposition XII. — If four quantities he in proportion, Itk^ 

powers or roots of the same qiuzntUies will be in jpro^njrtion. 

Let a lb ^=zc id) 

, h d 

then — =s — • /i\ 

a c ^^> 

Raising (1) to the nth power, also taking the rath root of the same, 
il = --, (2) 



6- rf« 



(» 



Hence from (2), a* : 6* = <-• : d* ; 

J- i- J. JL 
and from (3), a- : 6« = c» : rf*. 

Proposition XIII. — If three quantities be in continued propor- 
tion, the product of the extremes is equal to the square of tlie mean. 
Let a ib = b I c, 

then by Prop. I, ac = bb=z b\ 

ScuoLiUM. — Taking the square root of the last equation, we have 
b = Vac ; hence, 

The mean proportional between two quantities is equal to tJie square 
root of their product. 

Proposition XIV. — If three quantities be in continued propor- 
tion^ the first is to the third, as the square of the first is to tlie stjuare 
of the second ; that is, in the duplicate ratio of the first and second. 

Let aib = b I c) 

then b^zsza/C) 

multiplying by a, ah* = a*c ; 

whence, by Prop. 11, aicsssa* ib\ 

8 
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Proposition XV. — If f<mr quantitiei he in cotttinued propor* 
tion, tlie first is to tlie fourth^ as the cube of the first is to tJie cube 
of the second; that is, in the triplicate ratio of tlie first and second. 

Let a : b := b : c = c : d'f 

then ac = b*, 0) 

and c^^ibd', (2) 

multiplying (1) by (2), ac* = Vd ; 

whence, by Prop. II, a : <f = &• : c' ; 

or, a id=ia^ I b*. 



PROBLEMS IN PROPORTION. 

To show some of the applications of the preceding principles, we 
give the following problems : 

.1. Find two nnmbera, the greater of which shall be to the less 
as their sum to 42, and as their difference to 6. 

Let X = the greater, and y = the less. 

By the conditions, i ' ' 

•^ ' la; :y = a;— y :6. (2) 

Prop. V, rc+y : 42 = aj— y : 6, (3) 

Prop. Ill, x+y : aj— y = 42 : 6, (4) 

Prop. Vn, 2x : 2y = 48 : 86, (5) 

Prop. IX, a;:y==4:8, (fl) 

From (1) and W, Prop. V, 4 : 8 = aj+y : 42, (7) 

«< (2) " (6), << " 4 : 8 = aj— y : 6, (8> 

« (7), Prop. I, a;+y = 66, 

« (8) " ** «— y = 8; 

whence, aj = 82) 

and y = 24j^^- 

2. Divide the number 14 into two such parts that the quotient 
of the greater divided by the less, shall be to the quotient of the 
less divided by the greater, aa 16 to 9. 
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Let X = the greater, then 14 — x = tlie bss. 

/*• '\.\. X 

By the conditions, =-r — : = 16 : 9. 

•^ 14 — X X 

Multiplying terms, Prop. IX, x* : (14 — xy = 16 : 9, 
extracting square root, x : 14 — x = 4:3, 

by composition, Prop. VI, a; : 14 = 4 : 7, 

dividing consequents, a; : 2 = 4 : 1^ 

''^*'"''"> U-lZl} 



Ans. 



8. There are three numbers in continued proportion; their sum 
is 52, and the sum of the extremes is to the mean as 10 to 3. Be- 
quired the numbers. 

Three numbers in continued proportion may be represented by 
a?, xy, xi/*'f for we observe that the product of the extremes will 
then be equal to the square of the mean. Hence, 

^ , 1. . ( x+^I/+^^^ = 52, (1) 

By the conditions, \ T. ,^ « L 

^ ' ( xi/*+x : xy = 10 : 3. (2) 

From (2), y +1 : y = 10 : 3, (3) 

or, y«+l : 2y = 10 : 6, (4) 
by Prop. \^I, y*+2y+l : y'— 2y+l = 16:4, 

taking square root, y+1 • y — I = 4:2, 

by Prop. Vn, 2y : 2 = 6 : 2, 

or, y : 1 = 3 : 1, 

whence, y = 3 1 

and from (1), a; = 4 ) * 

4. The product of two numbers is 112 ; and the diflference of 
their cubes is to the cube of their difference, as 31 to 3. What are 
the numbers? 

By the conditions, I . . , ''K'^ll^^ ^. 

^ I x*—t/* : (x— y)» = 31 : 3. (2) 

From (2), Prop. IX, x"+xy+/ : x"--2xy+y" = 31 : 3, (3) 

by Prop. VI, 3xy : (x— y)* = 28 : 3, (4) 

by substitution, 336 : (x—t/y = 28 : 3, (5) 

whence, 1^—2/7 = S6, (6) 

or, X— y = 6. (7) 

From (1) and (7), we obtain x = 14, y = 8 
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5. What {wo Dnmbcrs are those whose difference is to theii sum 
as 2 to 9, and whose sum is to their [truduct as lb to 77 't 

Let X and y represent the d umbel's. 

By the conditirtis, \ ^'^ = ^+y == 2 : 0, (1, 

From (1), Prop. VII, 2^ : 2y = 1 1 : 7, (3) 

« = !!-. u) 

From (2), by substitution, -=^ : -^— = 18 : 77, (5) 

7 I ' 

by Prop. IX, 18y : 1 1/ = 18 : 77, (6) 

or, 18 : lly = 18 : 77, (T) 

or, 1 : y = 1 : 7, (8) 
whence, y = 7. 

6. Two numbers have such a rehition to each other, that if 4 be 
added to each, they will le in proportion at* 3 to 4; :.nd if 4 lie 
subtracted from each, they will be to each other as 1 to 4. What 
are the numbers ? Jrat. 5 and 8. 

7. Divide the number 27 into two such parts, ttiat their product 
shall be to the sum of their squares as 20 to 41. 

Ans. 12 and lo. 

8. In a mixture of rum and brandy, the difference between the 
quantities of each is to the quantity of bnindy. as 100 is to the 
number of gallons of rum ; and the same differt-iice is to the quan- 
tity of rum, as 4 to the number of gallons of brandy. II nw ninny 
gallons are there of each? Ans. 25 of rum, and 5 of bnindy. 

9. There are two numbers whose product is 320 ; and the differ- 
ence of their cubes is to the cube of their difference as 01 to 1 
What are the numberj? Ans. 20 ai d 16. 

Note. — In the last example, put x-\-y = the greater, an^l x—p = the less. 

10. Divide 60 into two such parts, that their pro luct shall be to 
the sum of their squares as 2 to 5. Ans. 40 and 20. 

11. There are two numbers which are to each other as 3 to 2. 
If 6 be added to the greater and subtracted from the less, the sum 
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and the remainder will be to each other as 3 to 1. Wliat are the 
nuiubci-s? An8. 24 and It). 

12. There are two numbers which are to each other as 16 to 0, 
and 24 ib a mean proportiuual between them. What ar« the num- 
bers? Ans, 82 and 18. 

IB. The sum of two numbers is to their difference as 4 to 1, and 
the sum ul their Miuares la tu ihe greater as 102 to 5. What are 
the numbers? / Ans, 15 and 9. 

14. The number 20 is divided into two parts, which are to each 
other in the duplicate ratio of 3 to 1. Find the mean proportional 
between these parts. Aim. 6. 

15. There are two numbers in the proportion of 3 to 2; and if be 
added to the greater, and subtracted from the less, the results will 
bo as 9 to 4. What are tlio numbers ? Ans, 39 and 26. 

If). There are three numbers in continued proportion. The 
piHidui't of the fii'st and second is to the product of the second and 
third, an the tii'st is to twice the second ; and the sum of the first 
and third is 800. What are the numbers ? 

An». 60, 120 and 240. 

17. The sura of the cubes of two numbers is to the difference of 
their cubes, as 559 to 127 ; and the si|uare of the tii-st, multiplied 
b}' the second, is equal to 294. What are the numbers ? 

Ans, 7 and 6. 
18.. The cube of the first of two numbers is to the s(|uare of the 
S(*C(md as 8 to 1, and the cube of the scctmd is to the S4|uare of the 
first aa 90 to 1. What are the uumbei*s ? 

Ans. 12 and 24. 

10. Given the proportion (j:-fl)* : (:c— 1/ = 2(.r+l)* : (.r— 1)«, 

to find the value of x. . i/2+l 

Ahs, - — ; — = 
v/2-1 

20. Prove that « : 6 = c : #7, when 
(a+^+c+t/) (a— i»— c+tO = (a— 6+c— (/) (a+l c d). 



278 PERMUTATIOirS AND COMBINATIONS. 



PERMUTATIONS AND COMBINATIONa 

33tS. The Permutations of things are the different results 
obtained by placing the things in every possible order. In form- 
ing permutations, all of the given elements, or a part only, may be 
taken at a time ; but in any proposed system, the different results 
must contain the same number of things. 

ThuS; the permutations of the letters, a, h, c, taken two at a time, 
are 

a&, ha, CLC, ca, hcy ch. 

The permutations of tbe same letters taken all al a time, are 

cab, acbj ahcj cha^ hca, hac 

Note. — The results obtained by permuting things, where less than all 
are taken at a time, are sometimes called variations or aiTangements ; the 
word permutation» would then be restricted to the case in wliich aU the 
thbigs are taken at a time. 

336. The Gombinatioiifl of things are the different collections 
that can be formed out of them, without regarding the order in 
which the things are placed, the same number of elements entering 
into all the results. 

Thus, the combinations of the letters, a, 6, c, taken two at a time, 
are 

ah, ac, he. 

It will be observed that if the letters be regarded as /actors, the 
con^jinations which may be formed by taking n at a time will con- 
stitute all the different products of the nth degree, of which the 
letters are capable. 

337. To find the number of permtUatwns of n (kings taken r 
at a time. 

Suppose the things to be n letters, a, 6, c, d 

First : — ^If we take each of the n letters by itself, there will be in 
every case n — 1 other letters, or n — 1 reserved letters. 

Now if to each of the n letters we annex each of the reserved 
letters successively, we shall form all the permutations with two 
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letters each, of which the n letters are susceptihle. But we shall 
ohtdin every time, n — 1 results ; thus, 

with a, ah, ac, ad^,...^ (n — 1 results) ; 

'< h, bay he, hd,...., « « 

« c, ca, cb, cd,....y « " 

« rf, da, dh, dc, ..., « " 

etc. etc. etc. 

Now since there are n letters, each to he comhiDed with n — 1 re 
served letters, there will be in all n{n — 1) results. That is, 

The number of permutations of n letters taken two at a timej is 
n(n-l). 

Second : — If we consider each of the permutations of the n let- 
ters with two in a sot, apart from the other letters, there will be in 
every case n — 2 reserved letters. Hence, to permute the n letters 
with three in a set, we shall have n — 2 reserved letters, to be annexed 
successively to each of the n(n — 1) permutations with two in a set, 
thus forming n(n — l)(n — 2) new results. That is. 

The number of permutations of n letters taken three aJt a time, is 
n(n— 1) (n— 2). 

If the permutations of the n letters taken r — 1 at a time were 
formed, there would be with respect to each, n — (r — 1), or n — r+l, 
reserved letters. And we might conjecture from the two preceding 
cases, that the number of permutations of n letters taken r at a time, is 

fi(w— 1) (n— 2) .... (n— r+1). (A) 

or, the product of the natural numbers from n down to n — r-|-l, 
inclusive. 

This may be demonstrated in a general manner, as follows : 
Let X and x' represent any two consecutive numbers less than n, 
80 that a+l = x\ (1) 

Lot P represent the permutations of n letters taken x in a set, 
and P' the number of permutations of the letters taken x-^-l or 
x' in a set. 

Now if we consider each of the P permutations apart from the 
other letters, there will be in every case n — x reserved letters. 
Thus we have n — x reserved letters to be annexed successively to 
each of the P permutations, in order to form the P' permutations 
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with y+l or X* letters in a sot. This will pjive /^«— r) rosiilt? : 
and we tlicrelurc huve 

/Xn— a) = /'. (2) 

Now we will show that if, according to the law already enunciated, 

P = »(«— 1 ) (/I— 2) .... («— J--I- 1 ), (8) 

then the value of V will be expressed hj a similar f<»niiula. For, 
multiply both members of ofjuntion (•?) by w — -r, and c<iuate the 
result with the second member of (2) ; we have 

i'' = wOi— 1) (ii~2) •..(«— x). (4) 

But from equation (1), we have 

X = x'—\. 
Substituting this value of x in equation W, gives 

r = w(m— 1 ) (»— 2) .... (n— ^'+ 1 ). (5) 
Equations (3) and (5) are similar in fonii. Thus we have shown 
that if fbniiula (.4 ) holds when tlio letters are taken x at a time, it 
will hold when the letters are taken x-\-\ at a time. But it has 
been proved to hold when the letters are taken three at a time ; 
hence it holds when they are taken four at a time ; hence also it 
holds when they are taken five at a time, and so on. Thus it is 
true universally. 

NoTK. — In tlie practical application of formnln {A\ It will he well to 
rcmiMulier that the numl>cr of factors is cquid to the uumhcr of letters 
taken in a set 

3tlH. To find the number of permutations of n things taken all 
at a time, put r = n in formula {A) ; the result will be 

»i(n— l)(n— 2)....]. (/?) 

That is, 

The nnmher of pemmfaffonn of n fhtnffn tahen alJ foffetlicr in a 
set, i« tqwil to the contutueii product of the natural numbers from 
n iloicn to 1, mclusive, 

339. To fnd the number of combinations of n thtnf/s taken i 
at a tune. 

Let Z = the number of combinations of n things, taken r in a set) 

P= the number of permutations of n things, taken r in a set ; 

P' = the number of permutations of r things, taken all together 



AVlicnce, Z = -^ 
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Now it is evident tliat all of the P permutations can be obtained, 
by suljecting the r thinjrs in each of the Z combinations to all the 
pcrmutatioujs of which they are j<usceptible. But a sinjrle combina- 
tion of /• thin<rs produces 1^ pcnnutations, taking all the things in 
a set ; honce the Z combinations will give Zy^l*' permutations, and 
we shall therelbre have 

ZyP' = P; 

p 

But by (»3r), P = w(»~ l)(w— 2) .... (ii--r+l)" ; 

and by CIUS), /"= r(r— l)(i— 2) .... 1. . 

llcncc, we have 

^fn~1X>i^2).... (71-^ +1) 

That is, 

Thf vtnnhpr of romhttinthns of n hffern taken T at a tinif*, is 
equal In the nutftttynf pnnhtrf of the natural nvmlterti from n tloirn 
f*» n — r-|- 1 inr/i(stre^ iticiileil hi/ the cuitfinueil jyroduct of the nut- 
uraf Hiimhtr» from r ilown to 1 inclugive. 

SMO. It is evident that for every combination of r things which 
wc take out of n things, there will be left a combination of n — r 
things. That is, every possible combination containing r things, 
corresponds to a combination of n — r things which remain. Hence, 

T/tf' vunihf'r of vomhhiatiovs of n thimf» tahtn r at a time, is 
etjwil to the number of combiitations oj d thinys tahen n — r at a 
lime. 

This proposition may be demonstrated algebraically as follows : 

Let Z represent the number of combinations of n things taken r 
at a time, and Z tlie number of combinations of w things taken w — r 
at a time. Let it be observed that the last factor in the numerator 
of Z' will be w— (»— r)+l = r+1. Then 

^ - r(r— Ixr— 2)....l ' 

^n— r)(n— r— 1) 1 * 
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By diTision we obtain 

Z _ w(n~lXw— 2)... .l _ 
^— „(»— l)(n--2)....l"" * 
Whence, Z=Z. 

341* To /?M? ybr frA<z< value of r, ^A« num&er of conHttnatums 
of n fA/ii^« taken i at a time is the greatest 

Consider r as a varying quantity, being at first unity, and chang- 
ing to 2, 3, 4, • • • • successively. 

Let Z represent the number of combinations for any value of r, 
and Z the number of combinations for the succeeding value of r. 
We have 

_ n(ii~l)(ii~2) .... (>t~r+2) (n-^ +1) 
^- r(r-l)(r-2)....l * W 

And if in this equation we change r to r-fl, the result must be 
the value of JST ; thus, 

^ n(«-lX«-2) . . . .(n-r+l)(>t-r) 

(r+lXr)(^l)....l • P) 

Divide (2) by (1), observing that in the second member of (2), the 
factor which immediately precedes (n — r+1) is (« — ^+2); we 
have 

whence, ^ = Zx(^). 

Now Z' is greater or less than Z, according as -— =- is greater or 
less than unity. That is, when 



the number of combinations will be increased by giving to r its 
succeeding value ; but when 



the number of combinations will be diminished by giving to r its 
succeeding value. 
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Andif ^<1, thcnr>'^. 

nenoe, that value of r which will give the greatest number of 

41—1 M__-1 

combinations^ must not be less than — o— > or greater than j-l^ 

w+1 
or — ^ ; hence, it will have one of the three values, 

n — ^1 n fi-f-1 

1st Suppose » eoei^ Then the first and third values will bo 
fractUnval^ and therefore impossible for r ; hence in this case 

n 

2d. Suppose n odd. Then the second value will be fractional, 
and consequently impossible for r ; hence, in this case r must have 
at least (nie of the other values. We will show that it may have 
either of them. For, suppose 

»— 1 

By (340), the number of combinations will be the same, if 

n— -1 n+1 
r = « 2- = -2- 

That is, when n is odd, the greatest number of combinations will 

be obtained by making 

II— 1 n+1 

r=— or r =— , 

the two values of r giving the same result. 



EXAMPLES OF PEBMX7TATI0NS AND COMBINATIONS. 

1. How many different permutations may be formed of 10 letters 
taken four at a time ? Am, 5040. 

2. How many different permutations may be made of 6 things 
taken all together in a set F Am 720. 
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3. IIow many different permutations may be made of 10 thinp?i 
taken all to^-ether f Ana. 3628800. 

4. flow many different nunibers can be formed with the five 
Arable characters, 4, 3, 2, 1, U ; each of the characters occurring 
once, and only once in each number F Ans. 96. 

5. IIow niany different combinations may be formed of 8 thicgs 
taken 4 at a time ? Ans, 70. 

6. IIow many different combinations may be made of 16 things 
taken 5 at a time ? Ans. 4368. 

7. IIow njany different parties of 6 men each can be frirmcd 
from a eoui]mny of 20 men ? Ans. 38760. 

8. In how ninny different ways can a class of 6 boj's be placed 
in line, one boy being denied the privilege of the head ? 

Ans. 600. 

9. Find the greatest number of different products that can be 
formed with the prime numbers under 40, the products being all 
composed of the same number ol* factora. Ans, 1716. 

10. The number of pcrmutatj<»ns of v ihinjrs* takon 5 at a time, 
is equal to 120 times the number of combinations of the n things 
taken 3 at a time ; find n. Ans. n = 8. 

11. At a certain house there were 8 regular boanlers ; and one of 
them agreed with the landlord to pay ^35 for hihi board so long as 
he could select from the company diffi-rmt parti<»s. eipial in number, 
to sit .each for one day on a eei*tiiin side of the table. At what 
price [Kjr day did he secure his board ? Ans. |?.50. 

12. A and B have each the same number of horses; and A can 
make up twice as many different teams by t: king 3 horses together, 
as IJ can by taking 2 together. Ilequired the number of horses 
that each has. Ans. 8. 

13. There are 12 points in a plane, no three of which are in the 
same straight line with the exception of five, which are all in the 
same straight line. IIow many different straight lines can be 
formed by joining the points. Am. 57. 
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SECTION VII. 



OF SERIES. 



3 1 3, A Series consists of a number of terms followinp; one 
another, Imt so related that each may be derived from one or more 
of the preceding, by a fixed hiw. 

A scries may be finite or infinite, converging or diverging. 

3^1 3. A Finite Series is one which by its law of development 
must tcvminute, or have only a finite number of terms. 

844. An Infinite Series is one which by the law of its devel- 
opment can never terminate, but may have an infinite number of 
terms. 

34*i« A Converging Series is one whose successive terms con 
tinually diminish in nuniorieal value. 

34 B« A Diverging Series is one whose successive terms con- 
tinually increase in numerical value. 

ARITIDIETICAL TROGRESSION. 

347. An Arithmetical Progression is a scries of numbers or 
quantities iucrea^iiug or decreasing from term to term by a common 
difference. 

AVe may consider the common difference as a quantity continually 
adiMy in the algebi*aic sense ; hence, it will be positive in an iu- 
ereasing series, and negative in a decreasing series. Thus/ 

1, o, 0, 7, «^,. • • • 
is an mcreatimg arithmetical progression^ in which the common dif- 
ference is -|-2 ; and 

20, 18, 16, 14, 12,.... 
is a decreasint/ arithmetical progression, in which the common dif- 
ference is — 2, 
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348* To inyestigate the properties of an arithmetical progrw- 
Bion, we may suppose the series to terminate ; there will then be 
five parts or elements; — the first term, the last term, the number of 
t«}rms, the common difference, and the sum of the terms. The first 
term and last term are called the extremes, and all the terms between 
the extremes are called arithmetical means, 

349* Tn an Arithmetical Progression, the last term is equal to 
the first term plus the common difference multiplied hif the number 
of terms less 1. 

Let a denote the first term, I the last term, d the common diffcr- 
encCy and n the number Of terms; then the series will be represented 
thus: 

a, («+^, («+20, (a+3^,..../. 
And we perceive that in every term the coefficient of c? is equal t6 
the number q^ preceding terms; hence, 

I = a+(n— l)<f, {A) 

in which d is positive or negative, according aa the series is an in- 
creasing or a decreasing one. 

3*S0* In an arithm>etical progression the sum, of any two terms 
equidistant from the extremes is equal to the sum of the extremes. 

Let t denote a term of the scries which has r terms before it, and 
t' a term which has r terms after it ; then the terms, t and t', will 
be equidistant from the extremes. Suppose the series to be increas- 
ing ; then from the nature of the series^ 

t = a-\-rd\ (1) 

e^l--rd] C?) 

whence^ by addition, 

<+<' = a+l 
3tSl« The sum of the terms of an Arithmetical Progression u 
*.gual to one half the sum of the two extremes, multiplied hy the nuwr 
her of terms. 

Represent the sum of the scries by S; then we have 

S = a+(a+d)+(^a+2d)+ ....+1 (1) " 

By writing the series in a reversed order, we have also 

S = /+(?— cf)+(Z— 2rf)+ . . . . +a. (2) • 
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Therefore, by addition, 

2>y = (a+I)+(a+I)+(a+I)+ .... +(a+l). (3) 
Now equation (3) exDresses the sum of n termS; each equal to 
(a -[-/); hence^ 

2S=n(a+l)', 

and dividing by 2, we obtain the formula, 

^ = |(a+0. (B) 

3tSS« To insert any number of arithmetical m^ans between two 
given terms. 

Let n' denote the number of means to be inserted. Then the 
number of terms in the completed series will be n'-|-2 ; and we 
shall have n = n'-f-^. 

This value of n substituted in formula (A\ (349), gives 

I— a 
whence, d = ^j—^. ^p) 

Having the common difference, the means are readily obtained. 

APPUOATION OF THE FORMULAS. 

3«S3« The two formulas, 

I = a+(nr^Y)d, {A) 

.S = |(a+0, (5) 

contain in all five quantities, a, I, n, d, S, four of which enter each 
equation. Now if any three of these quantities be given, the other 
two may be found ; for, if the values of the three given quantities 
\>e substituted in the formulas, there will result two equations con- 
taining only two unknown quantities. 

1. The first term of an arithmetical series is 5, the common dif- 
ference 3, and the number of terms 24. Find the last term, and 
the sum of the series. 

We have given, a = 5, c? = 3, n = 24 ; 

hence, by formula (^), ;=5+(24— 1)3^ "^^ 1 ^n« 
and by formula (^, S = W^+74^) = 948 ) ^' 
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2. GiTon a = 15, J = — 2, and iSf = 60, to find the number of 
terms. 

Substitating the given vuluos in (A) and (/?), we have 

Z= 15—2(11-1), (I) 




(?) 



whence, from (1), 
and from (2), 



= 17— 2ii, 
n 

120— 15«=:17»— 2/i\ 
n»— l(m = — 00, 

n-8=±2, 
» = 10 or 6. 

I'oth yalucs of n are pvissiblc ; for tlierc are two scries answering 
to tbe ^ven conditions, one having 6 ternia, and ihe other 10 ; 
these are 

15, 13, 11, 9, 7, 5, 3, 1, —1, —3, 

and 15, 13, 11, 9, 7, 6. 

The sum of either series is 60. 

EXAMPLES FOR PRACTICE. 

1. The first term of an arithmetical series is 7, the common 
difference 3, and the number of terms 36 ; find the last term. 

Ans. 112. 

2. The first term of an arithmetical series is 275, the last term 
5, and the number of terms 46 ; required the sum of the terms. 

Am, 6440. 

3. The sum of an arithmetical series is 156, ih^ number of. 
terms 8, and the common difference 5. Required the two extremes. 

4. Find the sum of the terms in an arithmetical progression, 
knowing that the firat term is 1, the common difference |, and the 
number of terms 101. Am. 2626. 
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5. Kcquired to find four arithmetical means between 7 and B7. 

Ans. 13, 19, 25, 31. 

6. The first term of an arithmetical series is 3, the number of 
terms 60, and the sum of the terms 3720 ; required the common 
difference, and the last term. Ans. d= 2, 1=121. 

7. What will be the sum of the series if 9 arithmetical means be 
inserted between 9 and 109 ? Ans, 649. 

8. If three arithmetical means be inserted between ^ and 4, 
what will be the common difference ? Ans, ^^, 

9. What debt can be discharged in a year by paying 1 cent the 
first day, 3 cents the second, 5 cents the third, and so on, increasing 
the payment each day by 2 cents ? Ans, 1332 dollars 25 cents. 

10. A footman travels the first day 20 miles, 23 the second, 26 
the third, and so on, increasing the distance each day 3 miles. How 
many days must he travel at this rate to go 438 miles ? Ans, 12. 

11. Find the sum of n terms of the progression 1, 2, 3, 4, 
*'^' ^n,. 5=«(l+«). 

12. Find the sum of n terms of the progression 1, 3, 5, 7, 



13. The sum of the terms of an arithmetical series is 950, the 
common difference b 3, and the number of terms 25. What is the 
first term ? " Ans, 2. 

14. A man bought a certain number of acres of land, paying for 
the first $1 ; for the second, $| ; and so on. When he came to 
settle he had to pay $3775. How many acres did he pujchase ? 

Ans, 150 acres. 

15. The 14th, 134th, and last terms of an arithmetical progres- 
sion are 66, 666, and 6666, respectively. Kequired the number of 
terms. Ans, 1334. 
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THE TEN OASES. 

3*S4* Criven any three of the quantities^ a, 1, n, d^ S, to find 
the other two. 

This problem will present ten caseSy each giving rise to two for- 
mulas, making in all twenty different formulas, or four values for 
each letter. The results in each case may be obtained directly from 
the two fundamental equations, or those of any particular case may 
be derived from some preceding case, as is most convenient. The 
whole will be lefl as an exercise for the student 



No 


Given. 


To Find. 


Formulas. 


1 


a, d, « 


l,S 
a,S 


^=a+(«-l>/j 


S = hi\2a+(n—\yq. 


2 
3 


I, d, n 
a,n, I 


a = l—(^n—iyi; 


S = ivi2l—{n—l)d]. 


d,S 

■ 


d '-" • 


S=in{a+l). 


4 

5 
6 

7 


d,n, S 
a,n,S 


a, I 


25 n(« ly 
2« ■' 


, 2S+„(u-iyi 
'- 2» 


d,l 


"- nin-1) ' 


/ 2S 

1 = a. 

n 


l,n,S 


d,a 


J 2inl—S) 


n 


a, d,l 


w, S 


„ = i=?+l; 




8 


a,l,S 


n,d 


25- 




9 


a,d,S 


n,l 




n = ^j '—!^ ; l=a+(n—l)d 


10 


l,d,S 


n,a 




d+2l±V{dj-2l)* 


—8dS , . -., 

• n — /..-. in— A in 


2d 





ARITHMETICAL PROGRESSION. 291 

PROBLEMS m ARITHMETICAL PROGRESSION 

10 WHICH THE FORMULAS DO NOT IMMEDIATELY APPLT. 

9SS. When in the conditions of a problem no three of the 
five parts, a, /, n, d, S. are directly given, the general formulas will 
not directly apply. It is usually necessary in such instances to 
represent the several terms of the series by means of two or more 
unknown quantities ; and for this purpose there are two methods 
of notation. 

1st. Let X denote the first term and y the common difference ; 
thus, 

«, (^+y), (aJ+2y), (ic+3y). . .. 
This method of notation, however, is seldom the most expedient. 

2d. AVhen the number of terms is odd, denote the middle term 
}>y X, and the common difierence by y ; then we shall have, 

for three terms, (x — y), sc, (x-\-t/) ; 

for five terms, (aj— 2y), (x—i/\ x, {x-\-y\ {x-\-2aj). 

And when the number of terms is even, represent the two middle 
terms by x — y and sc-J-y respectively, 2y being the common differ- 
ence ; thus, 

(x~3y), (a:-y), (x^y\ (x+3j^). 
The advantage of the second method is, that the sum of all the 
terms, or the sum and difference of two terms equidistant from the 
extremes, will each contain but a single unknown quantity. 

1. There are three numbers in arithmetical progression; the sum 
of these numbers is J 8, and the sum of their squares is 158. 
What are the numbers ? -4w«. 1, 6, 11. 

2. There are five numbers in arithmetical progression ; their sum 
is 65, and the sum of their squares 1005. What are the numbers ? 

An%. 5, 9, 13, 17, 2L 

3. It is required to find four numbers in arithmetical progression, 
such that their common difference shall be 4, and their continued 
product 176986 .Am. 16, 19, 23, 27. 
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4. There are four numbers in aritlimetical progression ; the sum 
of the extremes is 8, and the product of the means 15. What are 
the numbers ? Ans, 1, 3, 5, 7. 

5. A person starts from a certain place and goes 1 mile the first 
day, 2 the second, 3 the third, and so on ; in six days a^r, another 
sets out from the same place in pursuit, and travels uniformly 15 
miles a day. How many days a^r the second starts before they 
arc together ? Am. 3 days, and 14 days. 

Note. — ^Reconcile these two values. 

6. A man has borrowed $60. What sum shall he pay daily to 
cancel the debt in 60 days ; interest being allowed on the sum 
borrowed for the whole time, and on each payment from the time it 
is made to the end of the 60 days^ at the rate of 10 per cent, for 
12 months of 30 days each ? Ans. $1 tjH^* 

7. There are four numbers in arithmetical progression ; the sum 
of the squares of the extremes is 65, and the sum of the squares 
of the means is 61. Required the numbers. Ans, 4, 5, 6, 7. 

8. The sum of four numbers in arithmetical progression is 24, 
and their continued product is 945 ; what are the numbers ? 

Ans, 3, 5, 7, 9. 

9. A certain number consists of three digits, which are in arith- 
metical progression ; if the number be divided by the sum of its 
digits the quotient will be 26, and if 198 be added to the number 
its digits will be inverted. What is the number ? Ans. 234. 

10. From two towns which were 102 miles apart, two persons, 
A and B, set out to meet each other ; A went 3 miles the first day, 
5 the next, 7 the next, and so on ; B went 4 miles the first day, 6 
the next, 8 the next, and so on. In how many days did they meet ? 

Ans, 6. 

11. A quantity of com is to be divided among 21 persons, and is 
calculated to last a certain time if each of them receive a peck every 
week ; during the distribution it is found that one person dies at 
the end of every week, and then the corn lasts twice as long as was 
expected, lacking one week. Required to find the quantity of corn. 

Ans, 231 peeks. 
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GEOMETRICAL PROGRESSION. 

356. A Geometrical Progression is a series of quantities, 
each of which is equal to the preceding one multiplied bj a con- 
stant factor. 

9S7. The constant factor is called the ratio ; and if the first 
term is positive, the progression will be an increasing^ or a decreas- 
ing series, according as the ratio is greater or less, than unity. 
Thus, 2, 6, 18, 54, 162, .... 

is an increasing geometrical series, in which the ratio is 3 ; and 

81, 27, 9, 3, 1, ^, ^, .... 
is a decreasing geometrical series, in which the ratio is j. 

3«>8. When a geometrical progression is supposed to terminate, 
the first and last terms are- called extremes^ and all the terms between 
the first and last are called geometrical means, 

3«>9. To find tTie last term of a geometrical progression. 

Let a denote the first term, r the ratio, I the last term, and n the 
number of terms. Then the series will be represented thus : 

a, ar^ ar*^ ar^^ .... I. 
Now we perceive that in any term the exponent of r is equal to the 
number of preceding terms. Hence, we shall have 

l=a7^\ {A) 

360. To find the mm of the terms in a geometrical progression. 

Denote the sum of the series by S', then 

S = a+ar+ar*+ar^ +a^""S W 

and rS=: ar+ar^+ar* +af^^+a7^. (2) 

Hence by subtraction, remembering that ar* = rl, 

rS—S = aj^-^, (3) 

or, rS—S=rl-'a. (4) 

Thus we obtain two expressions for S, as follows : 

^ rl — a .-^ 
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361. To find the mm of a decrecumg geometrical series, when 
the number of terms is infinite. 

By changing signs in the numerator and denominator, equation (B\ 
may be written 

gg-y) 

1 — r 
Now suppose r less than unity ; then the kirger n is, the smaller 
will r* be ; and by making n large enough, r" may be made less than 
any assignable quantity, or zero. Iloncc, if the number of terms is 
infinite, r" may be neglected in comparison with unity \ and we shall 
have as the formuk for an infinite series, 

363, To insert a given number of geometrical means between 
two given quantities. 

Let n' denote the number of means to be inserted ; then the 
whole scries will consist of n'-\'2 terms. Ilcncc, putting n =zn'-^2 
in equation (A)^ we have 

l=zai^^K 
Whence we obtain, 



\a 



Having found the ratio, the required means may be obtained. 

3B3* Since the terms of a geometrical scries, taken consecu- 
tively, have the same ratio one to another, it follows that they arc in 
continued proportion ; (32T). Hence, 

1st. When three terms are in geometrical progression, the product 
of the extremes is equal to the sqtiare of the mean. 

2d. When four terms are in geometrical progression, the product 
of the means is eqtuil to tlie product of tJte extremes. 

APPLICATION OF THE FORMULAS. 

36-i:. The two primitive equations, 
contain the five quantities, a, r, I, n, S, any three of which being 



GEOMETEICAL PROGRESSION. 29(» 

given, the other two may be found ; for, by substitution of tlie 
given values, the result will always be two equations involving but 
two unknown quantities. 

In this general problem there will be ten cases, as in the corres- 
ponding problem of Arithmetical Progression. We can not, howev- 
er, obtain a solution of all the cases, by simple or quadratic equations. 

1st. The quantity n enters the two equations only as an exponent, 
and its value can not be obtained by the common methods of reduc- 
ing an equation. The process involves the principle of logarithms, 
and will be presented in its proper place. 

2d. The quantity r is affected by an exponent in both equations ; 
and its value must be obtained by extracting the (n — V)th or the 
nth root of a quantity. When n is not large, r can readily be 
found by inspection or trial. 

3d. The values of a^l, and S will be found by means of simple 
equations, as in Arithmetical Progression. 

1. The first term of a geometrical progression is 3, and the ratio 
2 ; find the 12th term, and the sum of the series. 

We have given 

a = 3, r = 2, n = 12. 
Whence by formulas {A) and (J5), 

I = 3X2" = 3X2048 = 6144 ] 

S = ^^nj^ = 3X4096 = 12286 f 

2. The sum of a geometrical progression is 1820, the number of 
terms 6, and the ratio 8 ; find the first term, and the last term. 

We have given, 

S = 1820, 71 = 6, r = 8. 
By formula (J5), 

1820 = ^^^1^=^ = 364a; 

a = 5, first term. 
Then by formula (j4), 

; = 6X3* = 1216, last term. 
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3. It is required to find 3 geometrical means bct^vccn 6 and 486 
By formula (Z>), we have 

r = Vlii = Vgi = 3. 

Therefore, the series is 6, 18, 54, 162, 486, Am. 

4. Find the sum of the series 6, 2, f , | .... to infinity. 
We have given, o = 6, r = ^ ; hence, by formula (C), 

8 = T — : = 9, Arts. 

5. Find the exact value of the decimal .454545 .... to infinity 
This is a circulating decimal, and may be expressed thus : 

45 45 45 

100 + 10000 "•" 1000000 + ^^' 

In all such cases, the rcpetend, taken with its local value, will bo 
the first term of a geometrical series, of wjjich the ratio will be j'^ 
or some power of -}q. In the present example we have 

45 1 , 

^ = 100' '•=100^ ^^°^"' 

'^""lOO • \ 100/~100^ 99 "~ll' 

6. Find the value of 1 h -. -.+.... to infinity. 

a ^ or or '^ 

We have a = 1, r = ; hcnoe, 

a 

S= JL. = « , An.. 

a 



EXAMPLES FOR PRACTICE. 

1. Find the sum of 9 terms of the series 1, 2, 4, 8, . . • • 

Am. 511. 

2. Find the 8th term of the progression 2, 6, 18, 54, 

Am. 4374. 

3 Find the sum of 10 terms of the series 1) f ? I^ 32^7) 

An9 17 4 7 5 
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4. Eequired two geometrical means between 24 and 192. 

Ans. 48, 96. 

6. Eequired 7 geometrical means between 3 and 768. 

Ans. 6, 12, 24, 48, 96, 192, 384. 

6. Find the value of 1 + j + /j + | J + . . . . to infinity. 

Ans, 4. 

7. Find the value of | + 1 + f + ^'^ + . . . • to infinity. 

Ans. 4J. 

8. Find the value of 5 -f | + | + 57 + • • • • ^ infinity. 

Ans. 7^. 

9. Find the value of the decimal .323232 .... to infinity. 

Ans. ||. 

10. Find the value of the decimal .212121 .... to infinity. 

Ans. /j. 

11. Find the value of ^ — i + b — A + A — .... to infinity. 

Ans. j. 

12. Find the value of J — 2V + lii — 62^ + • • • -^^ infinity. 

Ans. J. 

X 35* X* 

13. Find the value of 1 -] [-—-(-— -^ ... .to infinity. 

Afu. 

a — X 

1 a* X* X* 

14. Find the value of ;4-~» =+---«to infinity. 

Ans. 



15. The sum of a geometrical series is 1785, the ratio 2, and the 
number of terms 8 ; find the first term. Ans. 7. 

16. The sum of a geometrical series is 7812, the ratio 5, and the 
number of terms 6 ; find the last term.- Ans, 6250. 

17. The first term of a geometrical series is 5, the last term 1215 
and the number of terms 6. What is the ratio ? Ans. 3. 

18. A man purchased a house with ten doors, giving $1 for the 
first door, $2 for the second, $4 for the third, and so on. What 
did the house cost him ? Ans, $1023. 
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PROBLEMS m GEOMETRICAL PROGRESSION 
TO WHICH THE FORMULAS DO NOT IMMEDIATELT APPLY. 

30«S. The terms of a geometrical progression are represented 
in a general manner as follows : 

ar, ay, ay*, ay',.... 
In tbe solution of problems^ however, the following notation is gen- 
erally preferable : 

1st. When the number of terms is odd, the series may be repre- 
sented thus : 

*"> ay» y"; 

-, A xy, y, -5 

2d. When the number of terma b even, the scries may be ex- 
pressed thus: 

«• *■ y* y' 

y«' y' ""' ^' x' X-'' 
We may also represent three terms as follows : 
a?, l/ay, y. 
1. The sum of three numbers in geometrical progression is 26, 
and the sum of their squares 364. What are the numbers 1 

Let the numbers be denoted by x, l/ay, y. 
Then x+l/^+y = 26 = a, (1) 

and a;*+ay-f y' = 364 = &. (2) 

Transposing l^xy in (1), squaring and reducing, 

«"+ay+y" = a'— 2al/^. W 

From (2) and (3), a^—'ZaVx^ = b ; 

/— a*— 6 

whence, K xy = — ^ — = 6. 

From (1) and (3) x = 2, and y = 18. 

Hence, the numbers are, 2, 6, 18, Ans. 
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2. The sum of four numbers in geometrical progression is 15 or 

o, and the sum of their squares 85 or h. What are the numbers ? 

Taking the proper notation for an even number of terms, we have 

J* +a=+y +!:*=«, (1) 

and, i|+a;'+^,.+ ?j=6. (2) 

y »*' 

Assume i»+y = «, and xy^=p] then by (301), 

a:*+y« = «'^2p, x*-\-y* = «"— 3.sp. 

Substituting the values of {x-\-y') and (x*-\-y^), in (1) and (2), 

- + ^=a— « (3) 

Squaring (3), and then transposing 2xy^ or 2p, 

jV|-! = (^^)'-2;>; (5) 

whence, from (4) and (5), (a— «)■— 2p = ft— «»+2p ; 
or, a'— 2as+2««— 4p = 6. (6) 

Clearing (3) of fractions, and putting xy=p in second member, 
x^-^-y* = ap—ps ] or, «• — 3sjp = ap—p% ; 

«• 
whence, » = — rs- ^ 

a-|-2« 

Substituting this value of p in (6), and reducing, we have 
a»_2Gw* = ah-\-1U ; 

or, a«'+&s = 2 (a'— &). 

Eestoring the numerical values of a and 6, 
15«'+85« = 70X15, 
whence, « = 6. 

Substituting the values of a and s in C?), and we obtaiii 

i> = 8; 
that is, a;+y = 6, ajy = 8 ; 

whence, x = 2, y = 4. 

Therefore, the required numbers are 1, 2, 4, 8, -4w«. 
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3. There are three numbers in geometrical progression ; their 
sum is 21, and the sum of their squares is 189. Find the numbers. 

Ans. 3, t), 12. 

4. Divide the number 210 into three parts, so that the last shall 
exceed the first by 90^ and the parts be in geometrical progression. 

Ans. 30, 60, and 120. 

6. The sum of four numbers in geometrical progression is 30 ; 
and the last term divided by the sum of the mean terms is 1|. 
What are the numbers ? Aiis. 2, 4, 8, and 16. 

6. The sum of the first and third of four numbers in geometrical 
progression is 148, and the sum of the second and fourth is 888. 
What are the numbers ? Am. 4, 24, 144, and 864. 

7. It is required to find three numbers in geometrical progression, 
such that their sum shall be 14, and the sum of their squares 84. 

A71S. 2, 4, and 8. 

8. There are four numbers in geometrical progression, the sec- 
ond of which is less than the fourth by 24 j and the sum of the 
extremes is to the sum of the means as 7 to 3. What are the num- 
beraf Ans. 1, 3, 9, and 27. 

9. There are three numbers in geometrical progression ; the sum 
of the first and second is 20, and the difference of the second and 
third is 30. What are the numbers ? Ans. 5, 15, 45. 

10. The continued product of three numbers in geometrical pro 
gression is 216, and the sum of the squares of the extremes is 328. 
What are the numbers ? A71S. 2, 6, 18. 

11. The sum 0^ three numbers in geometrical progression is 13, 
and the sum of the extremes being multipliei by the mean, the 
product is 30. What are the numbers ? Ans. 1, 3, and 9. 

12. There are three numbers in geometrical progression ; their 
continued product is 64, and the sum of their cubes is 584. What 
are the numbers ? Ans. 2, 4, 8 

13 There are three numbers in geometrical progression ; tlieir 
continued product is 1, and the difference of the first and second is 
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to the diflference of the second and tliird aa 5 to one. What aro 
the numbers ? Ans, 5, 1, l. 

14. The sum of 120 dollars was divided between four persons in 
such a manner that tlie shares were in arithmetical progression ; if 
the second and third had each received 12 dollars less, and the 
fourth 24 dollai-s more, the shares would have been in geometrical 

progi-cssion. Find the shares. Ans, $3, $21, $39, and $57. 

t 

15. There are three numbers in geometrical progression, whose 
sum is 31, and the sum of the fii*st and last is 26. What are the 
numbers? Ans. 1, 5, and 25. 

16. Tha sum of six numbers in geometrical progression is 189, 
and the sum of the second and fifth is 54. What are the numbers ? 

Ans, 3, 6, 12, 24, 48, and 96. 

17. The sum of six numbers in geometrical progression is 189, 
and the sum of the two means is 36. What are the numbers ? 

Am, 3, 6, 12, 24, 48, and 96. 

18. A man borrowed p dollars ; what sum must he pay yearly in 
order to cancel the debt in n years, interest being allowed on the 
unpaid parts of the principal at r cents per annum on a dollar ? 

. Ml+r)" 

^^*- (l-},y)»_l ^^^^^• 

IDENTICAL EQUATIONS. 

306. An Identical Equation is one in which the two members 
are either the same algebraic expression, or the one member is merely 
another form for the other. In every case, either the one member 
may be reduced to the other directly, or the \wo members may be 
reduced to some expression different from either, from which both 
members may be supposed to originate. Thus, 

x*-{-(a — h)x — ah == (x-\-a)(x — 5), 

, , . x' 11 1 

x^x i^^ — ^ x''^x\l+x)' 

are identical equations. In the first, the two members have exactly 
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the same fonn. In the second, the second member may be reduced 
to the form of the first, by performing the multiplication indicated. 

In the third, each member may be reduced to the Action, • 

l+x 

30 7« There are certain properties of identical equations, which 
are of great importance in the further treatment of series, and in 
the general theory of equations. 

In order to investigate these properties, let us first consider what 
any term containing the variable x, as ax*, will become when x = 0, 
under the various conditions of the exponent. 

1 — Suppose n to be positive ; then if x = 0, we have 
ox* == o • 0^ = 0. 

2« — Suppose n to be negative ; then if x = 0, we have 

a a 

iXJT^ z=z — = — = 00. 

X* 

3. — Suppose n to be nothing or zero ; then if x = 0, we have 
OLC* =a*(r =a'l = a. 

308. We are now prepared to demonstrate the following propo- 
sitions : 

I. An identical equation is satisfied /or any vcdue whatever of the 
unknown quantity. 

The truth of this proposition follows directly from the definition 
of an identical equation. It is implied in all algebraic transforma- 
tions, that the value of a function is not changed by changing its 
form, whatever quantities the symbols represent. Hence, if the 
two members of an equation are the same in form, or reducible to 
the same expression, they must be equal, whatever value be substi- 
tuted for the unknown quantity. 

To illustrate this principle, we will take the following identical 
equation, 

{(a>_3).+l+(x_2)'}« = 2{(x-S)*+l+(a>-2)*}, 

where the form is such that the identity of the two members is not 
apparent firom inspection. 
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If in this equation we make x equal to 1; 2, 3; 4, 5, etc. 8ucce8> 
0ively, we shall have; 

{4+1+1}- = 2{16+1+ 1}, 
{1+1+0}' = 2| 1+1+ 0}, 
{0+l+l}' = 2{ 0+1+ 1}, 
{1+1+4}' = 2| 1+1+16}, 
1 4+1+9}' = 2 1 16+1+81}, etc., 
every result being a true equation. 

II. Conversely : — Every equation which is satisfied for any value 
whatever of the unknown quantity, is an identical equation. 

Suppose the given equation to be cleared of fractions, and each 
member arranged according to the ascending powers of the unknown 
quantity. Then the equation may be represented thus : 

Ajif+Ba*+ Cx'+ .... =z A'sd^+B'a*'+ C7x*'+ .... W 

in which, by hypothesis, we have 

a< 6 < c...., and a' «< 6' «< c'.... 
It is implied, also, that the coefficients, A, B, C, etc., and A', B% C, 
etc., are all finite quantities greater than zero, ami independent of^] 
and the number of terms may be limited or unlimited. 
Divide both members of equation (1) by as* ; we have 
A+Bx'^-^- (7x«+ .... = ^'x*'-+^'x»'-+ (7'x*'-+ . . . , (2) 
in which the exponents, h — a, c — a, etc., in the first member, are all 

positive, because a<C^h < c 

Now by hypothesis, the given equation is true for all values of 
X ; hence every modification of it will be tnie for all values of x 
Make x = ; then in the first member of equation (3), every tenu 
after the- first will reduce to zero, (307, 1), and we shall have 

A = u4 V-+^'x"-«+ r>'x«'-«+ .... (3) 

Now since a' < &' < c' . . . ., 

' we must have (a' — a) «< (&' — a) «< (d — a) «<.... 
Hence, in equation (3), the first exponent, a'—a, is the least of aU. 
Hut we observe, 
1st. The exponent, a' — a, can not be a positive quantity ; for in 
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that case the term containing it would reduce to zero when a = 0, 
(307, 1), and we should have -4 = 0, which is contrary to the 
implied conditions of the proposition. 

2d. The exponent, a' — a, can not be a negative quantity ; for in 
that case the term containing it would reduce to infinity when 
x = 0, (367, 2), and we should have -4 = oo, which is also con- 
trary to the implied conditions of the proposition. Now since a' — a 
can neither be a positive nor a negative quantity, it must be nothing 

or zero ; that is, 

a' — a = 0, or a' = a. 

It follows also that each of the other exponents, h' — a, c' — a, 
etc., in equation (3), is positive, being algebraically greater than zero ; 
hence all the terms after the first in the second member of this 
equation, must disappear when a; = 0, (307, 1), and we shall have, 
A = ^V = A\ 
Now since A and A^ are independent of x, we shall have 
Ax^ = A'x^', 
whatever be the value of x. We may therefore suppress these 
terms in equation (1). There will result 

£x^+ Ca;«+ . . . . = J5'x^+ Crx''+ . . . . , 

whence, by reasoning as before, we shall find that 
b=zh', B = B' 
c = c\ (7= C7, etc. 

That is, equation (1) is an identical equation, the two members 
having the same form. Hence, the given equation is also identical, 
and the proposition is proved. 

It is obvious that the preceding demonstration will apply if one 
or more of the exponents, a, ?>, c, .... are negative ; or if a == 0, 
in which case each member will contain an absolute term. 

III. In every equation which is satisfied for any value whatever 
of the unknown quantity^ and which involves like powers of this 
quantity in the two members^ the coefficients of the corresponding 
powers will he equal, each to each. 

Let us assume the equation, 

Ax'+Bjr^+ Cx'+ .... =A 'a;»-4^V+(7' x*+ . . . ., 
the number of terms being either limited or unlimited. 
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Now if this equation is capable of being satisfied for every value 
of .r, then according to the preceding demonstration, not only must 
the exponents of x in the two members be equal respectively, but 
the coefficients also must be equal, each to each ; that is, 
A^A\ B=:B', G^ C", etc. 

Every such equation is obvioasly identical, though it is not neces- 
sary that -4, J5, (7, etc. should be of the same form respectively, 
as A\ B\ Cj etc. 

IV. In every equation which is satisfied for any value whatever 
of the unknown quantity^ and which has zero for one of its members^ 
the coefficients of the different powers of the unknown quantity are 
separately equal to zero. 

Let 

Aaf+ B3^+ (7x«+2)x'+ . . . . = 0, (1) 

represent the equation, arranged according to the ascending powers 
of X. The coefficients, A, B, C, Dj etc., are supposed to be inde- 
pendent of Xy and consequently the same for all values of x. 

Divide every term in this equation by ic* ; we shall have 
A+Bx^+ Oc— +2>x*-+ . . . . = 0. (2) 

In this equation make x = ; then since the exponents, h — a, 
c — a, d — a, etc., are all positive, every term after the first will 
reduce to zero, (30 7^ 1), and we shall have 

^ = 0. 

Suppressing Ax^ in equation (1), and then dividing through by 
a^, we obtain 

B+ Caf^+Dx*-*+ . . . . = 0. (3) 

In this equation make x = 0, and we have 

^=0. 
In like manner we may prove that each of the other coefficients is 
equal to zero. 

It is important to observe in this connection that the coefficients. 
Ay B, Cj Z>, etc., must be supposed to represent polynomial expres- 
fionSy which reduce to zero in consequence of having positive ana 
f»^iHve parts that are respectively equal to each other. 
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DECO^IPOSITION OF RATIONAL FRACTIONS. 

30 9. By means of the properties of identical equations, a 
fraction may often be separated into two or more partial fractions, 
whose denominators shall be simpler than the given denominator. 
In every such case, the given fi action is the sum of the partial 
fractions ; hence its denominator will be a conmion multiple of the 
denominators of the partial fractions. 

1. Separate —5 — , into partial fractions. 

By inspection, we perceive that 

a"— 7x+10 = (x— 6)(aj--2). 
Now assume 

Sx — 31 A B /j» 



(x— 6)(x— 2) a>— 5 ^ aj— 2' 

Since the first member is simply the sum of the two fractions in the 
second member, this is obviously an identical eguation. Clearing 
of fractions and uniting terms, we have 

8a>— 31 =(A+£)x--(2A+bB), (2) 

in which 31 in the first member, and (2A'{-bB) in the second, may 
be considered as coefficients of x*. Now according to (368, HI); 
the coefficients of the like powers of x in the two members must be 
equal ; and we have, therefore^ 

A+B = S, (3) 

2J:+5^=31. (4) 

From these equations we readily obtain 

^ = 3,and^==6; 
whence from equation (1), we have 

8x— 31 3.5^ 



x'— 7x+10 

It should be observed that equations (3) and (4) are the equahons 
of condition^ which must exist in order that equation (1) shall be 
true for a]l values of x. 
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2. Separate ,^ J" — -- into partial fractions. 

(x+l)(2x — 1) 

Suppose; if possible, 

7x^+x A B ^ 

(x+1) (2a>-l) "■ a+l + 2x— 1 ' W 

clearing of fractions, we obtain 

7x^+x = (2A+B)x+(B—A)', 
transposing all the terms to the first member, we have 

7x«4-(l— 2^— J?)aj+(^— ^) = 0. (2) 

If this equation be possible, it must be an identical equation ; 
and as one member is zero, the coefficients of the different powers of 
x must be separately equal to zero (368. IV); and we shall have 

7 = 0, 
which is absurd. Hence, we infer that the fraction can not be sep- 
arated into partial fractions, having numef^ators independent o/x. 
Again, assume 

7x*-\-x Ax Bx ^. 



(x+l)(2x— 1) — x+1 ^ 2x— 1 ^ 
clearing of fractions and collecting terms, 

7x*-\-x = (2^ + B)x^+{B—A^x ; .» 

equating the coefficients of like powers of x, 

2A+B=7, ' 
B—A = 1 ; 

whence we obtain A ^2, ^ = 3 ; 

and by substitution in equation (1), 

7x'+x 2x . 3x . 



(x+l)(2-c—l) "" x+1 "^ 2x— 1' 

From this example we learn that if we assume an impossible form 
tor the partial fractions, the fact will be made apparent by some 
absurdity in the equations of condition. 

Note. — If the given denominator consists of three or more factors, 
tliere will be three or more partial fractions. But tliere will always be as 
many equations of condition as there are numerators to be determined. 
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EXAI^IPLES FOB FRACTICB. 

7x— 24 
1. Bcsolve -= — yr — —^7 into partial fractions, 
x" — 9x+l-* '^ 

Am, 



«— 7 ^ a>-2 



2. Resolve ^ , . ,^ ^r^r into partial fractions. 



2x— 6^a:+4' 

3. Resolve II— r into partial fractions. 

4. Resolve , into partial fractions. 



X— 1 ^ a>-2 ^x— 3* 



.^ns. 



2(;c+l) ^ 2(x— 1) aj' 

5. Resolve -r — .,„ , . o ^ i^to partial fractions, 
a — 13x'-|-o8 

. 1 1 1 . 1 



2Cx+2) 2(ic— 2) 3(a:+3) ^ 3(x— 3)* 

THE RESIDUAL FOIOIULA. 

370. It has been shown in (89, 4) that a:*— ^* is exactly 
divisible by x — y, if m is a positive whole number. The form of 
the quotient is as follows : 

^^ = a:^'+a=— y+a^/+aS-*/+ .... +3^', 

the number of terms in the quotient being equal to m. 

Now suppose xz=zy'y then each term will become a**"*, and since 
there are m terms, we have the formula, 

;*-\ (-4) 

-y 

The subscript equation, ^ = x, is used to indicate the condition un- 
der which the first member of {A) will be equal to the second. 
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371. We will now show that this formula is true, whatever bo 
the value of m. There will be two cases : 
1st. WJien m is positive and fractional. 

Assume mz^ -> then a;* — y* = of — y. 

Let x' z= z ', then 3^ = z% and a; = «*• 

i- t 

Also let y* = «; then y=zu% and y = n*. 

By proper substitutions we have 

r r ^ — w' 

re* — y* __ if — tt' __ » — M 

a; — y "" »• — «• ~ »• — ^m* 

z — u 

Now suppose X = y', then 2 = w ; and since r and « are potiHvi 
whole numbers, we have from (1) 

Hence, the formula is true when the exponent is positive and frao 
tional. 

2d. When m is negative, and either integral or fractional. 
Suppose the exponent of x and y to be — m ; we shall have 
a;"*-— y"* = — x~*y'^(x^ — y**) ; hence, 

X— y ^ \ x—t/ / 

Now suppose X = y ; then whether m be integral or fractional, 
we shall have, from the principles already established, 

— X— y— = —X-**, and ^ """'^ = wix**"* : henoe, 

X— y 

(^^^^)^ = (-ar-) X (ma^) = -tnx"--* 
Hence, the formula holds true universally. 
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BINOMIAL THEOREM. 

373. The Binomial Theorem has for its object tho develop- 
ment of a binomial with any exponent, into a series. This thcorexo 
is expressed by an equation, called the Binomial Formula. 

373. It u required to eorpand (a+x)" into a seria, n heitig any 
rc(d quantity^ positive or negative^ entire or /ractionoL 

We observe that 

a-{-x = a( 1 -| — j ; therefore (a-^-xy = a* f 1 -j — J • 
Hence, it we first expand M -}- - j , and then multiply the result 
by a*, we shall have the expansion of (a-f-ic)*. 

Put « = - ; then fl + -)*= (!+«)•. 

Let us now assume the equation, 

(l+zy = A+Bz+ Cz^+Dz*+Ez*+ (1) 

in which A, B, C, Z>, etc., are independent of z. "We are to find 
the values of these coefficients which will render equation (1) true 
for all possible values of 2. 

Suppose 2 = 0; then from equation (1), we have -4 = 1. 

Hence, the assumed development becomes 

(l+zy = l+Bz+ Cz^+Dz*+Fz*+ .... (2) 

for all values of z. Put 2 = w ; then 

(l+uy = l+Bu+ W+Du*+Eu*+ .... (8) 

Subtracting (3) from (2), and dividing the result by z — w, wo obtain 

z — u \ z — u I \ z — u I 

Let P = 1+2, and Q = l-fw ; then P—Q = z-^. 

Equation (4) now becomes 

Now suppose 2 = w ; then jP = Q. And by the Residual Form- 
ula (370), we shall have 
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^f),=. ='^-'=«(i+^r'. 



/f!JZ!^\ =4.-, etc. 

Substituting these values in equation (5)^ we have 

n(l +«)"-* = 5+2 Cz+ZDz*+^Ez*+ .... 
Multiplying both members of equation (6) by (l+«), gives 



z'+4E 
+3i> 



.•+. 



W 



(7) 



(8) 



n(l+«/ = 5+2C' I «+32> 

Multiplying both members of equation (2) by n, gives 

n(l+2)" = n+nj?^+?i Cz*+nDz*+ 

Now by equating the second members of (7) and (8) we shall have 
an identical equation, because it may be satisfied for any value of z. 
Therefore the coefficients of the like powers of z in equacions (7) 
and (8) are equal, each to each (368. Ill)} and we shall hstve 

B = n) 

2C+B =znB, or C = B i^^\ 
^D+2C=nC, or D =: cC^\ 

4E+SD = nD, or E = I)('^\ 

Therefore, (he values of the coefficients are 
^ = 1. 
B = n. 

n(n — 1) 



eto 



C= 



D = 



2 

n(n--l)0 



2) 



E= 



2-3 
n(n— l)(n— 2)(n— 3) 
2 • 3 • 4 • 
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Substituting these values in U) we have 

and by restoring the value of z, which is - , 

or, finally, multiplying both members of (&) by a*, 

Equation (<;) is the binomial formula, as it is usually written. It 
will be observed, however, that in the three equations, (a), (*), (c), the 
coefficients, or the factors depending on n, are the same ; and in 
practice, either (a), (6), or (<^ may be employed, according to the form 
of the binomial to be expanded. 

374. By inspecting the general formula (c), we perceive that in 
the expansion of a binomial in the form of a-|-x, the law of the 
exponents is as follows : 

1. — The exponents of the leading letter in the successive terms 
form a series, commencing in tlie first term, with the exponent ofdve 
hinomial, and diminishing hy 1 to the right. 

2. — The exponents of the second letter form a series, commencing 
in the second term with unity, and increasing by 1 to tlie right. 

And the law of the coefficients is as follows : 

3. — TJie coefficient of tlie first term is unity, and that of the 
second term is Hie exj^onent of the required power. 

4. — Jf the coefficient of any term he multiplied hy the exponent 
of the leading letter in that term ; and divided hy the exponent of 
the second letter plus 1, the result will be the coefficient of the fol- 
lowing term, 

373. If we take the least factor in each of che successive coef- 
ficients of the expansion, commencing at the second, we have a de- 
creasing series 

^> (^—1), (»»— 2), (»>-S), eto., 
m <vhioh the common difference is unity. 
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Suppose n to be a positive integer, then the least factor in the nu- 
merator in the (w+2)d term will be (n — w), or 0, and this term 
will disappear. But if w is negative or fractional, then no one of 
the factors, {n — 1), (n— 2), (w — 3), etc., can be zero, and the expan- 
sion may be continued indefinitely. Hence, 

1, — When n m a positive integer , the expansion of the binomial 
to ill be a finite series^ the number of terms being n-|-l. 

2. — When n is negative or fractional^ tlie expansion of the bino- 
mial will be an infinite series. 

APPLICATION OF THE BINOMIAL FORMULA. 

376« Let us resume the equation, 

«(n— 1) n(n — IVti — 2) 

If n be entire and positive, this formula will be an expression of 
involution, denoting some power of the binomial. 

If n be fractional and positive, the formula will be an expression 
of evolution^ denoting some root of the binomial. 

If 71 be negative, the formula will express the reciprocal of some 
power or root of the binomial. 

377. Since the binomial coefficients depend entirely upon the 

exponent n, they may be formed independently. To do this, we 

n— ^1 n — 2 
have simply to commence with unity and multiply by w, — 5— > "■q-~» 

etc., continually. 

1. Expand (a — x)* into a scries. 

Here w = 6 ; hence, 



firat coefficient 


is 


1 = 1 


second " 


(( 


1X6 = 6 


third « 


« 


6xr= 15 


fourth « 


u 


15X1 = 20 


fifth « 


t( 


20X| = 15 


sixth " 


ti 


15X1 = 6 


seventh " 


u 


6XJ = 1 



Sinv<; the odd powers of —x are negative, we have for the literal 
factors of the terms, 

27 
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a*, — o*x, +aV, — aV, +aV, — ax ^ -f-ac*. 
Therefore the expansion will be 

(a—a:)* = a*— 6a»x+15a*x*— 20a«x«+16aV— Cox'+a:*. 

2. Expand (a-fx)^ into a senes. 

In this example n = j. Heprcscnt the coefficients by A, B, C^ 
/>..••; then 

A= +1 

B=AX n =+l 

. = .x(==?)=-M.? 



I 



8 5 
68 

The literal factors of the tonus will be 



a*, a~^x, a'^a^, a~^x', a~-x*. a~^«»,.... 

Hence, (a-j-os)' = 

J^ f.a-^x— J- g" ^a' + -A- g" ^x* — ^'^ o~ix« + --«« 
^ * 2-4 2-4-6 2-4-6-8 ^ 

or by taking out the factor g^, in the second member, 

or by clearing of negative exponents, 

(^+^) - ^^0+ 2^-24^ + 2T6?- 2T6^ 
We might have obtained this last result directly, by putting the 

kyiaomial in the form of o^ ( 1-j — ) '. It is well, however, to note 

ine transformations made above. 



BINOMIAL THEOREM. 815 

8. Expand - — \ — rr into a series. 
Observe that 

Whence, by expaoding the factor f 1 -| — j we obtun 

(a+x)«""a«r"" a + a« ~ a* + a* —••••/ 
4. Expand (a*— a?*)* into a series. 

If we take the descending powers of a*, commencing wil^ the 
5th, and the ascending powers of x', commencing with the first, we 
have for the literal factors of the terms, 

o", a*V, aV, aV, aV, «'•. 
Hence, with the coefficients the development becomes 

(a«_ic«)» = o"— 5a»V+10aV— 10aV+5aV— x". 

EXAMPLES FOB PBACTICB. 

1. Find the fifth power of a — h. 

2. Find the sixth power of l-[-c. 

Am. l+6c+15c«+20c«+16c*+6c»+c». 

8. Find the seventh power of x-\-y. 
An», x*+7wLV+21xy+35xy+35xy+21xy+7xy*+y\ 

4. Find the eighth power of a* — 1. 
Arts, a"— 8a"+28a"— 56a"+70a«— 56a*+28a*— 8a«+l 

6. Find the ninth power of a — c. 

Ans. a'— 9o'c + 36a'c«— 84aV + 126aV— 126a V + 84aV— 
36aV+9ac*— c*. 

6. Expand (l+ox)*. 

jim. l+5ax+10aV+10aV+5aV+aV. 

7. Expand (a«— x*)'. 

^n« a"— 6a>V+16aV— 20aV+15aV— 6aV+a;^\ 
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8. Expand Qc*—zy. 

Ans. x"— 5xV+10xV— l0x*«"+5xV* ^^r. 

9. Expand (a'x+ify*)'. 

Ang. a"x*+ 6a"x Vy + 15a'x*ciV*+ 20aVcry+15a*x«€a?V-f 
6a*x<fy*+cry". 

10. Expand (a — ^x)^ into a Bcriea. 

/ X X* 8x* 8*- 5x* \ 

11. Expand (1 — x)* into a series. 

X 2j* 2'5x« 2-5'8x* 2 '5'811x* 
^*^ ^"" 8 "■ 8-6 3-6-9 "" 3-6-912 "" 3 6-91216 " * * * 

12. Expand (a-|-l)^ into a series. 

V ^4a 4-8o*'^4-812o' 4-8 12 16a* ^'••V' 
1$. Kxputd (a-|-6)* into a series. 

V "^ 8a 3-6a« "'' 3 C-9a« 8-6 912a* "^ • • • • ; • 
14. Expand —j into a scries. 

. lb h* l^ h* 
a ' or ' a* * a* * a* * 

\ X Kx^^duii ~ into a serioa. 

.Iim;. rfv^+^ + 8if* + 4jt* + 5** + 6x» + .,..)- 
1 V >::x-Nfcusl ^^*^:*^- iuto a series. 



i 4v«*^ 2-4'6u» 2-4-6-8a* 



V '^^^ ^ iV ;iM> l\i» 8-6-9-12a*" 



•) 



* :-t. 



::tv^ a s**n«. 



-V i,» i *,♦ 2'4"«k» "•" 2-4-6-87~"7 
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19. Expand (1 — o)~* into a series. 

Ans. l+3a4-6a* + 10a' + 15a* + 2Ja* + 28a' + 36a'+ 

20. Expand (a* — a')* into a scries. 

/ 3^ 3x* Z'bx* 3-5>9x* \ 

Arts, i/o^a-^^ _^^^^____ ______.... ^ 

21. Expand (a+y)"* into a series. 

1 4y lOy 20/35/ 56/ 

'*"'• ««-^ + "^;s — ^+-^5 — ^+--- 

r 

22. Expand (7i= into a series. 

r* 6r' 6-llr* 61ia6r' 
^»w. r+^ + 2-5* "^ 2¥5"' + 2-3-4-6* ^"••^ 

23. Expand ^1 — x* into a scries. 

a*_^14x^ 14'29x " 14'2944x' * 
r6""216*~ 2-315* ~" 2-3-416 



METHOD or SUBSTITUTION. 

378. In the formula (a;+y)* = 

, . w(n — 1) ._. - . nCn — lYn — 2) ... , . 

x-+naf-''2/+ ^ 2 ^ ^ + 2 > 3 ^ ^+>--* 

we may suppose x and y to represent any quantities whatever ; and 
thus we may obtain the development of the powers of binomials 
with numerical coefficients, or of polynomials. 

1. Involve 3a-|-2c to the fifth power. 

The binomial coefficients for the fifth power are 
1, 5, 10, 10, 5, 1. 

And by connecting these with the powers of the given terms, 
according to the law of the formula, we have 

(3a+2c)» = (3a)'+5(3a)*(2c)4-10(3ay(2cy+10(3a)*(2c)«+ 
6(3a)(2c)*+(2c)^ 

or, by performing the operations indicated, 

(3a+2c)» z= 243a»+810aV+1080aV+720aV+240ac*+3L\» 
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2. Involve a-\-b'\-2c* to tlic fourth power. 

We may coDsidcr the polynomial in two parts, a-f 2>y represented 
by X, and -{-2c* represented by y. Then we have 

(a + 6 + 2r7 = (a + ^/+4Ca + 6/(2c')+6(a + i)X2c'y+ 
4(a+6)C2c«)'+(2c«)*. 

Performing the operations indicated, 

{a+b+2cy = a*4- 4a«6+ 6a*6*+ 4a6«+ Z^*+ 8aV+ 24a«ic«+ 
21a6V+86V+24aV+48a«K;*+246V+32ac*+32iK;*+16c*. 

EXAMPLES FOE PBACTICE. 

1. Find the third power of a — 26. 

Am. a«— 6a*64-12a6«— 86'. 

2. Find the fourth power of 2a+3jc. 

Am. 16a*+96a*x+216aV+216aa;'+81x\ 

8. Find the fourth power of 1 — .Jo. 

Am. 1— 2a+fa'— Ja«+^^ga\ 

4. Find the fourth power of o* — ox-j-x*. 

Arts. a"-4a^A--fl0aV-16aV + 19aV-16aV4l0aV- 

6. Expand (4a* — 3x)^ into a series. 

A 1/9-/, S* 27x- 567x* \ 

Am. V2a^l-jg-^-gj^_^j^— _....j 

FBENOH'S THEOREM. 

379. When a binomial having numerical coefficients is to be 
raised to any power, the coefficients of the expansion may be ob- 
tained with great facility by means of a simple modification of the 
binomial formula. We have («-|-m)* = 

In this equation make z = ax, and u = hy) then 



c. = 


^■- i 


c, = 




c, = 


^.•"-i-^ 


c, = 


or^ 
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in whicli a and b may represent the numerical coefficients of a; and 
y. Now dcnoto the numerical coefficients of the expansion by C\f 
^21 ^8> ®*^* ^^^® ^^^^^ ^^^"^ ^^v® 

in which (7, = a*, 

^ n 6 

& 
& 

a' 
b 
a 

1. Find the fourth power of 6a+3x. 
In this example we have 

n = 4, a === 6, 6 = 8, 

and the coefficients of the expansion will be 

Ci= 5* = 625 

C^= 625 • f • I = 1500 
C, = 1500 -I '1 = 1350 
(74 = 1350-1 -1= 540 
C^ = 540 • i • f = 81 Hence, 

i,i)a+3a;)* = 625a*+1500a«a4-1350aV4-540aa;*+81a:*, An$. 

« , , « , « 2c 4x 

2. Fmd the fourth power of -^ ^• 

Txr^ A 2,4 ^6436 

We haven = 4, a = 5-, & = r' *^^ ~ = F*o=c' 

3 5 a 5 2 5 

Hence the coefficients of the expansion are 

c, (f )* = a 

c, = vv • § • « = 141 

^6 = 141 • i • I = IIS Hence, 

/ 2c 4ar \* 16 , 128 128 , , 512 266 , 

ll Tt -"81 ""135*""+ 75 "'^ "375*^ +626* 



/' 
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EXAMPLES FOR PRACTICE. 

1. Find the fourtli power of 2ar+5y. 

Ans. 16x*+160irV+600xy+1000xy«+625/. 

2. Find the fifth power of 2a— 3x. 

Ans, 32a»— 2i0a*a;4-720aV— 1080aV+810ax*— 243x». 

3. Find the sixth power of 3+4a;\ 

AnM. 729+5832x*+19440x*+ 34560x*+34560x'+18432x"+ 
4096x". 



4. Find the fourth power of -— -|- -- . 

6. Find the sixth power of — + -5 . 

Arts, ^%Y+ !?<*»•+ V<*'-"+20<V+ ^L^r'+^ltr•+ ''^fr\ 

m 1 

6. Find the fifth power of ^ — -. 

4 5 

m* m* m' m* m 1 

1024~256 + T60~200"'" 600 ""3125' 

w 1 

7. Find the eighth power of — — -— . 

2 2m 

— m' 7m* 7m" 35 _7_ _7_ 
^"*' 256^32+ 64 "~32 + 128 "" 32^* + 64^* " 
1 . 1 



32m* ^ 256m*' 



DEVELOPMENT OP SURD ROOTS INTO SERIES. 

380. The approximate value of a surd root may be obtained 
with much facility by expanding the root into a series. 

Let a* represent that perfect nth power, which is next less or 
next greater than the given number, and let h denote the difference 
between this power and the given number. Then 

a*+6, or a* — 6, 
will express the given number. But we have 
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V^iqiZ" = ^^Jl+- y ^^ ^^^5^=6 = «\/i— 1 • 

Developing the radical parts into series, we liave 

/I hi 1— n &• 1 1— n l~2n b* \ 

V^n a-+n*"2r ■^+ n'"'2ir "SiT ■?^+-*V ^' 

^/, 1 ft .1 1-n I* 1 1— n 1— 2n ft' . \ ^, 

\ n «• ' n 2« a** n 2n 3n a** ' / 

The second members of these equations contain no radicals ; hence. 

Any surd may he developed into a series of rational terms; 

whence hy summing the series^ we may obtain approximately the 

indicated root. 

It should be observed that the smaller the fraction — is, the more 

a* 

rapidly will the series converge. 

1. Find the cube root of 76, to six decimal places. 

The bmallest fraction will result by taking the cube which is next 
less than 76, or 64 ; thus, 

^76 = ^64+12=4^1+]! = 4^1+^. 

We may now develop the radical part by equation (1), in which 





I 3 


» = 3, a =4, 


o"~r6* 


To fonn the binomial ooefficients 


we have the factors, 


1 


1 


n ~~ 


3 


1— » 1 


l-4« 11 


2» ~ 8 


bn - 15 


1— 2n 5 


1— 5» 7| 


3n - 9 


6» - 9 


1— 3« 2 


1— 6» 17 


4» ~ 3 


7n - 21 



We represent the successive terms by J., B^ C7, etc.; and to secure 
accuracy in the final result to the 6th place of decimals, we should 

V 
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rry the computation in e 


ach term to tl] 


e 7th place. Thus we hava 


A 




= 


+ 1,0000000 


^=+ i 


•A 


= 


+ .0625000 


C = - i 


•A-B 


= 


— .0039062 


Z) = - « 


■AC 


= 


+ .0004069 


E=- \ 


•A-^ 


= 


— .0000508 


F^-\\' 


A-JS? 


= 


+ .0000069 


G = -\' 


A-^ 


= 


— .0000010 


11= -u 


•A<? 


~~ 


+ .0000001 


Algebnuc sum, 


1.0589559 =(>^l+y^ 
4 


lience, 


#'76 


^ 


4.235824±, An*. 



2. Find the 5t1i root of 25, to 6 decimal places. 
The moet coDTenient fraction will result by taking that 5th power 
which is next greater then 25, or 32 ; thus, 

^25" = ^32=17 = 2*^/l=^. 
Equation (2) will now apply ; and the operation will be as follows : 

L — L 
n ""5 



l-n 


2 
"5 




1— 4n 19 


2n 


5n 25 


l-2« 


3 




1— 5» 4 


3n 


5 




6n ^6 


1— 8n 


7 




1— 6» 29 


4n 


"10 




7n 35 


A 






= +1.0000000 


J5 = - t 


•,'. 




= — 437500 


C= + f 


•/j 


• B 


= — 38281 


I>= + i- 


in 


• C 


= — 5024 


£= + A' 


j\ 


D 


= — 769 


^ = + « ■ 


j\ 


E 


= — 128 


G= + i 


•/j 


•F 


= — 22 


S= +11 


i\ 





= — 4 


Algebraic sum, 






.9518272 = ^ 
2 


Whence, 




V25 


■= 1.903654+, An$. 
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EXAMPLES FOB PBAGTICE. 

Find the values of the following indicated roots, to thd 6tli 
> «imal place : 

1. V9. Am, 2.080084. 

2. v/sT Am. 3.141381. 

3. ViOO. Am, 4.641589. 

4. VTTo. Am. 4.791420. 

5. ^^297. Am. 3.122851. 

6. ^60; Am. 1.978602. 

7. 1/4. Am. 1.319508. 

8. ^^3275. Am. 5.047104. 

9. Vl25. Am, 1.993235. 

EXPANSION OP FRACTIONS INTO SERIES. 

381* An irreducible fraction may always be converted into a 
series, by dividing the numerator by the denominator. 

1. Convert =— —- into a series. 

Observe that :?--— = — —=. 
l+a o+l 

Hence, there may be two ways of dividing ; 

1st 2d. 

l+a)l (1-a+a- «+l)l (^ - ^, + \. 

l+« 1+? 



1 
a 



1 
a 

1_1 
a a* 
T 



+«' +-. 
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The law of expansion is obvions in both quotients, and we hayo 
from the same fraction two series ; thus, 

^ =l_a4-a« — o« + a* — a»+ .... (1) 
1-f-a 

1 _1 1^ 1 1 1 1 

Wc observe that each of the series obtained is by its law of deyek 
opment^ an infinite series. 



EXAMPLES FOB PRACTIOE. 

a , 

1. Convert — r— mto an infinite series. 

a+x 

XX* X* X* 

a * or or * a* 

2. Convert into an infinite series. 

a — X 

X ac' 05* a^ 

Ans. 1-1 1- - -f - -|.--|..,,, 

'a • a" ' o* ' a* ' 

1+x 

3. Convert ^ into an infinite series. 

1 — X 



Ans. l+2a;+2a;«+2x*+2a^+ .... 



a-4-x . ^ 

4. Convert -^-^ — -, into an infinite series. 
ar-j-x* 



, 1 re* a* «•. «• 



5. Convert = ; — j into an infinite series. 

1 — a-^-ar 



Ans. l+o — a* — a*-|-a*-|-a' — a* — a**+ • • • • 

into an infinite series. 
Ans. l+x+bx*+lSx*+41x^+ .... 

to an infinite series. 
An^. l4-3»+4x«+7x*-|-llic*+18a:»-r .... 



1 X 

6. Convert = — ^-r- into an infinite series. 

1 — ^x — ox 



7. Convert - — ^ -, into an infinite series. 

1 — X — X 
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METHOD OF INDETEMIINATE COEFFICIENTS. 

383. It is evident that if a fraction be dereloped into a series, 
the equation which results by placing the fraction equal to its 
development is capable of being satisfied for any value of the un- 
known quantity; in other words, it is an identical equation. 

On this fact depends an important method of expanding an alge- 
braic expression into a series^ called the Method of Indeterminate 
Coefficients, It consists in assuming the required development in 
the form of a series with unknown coefficients, and aflerward deter- 
ming the values of the coefficients by means of the known properties 
of identical equations. 

\A-2x 
] . Pevelop into an infinite scries. 

1 — 6x 

Assume 

J±|^ = A-\-Bx-ir Cx«+Z?x«+J5'a;*+ .... (1) 

1 — 6x 

Clearing this equation of fractions, and transposing all the terms 
to the second member, we have 



= (^— 1)+ B 
~3^ 



—35 . —3(7 — 3i> 



The term A — 1 may here be considered as the coefficient of x* 
understood. 

Now because equation (2) is an identical equation, the coefficients 
of the different powers of x are separately equal to zero, (368^ IV\ 
Thus, 



^—1 =0, 


wbence 


A= 1; 


B—ZA—2 =0, 


(< 


B= 6; 


0-35 = 0, 


u 


C= 15; 


2>-3fi'=0, 


« 


D= 45; 


1^-32) =0, 


<i 


E = 136, eto. 



Substituting these values in (1) we Ixave 

Ji^ = l+5x+15a:*+45a!'+135x«+ . 
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2. Develop 



1+x 



-2x*+6x« 



into an infinite series. 



We peroeive that the first term of the series must be — or or* 



Therefore, 

1+x 



; = A3r'+Bx^+ Cx+D3^+Ex*+Fx''\' . • 



-2x«+6x» 

Clearing of fractions and transposing, we have 

0= A 
—1 

Patting the coefficients eqnal to zero, 

A — ^1 =0, whence, A = 



x*+£ 


x+ C 


3^+ D 


«•+ E 


x*+F 


—2A 


—2B 


—20 


—2D 


—2E 


—1 


+6^ 


+65 


+6C 


+62) 



B-2A—\ =::0, 

C—2B-\-QA=Q, 
2>— 2C+6fi = 0, 
i^2Z)+6C=0, 
F—2E-\-%D = Q, 
Gt_2/'+6^=0, 



B = 
C= 
D = — 
E= — 



1 
3 


18 
36 
36 



<? = +288, etc. 



Substituting these values in the assumed development (1), and 
observing that the term containing C will disappear because C = 0, 
we have 






-18j;«— 36x'+36x*+288a;\ 



KoTB —It is not necessaiy to transpose the terms to one member ; for 
if neither member is zero we liave simply to equate the coefficients of 
the like jiowers of a; in the two members, according to the Uiird property 
of identical equations. 

The method of Indeterminate Coefficients is applicable to a great 
yariety of examples, but always with this provision, viz. : ThcU we 
determine by vnjspectwn what power of the variable wiU be contained 
in the first term oftJie expandon^ and make thefirtt term of the a*- 
tamed development correspond to the known fact. 

If the assumed development commence with a power of the 
variable . higher than it should, the fact will be indicated by an 
absurdity in one of the resulting equations. If, however, the assumed 
development commence with a power of the variable lower than is 
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necessary, no absurdity will arise ; but the redundant terms will 
disappear by reason of the coefficients reducing to zero. 



EXAMPLES FOR PRACTICB. 



\ 2x 

1. Davelop = — 5- into a scries. 



X . 

— i into a senes. 

Ans. l+Zx+Ax'+7x^+llx*+lSx*+.... 

t^ into a series. 
Ans. l+2a;+8jc«+28x*+100x*+356x^+ .... 

--Ti into a senes. 

.xy 

Ans. a:+9aj«+32x«+92x*+240a;*+.... 



2. Develop =— 21 . into a scries. 



I X 

8. Develop = — 5 ^-^ into a series. 



. _. , x(l+5x) . ^ 
4. Develop ,^ ' /. into a senes. 
(1 — 2xy 



2 

5. Develop -^ ^-^ into a scries. 

. 2 4 8x 16x« . 82x- ■ 
^''^- 3^ + 9 +27" + "8r+ 243" +—• 

6. Develop ^ . _ , . _ . into a series. 

'^ l-f-2ic"-f-3x* 

Ans. 1— 2x"+a;*+4x«— llx«+10x"+13x"— . . . . 

1+x 

7. Develop ^, . ,, into a scries. 

(l+ax)« 

Ans. 1+(1— 2a)a>— (2a— 3a*)x*+(3a*— 4a*)a;'— . . . . 



8. Develop 1^1 — x into a series. 



Ans. 1 — — 



X x" 3a;« 3-5x* 



2 2-4 2-4-*6 2-4-6-8 '••' 

l^OTB. - Assume Vl— « = A+Bx-{- Ox-\-Dx+ . . . . ; then square both 
members, and the equations for the coefficients will be readily obtained. 
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9. Develop 1^1-f 3x+5x*+7x"-f 9x*+ into a series of 

rational terms. 

^ ^ . 8x llx« . 23x- . 179x* . 



2 



16 



128 



10. Develop — — j-j- — j-— — j-— — j-— — jj-|- into an equiv- 



alent series. 



1+ x*+ x*+ «•+ a;*+ a;"+.... 

^n*. 1— 3x*+6x*— 7x*+9x»— llx"+ .... 



( 



REVERSION OP SEMEa 



383. The Eeversion of a Series is the process of finding the 
value of the unknown quantity in the series, expressed in terms of 
another unknown quantity. 

1. Given y = ax+6x'-|-cx*4-^a;*-|-«x*-|-. . . ., to find the value 
of X in terms containing the ascending powers of y. 

In this equation, x and y are two indeterminate quantities, and 
either may have any value whatever without altering the form of 
the series. We may therefore apply the method of Indeterminate 
Coefficients. Assume 

X = Ay+Bf-{- (7y +2>y*+^/+ .... (1) 

We may now find by involution the values of x*, x*, x*, x*, etc., 
carrying each result only to the term containing y*. Then substitut- 
ing for X, X*, x', etc., in the given equation we shall have, after 
transposing y^ 



Oz=aA 
— 1 



y+aB 



y*+ aC 
•^2hAB 
+ cA^ 



y'+ aD y+ aE 
-^^hA C +2&^ D 
+ IB" '^2bB C 
+ ScA^B +ScA*C 
+ dA* +ScAB* 
+4dA*B 
+ eA' 

This is an identical equation, being true for all values of y. 
And if we place the coefficients of the different powers of y sepa- 
rately equal to zero, (368. IV), and reduce the resulting equa- 
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tioQS, we sliall obtain the values of the assumed coefficients as 

follows : 



A^ 



(F) 



^ = -^- 



(7 = 



2> = 



E = 



26* —ac 



bh* — bahc-^a^il 



146*— 21aft«c+6a«ftrf-f8aV— a'e 



If we substitute these values of A, B, C, etc., in equation (1), we 
shall have the value of x in tenns of a, 6, c. . . ., and the powers 
of y ; that is, the given series will be reversed. 

2. Given y = az-\-hx*-\-cx*-\-dx''\-ea^'\- . . . ., to find the value 
of X in terms of y. 

Assume x = Ay+Bi/*+Cf^*+J>f+Ftf^+.... (1) 

Proceeding as before, we shall obtain, 



a 



(CF) 



B- 
(7 = 



or 

U^—ac 



D = 



l^y—Sahc+a^d 



E^ 



556*— 55a6*c+10a*6cf+5aV--aV 



In the preceding examples the letters a, 6, c, • • • • , represent any 
coefficients whatever. Hence, in reverting any series in either of 
these forms, we may determine the values of the assumed coefficients 
by an application of formula (^), or (O). 

3. Revert the series y = a;+2a;'-}-4a;*-f-8a5*+ . . • • 

Assume, x = -4y+^y'+ ^'+^y + • • • • 
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If we DOW substitute in formula {F)^ 

o = 1, 6 = 2, c = 4, cf = 8, 
we sliall obtain ^ = 1, ^ = —2, C=4, Z> = — 8. 
Hence, «=y— 2/+4y — 8^*+...., Am. 

EXAMPLES FOR PRACTICE. 

1. Ileyert tlie series^ = a;+a;*-f ^*+35*+3^'+ • • • • 

Ans. a;=y— y*+/— y*4-y*— . 

2. Revert tbe scries y = a;+3x*+5x*+7x*4-9x^+. . • . 

An$. a;=y— 3/+13/— 67/+381/— . 

8. RcTcrt the series a; =j^—|- +|- — j +|- — .... 

A _ I ^' I ^" ^* ^" 

^'•^""^'*"l-2 + l-2-3 + l-2-8-4"*"l-2-3-4-5" 

4. Hevert the series y =a- — x*+x* — x'+x^ — x"+ .... 

Ans. a;=y+/4-2y»+5/+14/+.. 

5. Revert the series y = 2a;+3x*4-4a;*+5a;'+ .... 

6. Revert the series x = 2y4-4/+6y'H-8y+10ly*+.,.. 

X a? bx* Ix* 21x' 

^'«-y=o— Q + -Q — -»- + 






"2 2^8 8 ^ 16 
384. One of the principal objects in reverting a series is, to 
obtain the approximate value of the unknown quantity when the 
sum of the series is known. Thus^ 

1. Given2 = 2x o" + "5 7-+.... to find the ap- 
proximate value of X. 

„ 4x« . 6a5« 8x* . 
Let us put J = 20!: _|- -~ _--j-...., (ij 



and consider x and « as variables. Reverting (1)^ by formula (F)^ 
_ s «• 13«* bs' 
"^-"2 + 6 +360 + 1512 +••'• <^) 
Now if we put « = } in this equation, the result will be a con 
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verging xertej', and we may find the approximate value of ar, bj 
computing the values of the terms separately. Thus, 



« 
2 


= 


1 
4 


1 
"2 


= 


.125000 


6 


=: 


1 

16 


1 
"6 


= 


.010416 


13»* 
860 


= 


1 
64 


13 
•800 


= 


.000564 


5«* 
1512 


= 


1 
256* 


5 
1512 


= 


.000013 



Hence, x = .135993, Am. 

EXAMPLES. 

1. Given | = 5x— 20x*+80x»— 320x*+1280x»— ...., to find 
ihe approximate value of x. Am. x = .117647. 

2. Given 1 = *+ 248 + ^+^5 + 0+ — " *° ^°^ 
the approximate value of x. Ans, .454620. 

1 X* X* x' 

8. Given — = x — ^ — j^ — zrj^ — . • . . , to find the approxi 

mate value of x. Am, x = .201869. 

4. Given -= x—^^ + ^^----^--^+...., to find the ap. 

proximate value of x. Am. x = .274655. 

SUMMATION OF INFINITE SERIES. 

38S. The Summation of a Series is the process of obtaining a 
finite expression equivalent to the series. 

386* The method of summing a given series must always 
depend upon the nature of the series, or the law governing its 
development. Formulas have already been given for the summa- 
tion of arithmetical and geometrical series. We Will now investigate 
the methods of summing a variety of other series. 
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RECURRING SERIES 

387* A Eecnrring Series is one in which a certain number or 
consocutiye terms, taken in any part of the series, sustain a fixed 
relation to the term which immediately succeeds. Thus, 
l-j-4x+llx*+34x»+101x*+ .... 

lb a recurring series, in which if any two consecutive terms be taken 
the product of the first by 3x-* plus the product of the second bj 
2xy will be equal to the next succeeding term. The coefficients of 
these multipliers, or 

8, 2, 
are called the scale of relation. In the recurring series 

the scale of relation is 3, 2, 1. 

388. A recurring series is said to be of the Jirst order, when 
each term after the first depends upon the term which immediately 
precedes it. The scale of relation will consist of a single part^ and 
the series will be a geometrical progression. 

A recurring series is said to be of the second order, when each 
term after the second depends upon the two preceding terms; the 
scale of relation consists of two parts. 

A recurring series is said to be of the third order, when each 
term afler the third depends upon the three preceding terms ; the 
scale of relation consists of three parts. 

380. To find the scale of relation and the sum of a recurring 
series of the second order. 

1st. Let a, hf c, J, represent the coefficients of any four consec- 
utive terms ; and let m, n, denote the scale of relation. Then fi:om 
the nature of the series, we have 

ma-\-nh = c ) 

mh+nc^d) ^^ 

These two equations will determine the values of m and n. 
2d. To find the sum of the series, denote the terms of the serieji 
by -4, B, Gy etc., and let 

S = A^B+ (7+2>+^+ .... (1) 
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The series is supposed to contain the ascending powers of Xy the 

first power occurring in either A or B. Then because the series is 

of the second order, we have 

C = inAx*-\-nBx^ 
D = tnBx^-\-nCxf .^x 

U = mCx'+nDxC^ 
etc. etc. etc. J 

Adding these equations, and observing the value of S in (1), we 

have 

S-^A—B = mx'S+nx(^S—A). 

Whence we obtain 

„ A+B—Anx 

1 — nx — mx 

390. To find the scale of relation and the mm of a recurring 
series of the third order, 

Ist. Let a, by c, d, c, f represent the coefficients of any six con- 
secutive terms ; also represent the scale of relation by m, n, r. 
Then we have, 

nib'\-nc-\-rd = c V (7») 

mc-^-nd-^re = / ) 
These thi*ee equations will determine the values of m, n and r. 

2d. To find the sum of the series, represent the terms by, Ay Bj 
C, etc., and put 

S = A+B+ C+D+E+F+ .... (1) 
Then because the series is of the third order we shall have 
D = mAx^+nBx^+rCx^ 
E = mBx^+nCx^+rDxt 
F = mCx*+nDx^+rEx^ 
etc., etc., etc., etc.y 
By addition, obsemng the value of ^ in (1), we have 

S ^A^B—C = mx*S+nx\S—A)+rx(^S--A—B) 
waenoe we obtain 

A+B+ C—iA+Byx-^Anx* 

o = 1 i 1 (F) 

1 — rx — nx — mx ' 

In like manner formulas may be obtained for the summation of 

recurring series of higher orders. 



381 SERIES. 

301« To apply tliese formalaA in the summation of any given 
BcrieS) we must first determine the scale of relation by (P) or(^), 
and then we may obtain the sum of the series from (Q) or ( V). 

If the order of the series is not known, we should first deter- 
mine the values of m and n by formula (P), and ascertain by trial 
whether the jw»le of relation thus found will apply to the giyen 
series. If it will not apply, we may determine the values of m, ra, 
and r from formula (T)^ and ascertain by trial whether the series 
can be developed by the new scale thus obtained. If this also fail, 
we must establish other formulas corresponding to stiU higher de- 
grees, and continue the trials. 

If, however, we resort in the first place to a formula corresponding 
to an order higher than that of the given series, then one or more 
of the quantities, m, n, r, etc., will prove to be zero, and the re- 
maining numbers may be taken as the scale of relation, without 
further trial. 

1. Find the sum of ihe infinite series, 1 -|- 4x -|- lOx' -f- 22x' + 
46x*+.... 
To determine the scale of relation, we have 

a= 1, Z» = 4, c = 10, cf = 22. 
These values substituted in formula (i^, give 

m-^-An = 10, 
4m+10n = 22, 

from which we readily obtain 

m = —2, n == 8. 

These numbers form the true scale of relation ; for we perceive 
that any coefficient after the second in the given series, is equal to 
three times the first preceding coefficient, minus twice the second 
preceding coefficient. 

To find the sum of the series, we have 

^ = 1, B = 4x. 
Whence by formula (0) 

^ ~ 1— 3x+2x' - 1— 3x+2x' ' ^ 
We have thna obtained tlie sum of the series in the form of an 
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algebraic fraction. Conversely, the given series may be developed 
from this fraction, either by division, or by the method of indeter- 
minate coefficients. Indeed, it will be found that the sum of eveiy 
recurring series is an irreducible fraction, from which the series 
may be supposed to originate. The fraction from which any partic- 
ular series is supposed to arise, is called the generating fraction for 
tliat series ; it is the same as the sum of the series. 

EXAMPLES FOB PRACTICE. 

1. Find the sum of l+3x+4x*+7x»+ll:c*-f .... 

An.. ^+^ 



1— oj— a" 

2. Find the sum of l+6x+12x«+48x*+120a;*+. . . . 

l+5aj 
Am, 



8. Find the sum of l+2x— 5x*+26x*— 119a;*+. . . . 

l + 6.r 
Arts. 



4. Find the sum of 1 4-4a: + 3jp'— 2a;"-h 4x*-h l7x'-i- 3j?*+. . . 

1— a? + 2a?'— 3i:' 

5. Find the sum of l+8a;+5x«+7a:«+9x*+ .... 

1+x 



Am, 



(l-x)« 
6. Find the sum of l+a;+6**+13jc'+4la:*+121x»4-. . . . 



1_2*— 3a:» 



7. Find the ram of l+4x+6a^-|-llx'+28x*+63x*+ . 



(l+x)'-2x' 
(1— a;)*— 8x'' 

at 7x* Mr' 

8. Find the sum of 5^ + a!'+ V + 10-='+ ^ +91»"+ . . . 

Ans. 



2— 4x»— 6x* 
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DIFPERENTIAL METHOD. 



I 



303. The Differential Method is the process of finding anj 
term of a regular series, or the sum of any number of terms, by 
means of the successive differences of the terms. 

303* To find any term of a series by the differential method. 

If we subtract each term of a series from the next succeeding 
term, we shall obtain a new series called the first order o/ differences. 
If we subtract each term of this new series from the succeeding 
term, we shall obtain a series called the second order of differences j 
and 80 on. 

Let a, hfC,d,ej .... represent a regular series, the successive 
terms being formed according to any fixed law. We will write the 
given terms in a vertical column, and proceed by actual subtraction 
to form the several orders of differences, placing each order in a 
separate column, and each difference at the right of the subtrahend 
The result is as follows : 





lat order of 


id order of 


8d order of 


4t1i order of 


Serlaa. 


differences. 


differences. 




differences. 


a 
b 


6— a 








c 


0-* 


c— 2^+0 






d 


cf— « 


d 2c+b 


J— 3c4-3ft— a 




e 


e—d 


e—2d+c 


e— Sc^+So— Z> 


e— 4tf4-6c— 4Z.+a 



The quantity which stands first in any column, though a polyno- 
mial, is called the first term of the order of differences which 
designates the column. 

Let d^y d^, <^,, d^y etc., represent the first terms of the first, 
second, third, fourth, etc., orders of differences. Then we shall 
have 

rfi = b — a 

c?3 = c — 2b-{-a 

d^=d^Zc+Sb—a 

d^ = e — 4:d-\-6c — 46-f-a, etc. 
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By transposition, we may obtain, after making tlie necessary 
substitutions, 

a = a 

d = a+'^^l^+ZiL+ d^ 

c = «+4f/,+Gr/o+4(/3+<74, etc. 

These equations express the values of a, h, c, d, e, etc., in terms 
of a, </,, (/j, e/3, d^y etc. The coefficients in the second members 
are furnic«l aecorJiiig to the binomkd Jhimnla ; and we obseiTC that 
the coefficients of the second power of a binomial are found in the 
third equation, the coefficients of the third power in the fourth 
equation, and so on. 

Ileace, if we let T^^ denote the (w-j-l)^7t term of the given 

series, 

a J hf c, df e, . • • • 

then we shall have 

. , . w(w— 1) , , w(n— l)(n— 2) ^ , 

And by substituting n — 1 for w, wo shall obtain a formula for the 
nth term of the given series ; thus, 

n^r. I^ry , ('^-^)C^-^) ,y I (»-~l)(n-2)(n -3) 

304* To fnd the sum of ant/ number of terms of a series^ b^ 
the th'ffereutiid method. 

Represent the given series by 

a, bf r, f7, «,.... (1) 

And denote the sum of n terms by S, AVe are to find the values 

of S in functions of 

a, (?,, d.^y £?3, etc. 

Let us assume the auxiliary series, 

0, flf, a+b, a-^-b+c, a+b+c+d, .... (2) 

It is ob'.ious that tlie (??+^)th term of this series is the same as 

tlic sum of II terms of the given series, (1), and may be placed equal 

to S. Now let 

d\, r., d\, d\, etc., 
22 W 
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represent the first terms of the successive orders of diflerenccB in 
the auxiliarj series (2). Then by formula (m), we have 

^=o+«A+"-^-^<^.+ ^^^^^=^-^^'.+.... (-) 

Bat if we proceed to form the first, second, third, etc., orders of 
difierences for the auxiliary series (2), we shall have 
d\ z= a, 

d\ = 6 — a = <?,, 
£^'g = c — 26-j-a = dfj^, etc. 

Hence, by substitution in equation (n) we have 

n(7i— 1) , . wfn— l)(/i— 2) , . ,_, 

30S« The use of formulas {A) and (^) may be illustrated by 
the following examples : 
1. Find the 12th term of the series, 1, 5, 15, 35, 70, 126, etc. 
We first form the successive orders of difierences, as follows : 

1, 



6, 


4, 






15, 


10, 


6, 




85, 


20, 


10, 


4, 


70, 


85, 


15, 


5, 1, 


126, 


56, 


21, 


6, 1, 



0. 

Thus we have » = 12, and 
a = l, c?, =4, cfj =r 6, <?3=4, ^4=1, rfg=0. 
Substituting these values in (A)^ and reducing the terms, we obtain 
r,2 = 1+44+330+660+330 =1365, Am. 
The series is broken off at the fifth term, because the subsequent 
differences are all zero. 

2. Sum the series 1, 3, 6, 10, 15, 21, etc., to n terms. 
By forming the successive orders of differences, as in the lasl 
example, we shall obtain 

a = 1, <f , = 2, cfj = 1, d, = 0. 
^^«nce, by formula (B\ 
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^-»+— 2— 2+ g-rg ) 

all the terms afler the third becoming zero. By performing the 
indicated operations, adding the results, and then faotoring, we have 



EXAMPLES FOB PRACTICE. 

1. Find the 9th term of the series 1, 4, 8, 13, 19, etc. 

Ans. 53. 

2. Find the 15th term of the series 1, 4, 10, 20, 35, etc. 

Ans. 680. 
8. Find the 8th and 9th terms of the series 1, 6, 21, 56, 126, 
251, 456, etc. Ans. 771 and 1231. 

4. Find the 20th term of the series 1, 8, 27, 64, 125, etc. 

Ans. 8000. 

5. Find the nth term of the series 1, 3, 6, 10, 15, 21, etc. 

An.. <!Hd). 

6. Fmd the nth term of the scries 1, 4, 10, 20, 85, etc. 

o 

7. Find the nth term of the scries, 1, 5, 15, 35, 70, 126, etc. 

n(n+l)(n+2)(n.f3) 
^'"- 24 • 

8. Sum the series 1, 8, 6, 10, 15, 21, etc., to 20 terms. 

Ans. 1540. 

9. Sum the series 1, 5, 14, 30, 55, 91, etc., to 12 terms. 

Ans. 2366. 

10. Sum the series 1, 4, 13, 37, 85, 166, etc., to 10 terms. 

Ans. 2755. 

11. Sum the series, 1 • 2, 2 • 3, 8 • 4, 4 • 5, 5 • 6, etc., to n term* 

Ans. *^(^+^)(^+2) ^ 

9 
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12. Sam tlie series 1 • 2 • 8, 2-8-4, 8 • 4 • 5, 4-5-6, etc., to 
n terras. ii(n+l)(»4-2)(ii+3) 

4 

18. Stun the series 1*, 2% 3*, 4*^ 5*, etc., to n terms. 

o 

14. Sum the series 1', 2\ 8', 4", 5', ete.^ to n terms. 

Ans. (^\ 
4 

15. Sun the series 1\ 2\ 3\ A\ b\ eto., to n terms. 

^'*'- 5 +2- +3 "so- 
le. Sum the series (w+l), 2(iit+2), 8(m-f-3), 4(m+4), etc., 
to n terms. «(ft+l)(l-f2n+3m) 



INTERPOLATION. 

30G» Interpolation is the process of introducing between the 
terms of a series, iDtermediate terms which shall conform to the 
bw of the series. It is of great use in the construction of matho- 
matical tables, and in the calculations of Astronomy. 

307. The interpolation of terms in a series is effected by the dif- 
ferential method. In any scries, the value of a term which has n 
terms before it is expressed by formula (m), (303); which is 

T -a \ nd I <"^^) 7 . n( n~lX^~2) 

If in this formula we make n k fraction, then the resulting equa- 
tion will give the value of a term intermediate between two of the 
given terms, and related to the others by the law of the series. 

If n is less than unity, the intermediate term will lie between the 
fii-st and second of the given terms ; if n is greater than 1 and lass 
than 2, the intermediate term will lie between the second and third 
of the given terms ; and so on. 
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Given 



^^21 = 2.758924 v 

1^22 = 2.802039/ to find the cube roots 
( K 23 =r 2.843867/" of intermediate num- 
1^24 = 2.884499\ ^®"' ^^ "^^'P^^*^®"' 

^^25 = 2.924018/ 
1. Required the cube root of 21.75. 
We have 



r 



No. 

21 


Cube BooU. 


rf, 


rf. 


dx 


d. 


2-758924 










22 


2.802039 


+.043115 








23 


2.843867 


+.041828 


—.001287 






24 


2.884499 


+•040632 


—.001196 


+.000091 




25 


2.924018 


+.039519 


—.001118 


+.000083 


—.000008 



Hence, to find the cube root of 21.75 by the formula, we have 
a = 2.758924, n = .75, 

d^ = +.043115, J. = —.001287, d^ = +.000091, etc. 
These values substituted in the formula, give 
1st term, +2.758924 



2d 
3d 
4th 



+ 
+ 
+ 



.032336 

.000121 
.000004 



Whence, 



2.791385, Am. 



If it were required to find the cube root of any number between 
22 and 23, we might put n equal to the excess of the number 
above 21, and employ the same values for d^, d^, d^, etc., as before. 
l^ut greater accuracy will be attained by making 22 the first term 
of the series, and employing the corresponding differences; in 
which case n will be a proper fraction. 



EXAMPLES FOB PRACTICE. 

Find by interpolation, 

1. The cube root of 21.325. Am. 2.773083. 

2. The cube root of 21.875. Ans. 2.796722. 

29* 
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8. The cube root of 21.4568. Am. 2.778785. 

4. The cube root of 22.25. Ans. 2.812613. 

5. The cube root of 22.684. Ans. 2.830783. 

6. The cube root of 22.75. Ans. 2.833525. 
308. On three consecutive days, tlio angular distances of the 

sun from the moon, as seen from the earth, were as follows: 
1st day, noon, 66° 6' 38". 

« «< midnight, 72° 24' 5". 

2d « noon, 78° 34' 48". 

« " midnight, 84° 39' 4". 

8d « noon, 90° 37' 18". 

« « midnight, 96° 29' 57". 

In the data here given, the interval of time is 12 hours. Ilcnce, 
to find the distance of the sun from the moon at iutormediate times, 
H must Always be some fractional part of 12. Thus, for the distance 
at 3 o'clock P. M. of the fii-st day we have « = j^ = J, and a = 
66^ 6' 38"; for the distance at 6 o'clock a. M. of the second day, 
n = y^ = 4, and a = 72° 24' 5". For the distance at 3 o'clock 
p. M. of tbe second day, » = ^ = j, and a = 78° 34' 48". 



EXAMPLES FOR PRACTICE. 

Find by interpolation the distance of the sun from the moon, 

1. At 3 o'clock P. M. of the first day. Am. 67° 41' 39". 

2. At 6 o'clock p. M. of the first day. Ans. 69° 16' 13". 

3. At 9 o'clock p. M. of the first day. Ans. 70° 50' 22". 

4. At 3 o'clock A. M. of the second day. Ans. 73° 57' 23". 

5. At 6 o'clock A. M. of the uecond day. Ans. 75° 30' 16". 

6. At 9 o'clock A. M. of the second day. Ans. 77° 2' 44". 

7. At 3 o'clock p. M. of the second day. Ans. 80° 6' 27". 

8. At 6 o'clock p. M. of the second day. Ans. 81° 37' 43". 
9 At 9 o'clock p. M. of the second day. Ans. 83° 8' 35". 
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LOGARITHMS. 

309. The Logaritlim of a number is the exponent of the power 
to which a certain other number, called the basey must be raised; in 
order to produce the given number. Thus, in the expression^ 

a*z=h, 
the exponent, x, is the logarithm of h to the base a. 

An equation in this form is called an eaponenfial equation. 
If in this equation we suppose a to be constant, while b is made 
equal to CYcry possible number in succession, the corresponding 
values of x will constitute a system of logarithms : hencO; 

400. A System of Logarithms consists of the logarithms of 
all possible numbers, according to a given base. 

Any positive number greater than unity may be made the base 
of a system of logarithms. For, by giving to x suitable values, the 
equation a* =^b 

will be true for all possible values of 6, provided a is positive and 
greater than 1. Hence, 

There may be an indefinite number of sy sterns of logarithms, 

401. If in the equation a" = 6, we suppose b to represent a 
perfect power of a, then x will be some integer ; but if 6 is not a 
perfect power of a, then x will be some fractixm. Hence, 

A logarithm may consist of an integral and a fractional part 
403. The Index or Characteristic of a logarithm is the integi-al 
part; and 

403. The Mantissa is the fractional part of a logarithm. 
For iUustration, let 5 be the base of a system ; then we have 

6"" = 5^ = V5' = 37.384. 
Thus, the logarithm of 37.384 to the base 5, is 2.25; the index 
of this logarithm is 2, and the mantissa .25. 

PBOPERTIES OF LOGARITHMS. 

404. There are certain properties of logarithms, which are 
common to all systems. To investigate these general properties, let 
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a denote the base of the fljstem * also, designate the logaritlim of a 
quantity by lo^., written before the (|uantity. 

1. — Jh uifj/ a^sfcmf tlie lojnrlthm of uuitj /# 0. 

For, let ri* = 1 ; then x = lo;;, 1. 

But by (88), if <f = 1, then x = 0, or lo-. 1 = 0. 

2. — In any <y«^m, the. luytwithm nf the futge itsr// u unify. 

For, let a' = c# ; then x = log. a. 

iJut by (88), if a' = a, then j: = 1, or log. a = 1. 

3. — T/ie imjarithm of tlie pnMhut of two numbers u equal to the 
ivm of tlit loijarUkm% of ttie two UHmbem, 

For, let m = /i% « = n' ; 

then X = log. »i, « = lug. n. 

But by multiplication we have 

will = oT^' ; 
therefore, log. wi» = j:-(-« = log. »i+log. n. 

4. — The loijartthm of a quofirnt U vqiml to the hfjarilhm of the 
dividend diminished by tlie bttjarithm of the diviaor. 

For, let m = a', 91 = a' ; 

then X = log. m, z = log. n. 

By division we have — = 



therefore, log. ( - ) = ^ — « = log. m— log. n. 

5. — The lofjnrifhm of any pnicrr nf a vvmher in rqvfd to thi 
lof/anthm of the number multiplied by the crponvnt of the jf*Hcer 

For, let m = a' ; then x = log. w. 

By involution we have wi*" = ci*»; 

therefore, log. (ju*") ^zrxz:z r log. wi. 

6. — The logarithm of any root of a nnmhrr wi equtd to tht 
logarithm of tlie number divided by the index of the root. 

For, let m:=i a*'j then x = log. m 

By evolution we have V^ = «** 5 
therefore, lo<;. Vni = — = • 
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40 tS. The principal use of logarithms is to facilitate arithmet- 
ical computations. By means of the last four properties, we may 
avoid the ordinary labor of multiplication, division, involution, and 
evolution, — these operations being practically performed by addition 
and nubtraction. 

For this purpose, it is necessary to have a Table of Logarithms^ 
80 constructed that we may readily obtain the logarithm of any 
number within a certain limit, or the number con-esponding to any 
logarithm, to a certain degree of approximation. The common 
tables give the logarithms of numbers from 1 to 10,000, correct to 
6 decimal places. 

With a table of this kind, we have the following obvioHS 

RULES FOR COMPUTATION. 

I. To multiply one number by another : — Find' the logarithmt 
of the given numhcrs; add these logarithms, and find the number 
corresponding to the sum ; this number wUl be the required product ; 
(404, 3). 

II. To divide one number by another : — Find the logarithms of 
the gii:en nvmbers ; subtract the logarithm of the divisor from that 
of the dividetid, and find the number corresponding to the difference; 
this number will be the required quotient ; (404- 4). 

in. To raise a number to any power : — Find tJie logarithm of 
the given number, and multiply it by the exponent of the required 
power ; then find the number corresponding to this product, and it 
toiU be the required power ; (404. 5). 

IV. To extract any root of a number : — Find tlie logarithm of 
the given number, and divide it by the index of the root ; then find 
the number corresponding to the quotient, and it wiU be the required 
root ; (404, 6). 

Note.— From (400), we infer that negative numbers, as such, have no 
logarithms. But we may always employ logarithms in calculations where 
negative factors are involved, by disregarding signs imtil the absolute 
value of the product or quotient is obtained. 
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406 Any positive number greater than anity may be made the 
base of a system of lo«rarithras. Bat the only base nsed in practical 
calculations, ib 10. The logarithms of narobers according to this 
base, fonn what is called the Common System of logarithms. 

Note. — Besides the common system, there is another, called the ya- 
perian SyMem, from Baron Napier, the inventor of logarithms. This 
tystem is of great theoretical importance, and its relation to other systems 
will be shown in a subsequent article 

407* Tho peculiaritieB which ocmstitate the advantage of the 
common system, may be shown as follows : 
Since 10 is the base of the system, 

log. 1 = log. 10* = 0, 
log. 10 = log. 10' = 1, 
log. 100 = log. 10« = 2, 
log. 1000 = log. 10* = 8, 
log. 10000 = log. 10* = 4. 
Now it is obvious that if any nnmber, integral or mixed, be great- 
er than 1 and less than 10, its logarithm will be entirely decimal ; 
if the number be greater than 10 and less than 100, its logarithm 
will be 1 plus a decimal \ if greater than 100 and less than 1000, 
its logarithm will be 2 plus a decimal ; and so on. Hence, 

1.- • The common logarithm of an integer or a mixed number 
will have a positive index^ equal to the number of integral places 
minus 1. 

Again, since the logarithm of 10 is 1, it follows that if a number 
be divided by 10 continually, the logarithm will be diminished by 
1 continually, the decimal part remaining unchanged. 

Let us take any number, as 546^, and denote the mantissa, or the 
decimal part of its logarithm, by fn. Then we have 
(1.) (3.) 

log. 5468 = 8+m, log. .5468 = — 1+m, 

log. 646.8 = 2+m, log. .05468 == — 24-m, 

log. 54.68 = 1-fm, log. .005468 == — 8+m, 

log. 5.468 «= 0+m; log. .0005468 «= — 4+m; 
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in which 3, 2, 1, 0, are the indices of the logarithms in column (1); 
and — 1, — 2, —3, — 4, are the indices of the logarithms in column 
(2) ; and wi, the decimal pan in all. Hence, 

2. — If two numbers consist of the same Jigure^^ and differ only in 
the position of the decimal pointy their lot/arithms, in the common sys- 
tem, icUl have the same decimal part, and will differ only in the vaJr 
ues of the index. 

3. — The common logarithm of a decimal fraction mU have a 
negative index ; if the significant part of the decimal commence at 
the tenths* place j the index of the logarithm will he — 1 ; hut if ci- 
phers occur between the decimal point and the first significant figure, 
the index of the logarithm will be numerically equal to the number 
of intervening cipJiers, plus 1. 

408« In writing the logarithm of a decimal fraction, the minus 
sign is placed before the index, and the decimal or positive part an- 
nexed without any intervening sign. Thus, from a table of loga- 
rithms, we have 

log. .0546 = —2.737193, 
in which the minus sign must be understood as affecting only the 
index 2. This logarithm is therefore equivalent to 

— 2+.737193. 

COMPUTATION OF LOGARITHMS. 

409. Since the rules for computing by logarithms require a 
logarithmic table, it becomes necessary to calculate the logarithmn 
of an extended series of numbers. The only practical method of 
doing this, is by means of a converging series, expressing the value 
of any logarithm in known terms. 

Let us resume the fundamental equation, 

ar = h, a) 

m which x is the logarithm of 5, to the base a. 

Assume a = 1+c, b = 1+P f 

then (}+cy = l+Py P) 

where x is the logarithm of 1+jp, to the base a. 
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Raise both members of equation (2) to the nth power ; then 

Kzpanding both members by the Binomial Theorem, we have 

, . tij hix — 1) , , n.j(«j- — !)(«.»• — 2) 
l+„xe+ -1^— ic'+ —5^ J-—-Jc'+ 

,.^(n^-l)(,.x-2)(»r -3) i4,„, "^"-^)„.| ' 

n(n-1)(,,-3) . . „(»-l)( n -2)(>,-.3) « . 
2 . 3 ^+ 2 • "8 • 4 -''+•••• 

Dropping unity from both members, and dividing by n, wc obtain 
^^e+-2-c' + --^— — c«+ 2.3.4 -^■^-'J 

This equation is true for all values of » ; it will be true, there 
fore, when n = 0. Making this supposition, the equation reduces to 

""V 2 +3 4 +5'"----y--P~2 +3"~4+5~' 

From equation (2), we perceive that 

a = log. (l+j[)). 
HencO; if we place 

equation (3) will become 



.(3) 



log.(l+^) = ^(^^|-+j"^jVf-....). 



M) 



Thus, we have obtoined an expression for the lojrarithm of tlio 
number l+p, or b. This expression consists of two factors; namely, 
the quantity in the parenthesis, which depends upon the nun»ber, 
and the quantity Jl/, which depends upon the base of the system. 

410. it is obvious that if a definite value be given to JA the 
base of the system will be fixed and determinate. Baron Napier 
arbitrarily assumed J/= 1. 

To determine the base of the system, accordimr to this assumpticm, 
substitute 1 for M in equation (4), (409). We shall liave, after 
reducmg, 
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1 ^ , c* e* c* 



Putting « = 1, we shall have 

c" c» c* c» 
»-c— 2 +3-4 +5— •••• 

Ke verting the scries, we obtain 
Restoring the value of «, 

By takinj? 12 terms of this series, we find the approximate value 
uf r to be 1.7182818. But the base is 1+c; hence, ad(lin.<r 1 to 
the refoilt, and representing the sum by c, the usual symbol for the 
Naperian base^ we have 

e = 2.7182818, 
which is the base of the Naperian system. 

411. In the general formula, (-4), the quantity J/, which depends 
upon the ba.<ie, is called the modulus of the system. Thus, the 
modulus of the Naperian system is unity. 

Let us here designate Naperian logarithms ]^y nap. log., and log* 
arithms in any other system by log., simply. Then, 

nap.log.(l+i>)= (^-|*+|'_|.*+|' ) (2) 

Dividing (1) by (2), we obtain 

M= ^^g;0+/>) (3) 

nap. log. (l4-7>)' 

or, {nap. log. (l+p)\XM=z log. (1+/)), (4) 

where M is the modulus of the system in which the logarithm of 
the second member is taken. Hence, 

The mothiliix of avy particniar ftr/stem in (he constant multiplier 
whiih will convert Naperian logarithms into the loi/arithms of that 
9i/stem, 
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4I3« Formula (^) can be employed for the compatation of 
Io«^ntlim8, only when p is less than unity; for if /> be greater thao 
unity, the series will be iHcenjhuj, The series, however, may be 
tran>foi'Uicd into another which will be always converying. 

Let us resume the logarithmic series. 



(1) 



P) 



If iu thb equation wo substitute— p for p, we shall have 

If we snbtract equation (2) from equation (1), observing that 

log.(l+i.)-log.(l^) = log. (^). 
we shall have 

Ajwumo p = ^ — --=- : whence we obtain =-^^ = -X-. 
2z+l 1— y s 

These values substituted in equation (3), give 

^•(^)= . 

^^ (2HT + 8(2z+l)» + 5(22+1/ + 7(2z+17 +• • /• ^*' 
The first member of this equation is equivalent to log. (z+l)— 
log. z. Hence, finally, we have 

^ ^ \ 2hT + 3(22+l)> + 5(22+1/ + 7(22+1/ + ' * / " ^^^ 
This scries is rapidly converging, and may be employed with 

fiicility for the computation of logarithms, in the Naperian, or in 

the conirobn system. 

To commence the construction of a table, first make 2 = 1; then 

log. 2 = 0, and the formula will give the value of log. (2+I), or 

log. 2. Next make 2 =. 2 ; then the formula will give the valno 

«f log. (a+1), or log. 3 ; and so on. 
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It is necessary to compute directly the logarithms of prime num 
bore only, in any system ; for, according to (404, 3), the loga- 
rithm of any composite number may be obtained^ by adding the 
logarithms of its several factors. 

413. We will now illustrate the use of formula (B\ by com- 
puting the Naperian logarithms of 2, 4, 5, and 10. 

Make z=l; then nap. log. z = 0, and nap. log. («+l) = nap 
log. 2; and since J/= 1, we have 

nap.log.2 = 2(jl-3 + ^ + A.. + ^ + ....). 

From a column of numbers consisting of | and the quotients ob- 
tained by dividing | by 3', or 9, continually ; then dividing the 
first of these nunriers by 1, the second by 3, the third by 5, and so 
on, we obtain the several terms of the series. 
82 



9 


0.66666666 ^- 1 = 


.66666666 




9 


7407407 H- 8 


2469136 




9 


823045 ^ 5 == 


164609 




9 


91449 -T- 7 = 


13064 




9 


10161 -^ 9 = 


1129 




9 


1129 -j-U = 


103 




9 


125 -i-13 = 


10 






14 -i-15 = 


1 






.69314718 = 


nap. log. 2. 






2 





WTicncc, by (404, 5), 1.38629436 = nap. log. 4. 

Next make z = ^i ; then z-\-l = 5 ; and 2z-f-l = 9 ; and we 
hayo 

nap.log.5 = 2(^H-^ + -^+.l^+....)+nap.lo«.4. 



9 

9' = 81 

81 

81 



0.22222222 -5- 1 ^ .22222222 
274348 -i- 3 = 91449 
8387 + 5= 677 

42 -5- 7 = 6 



.22814854, smn of swiea 
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To .22314354 

Add nap. log. 4 = 1.38029436 

1.0U948790 = nap log. 5. 
Add nap. log. 2 = .69314718 

Whence, by (404, 3), 2.3025-508 = nap. log. 10. 

414. In order to compute common logarithms, we mit^^t first 
determine the modulus of the common system. From (411), 
c<|Uution (8)^ we have 

j^^ log.(l+;>) 



nap. log.(l+;0 

In this equation, make \-\-p = 10, the base of the common 
system. Then we have 

the value of the modulus sought. Substituting this value id 
foruiula (^), we obtain the formula for common logarithms, as 
follows : 

log- («+!)— log. z = 

To apply this formula, assume z = 10 ; then 

log. 2 = 1, and 22+1 = 21. 



21 

21* = 441 

441 



.86858896 

.04136138 -f- 1 = .04136138 

9379 -^ 3 = 3126 

21-1-5= 4 



.04139268, sum of scries. 

Add log. z = 1^0 

log. (2+1) = 1.04139268 = log. 11. 
If wo make z = 99, then 2+ 1 = 100, and 22+1 = 199. 
In this case, the formula will give the logarithm of 99 ; for^ 
log. (2+1 )— log. 2 = log. 100— log. 99 = 2— log. 99. 



199 


.86858896 


199» = 89601 


436477 -5- 1 = .00436477 




11 ^ 3 = 4 



.00436481, snm of series. 
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Therefore, we have 

2— log. 99= .00430481, 
whence, 1 .995035 1 9 = log. 99. 

Subtract log. 11 = 1.04139208 

.95424251 == log. 9 
And by (40 1, 6), ^ log. 9 = .47712120 = log. 3. 

Thus we may compute logarithms with great facility, usinp 
f iriuula for. prime uumbcrs only. 



the 



USE OF TABLES. 

Ik 

41«1« The following contActccl tables will illustrate the princi- 
ples i}\' logarithms, and the methods of using the larger tables. 
T)ie logarithms are taken iu the common system. 

TABLE I. — LodARITHMS FROM 1 TO 100. 



N. 


1 Log. 


N. 


Log. 


N. 


I^»^'. 


X. 


I>»!f. 


r 


i(M)00 


20 


1 41^9'3 


51 




7(»7570 


70 


1 8S0S14 


2 


3(11 n:{0 


27 


1 4313(;4 


52 




71(5003 


77 


1 88(5491 


8 


477.121 


28 


1 447158 


53 




72427(5 


78 


1 85)2095 


4 


(>02<MM) 


29 


1 4(;2398 


54 




732394 


79 


1 897(527 


5 


Gyyyro 


30 


1 477121 


55 




7403G3 


80 


1 903090 


6 


778151 


31 


1 491302 


50 




748188 


81 


1 908485 


7 


845008 


32 


1 505150 


57 




755S75 


82 


1 918S14 


8 


9fK:0l>0 


33 


1 5ia514 


58 




70342S 


f^^ 


1 91i;078 





1)54243 


34 


1 581479 


59 




770852 


84 


1 !»24279 


10 


1 000000 


35 


1 5140G8 


CO 




778151 


85 


1 929419 


11 


1 011893 


30 


1 550303 


01 




785^:30 


80 


1 984498 


12 


1 0791 SI 


37 


1 5(38202 


(52 




792392 


87 


1 989519 


l:^ 


1 li:m43 


'Sx 


1 579 /K4 


o;^ 




799841 


H^ 


1 9444s:5 


14 


1 1-I(n2s 


39 


1 5910(55 


04 




80(51 yo 


89 


I 9498SI0 


15 


1 170091 


40 


1 G0:0.')0 


05 




812918 


90 


1 954248 


10 


1 204120 


41 


1 012784 


00 




819544 


91 


1 951:011 


17 


1 23n44i» 


42 


1 023249 


07 


1 82(»075 1 


92 


1 $H587S8 


18 


1 255273 


4:{ 


1 (5334(i8 


(58 




8825(^9 


98 


1 9(5H4S8 


19 


1 2787.54 


44 


1 048453 


09 




8:{S849 


94 


1 978128 


20 


1 301030 


45 


1 053213 


70 




.S45098 


95 


1 977724 


21 


1 322210 


40 


1 062758 


71 




851258 


90 


1 982271 


22 


1 342423 


47 


1 072098 


72 




857883 


97 


1 9S(5772 


2a 


1 ::01728 


48 


1 (5812 n 


73 




8(58828 


98 


1 991220 


24 


1 380211 


49 


1 ()9()190 


74 




8(59282 


99 


1 995(585 


25 


1 397940 


50 


1 098970 


75 




875001 


100 


2 000000 
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TABLE IL — ^LooARTTincs of Leading Numbers wmrour iKDiCEa 



N. 



;^ 



100 000000 000434 000868 



101 
102 
103 
104 
105 
100 
10' 
108 
100 



0. 



(Km-i 1 004750 0051 81 |()a5009i00C0:]H 00()4()( J 006894 007821 

011570011903012415 



012837 
01703:i|01 



1. 



021189 031003022011] 



1029384 ( 
0334241 
03742()|037825|038223|03 



029789030195 
033424 033826034227 



2. 



8. 



007748008174 



001301,001734 002166|002598003029|003401 003801 

(X)56( 
008600009026009451 009876|01 0300 010724 
013680 014K 
01 786h 018284|018700»0191 16 019532 01994 



025306|02571 5|026125 026533|026942 027350 



!841 023252 023664 024075 024486 02489C 



6. 



01114^ 



031004 08140fc 081 81 2 082216 08261 9 033021 

035029 085430 03o8:i0 086230 036621» 037028 

)|039017 039414103981 1 040207|040602 040998 



8. 



9016197016010 
0203(n 020775 



027757028164028571 028978 



9. 



In table I, the logarithms are given, with indices, in oolomns 
adjacent to the columns of nnmbers. 

In table II, each figure in the row at the top may be annexed to 
any number in the left-hand column ; the logarithm of any number 
thus formed, will be found at the right of the number in the 
column, and beneath the figure at the top. The proper index may 
be supplied in any case, according to the theory of logarithms. 
Thus, to obtain the logarithm of 1023 by this table, we find 102 in 
the left-hand column, and 8 in the top row; and opposite the 
former, and under the latter, we find 009876, the decimal part of 
the logarithm. Hence, log. 1023 = 3.009876. 

In like manner, we find 

log. 104.2 = 2.017868, log. .1078 = —1.032619. 

CASE I. 

416. To find the logarithms of numbers when tlieir 
factors are in the tables. 

Rule. — Take out /rom the tables the logarithms of tlve factors^ 
and find their sum; the result vnll he the logarithm required. 



EXAMPLES FOR PBAGTIOE. 

1. Hcquired the logarithm of 533.5. 
Observe that 533.5 = 106.7 X 5 ; 

hence, log. 106.7 = 2.028164 

log. 5 = .698970 

2.727134, Am. 
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2. Find the logarithm of 520. Ans. 2.716003. 

3. Find the lo^^rithm of 146. An*. 2.164353. 

4. Find the logarithm of 1450. Am. 3.161368. 

5. Find the logarithm of 1.59. ' Am. .201397. 

6. Find the logarithm of 2034. J?w. 3.308351. 

7. Find the logarithm of 76.37. Ans. 1.882923. 

8. Find the logarithm of .0201. Ans. —2.303196. 

9. Find the logarithm of .3822. Ans. —1.582290. 
10. Find the logarithm of 16995. Am. 4.230321. 

CASE n. 

417. To find the logarithms of numbers intermediate 
between the numbers in the table. 

Since the logarithms in any tahle form a regular series, we may 
interpolate for intermediate logarithms, hy the usual formula, 

If the logarithm of the given number is intermediate between 
the logarithms of table I, it will be necessary to take account of the 
frst and second differences. But we may always employ table II, 
where the logarithms increase so slowly that two terms of the 
formula will give the result accurately. 

The first four figures of a number, counting from the left, will 
be called the four superior figure* \ and the others, the inferior 
fiijurez. To apply the formula, a will represent that logarithm of 
the tiiblo which is next less than the required logarithm, and n 
will denote the inferior figures of the number^ regarded a» a 
decimal. 

Hence the following 

Rule. — Take out the logarithm of the four tuperior figures of 
the given number; multipli/ the difference hetween this logarithm 
and tJie next greater in the table, by the inferior places of the num^ 
ber, considered as a decimal; add this product to theformei' result^ 
and the sum wHl be the logarithm required. 
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EXAMPLES FOB /RACTIOE. 

1. Required the logarithm of 1.07682. 

This number is found between 1 .076 and 1 .077 ; henoe 

log. 1.077— log. 1.076 = 404 = c/,. 
And putting n = .32, we have 

a = log. 1.076 = .031812 
nil^ = 404 X. 32 = 129 

2. Required the logarithm of 3579. 

In order to make use of table II, we proceed thus : 
3579 -T- 35 = 102.25714+. 
log. 102.J— log.102.2 =^ 425 ; n = .5714 
log. 102.2 = 2.009451 
425X5714= 243 

2.009694 = log. 102,25714 
log.85=: 1.544068 

3.553762, Am. 

Note.— It is obvious that if we divide any number by its first two 
figures, wc may obtain the logarithm of the quotient by means of table 
11 ; then we may add the logarithm of the divisor, found by Table I, to 
obtahi the required logarithm. 

3. Find the logarithm of 10724. Am. 4.030357. 

4. Find the logarithm of 10.8539. Am. 1.035586. 
6. Find the logarithm of 1021.56. Am, 3.009264. 

6. Find the logarithm of 568.53. Am. 2.754753. 

7. Find the logarithm of 3244. Am. 3.511081. 

8. Find the logarithm of 365.25638. Am. 2.56259« 

9. Find the logarithm of 132.57. Am. 2.122445. 

10. Find the logarithm of 567521. Am. 5.753982. 

11. Find the logarithm of 258.7. Am. 2.412796. 

12. Find the logarithm of 1.296. Am. .112605. 

13. Find the logarithm of 5784, Am. 3.762228, 
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EXPONENTIAL EQUATIONS. 

418. Wc will now illustrate the applicatiou of logaritlims to the 
solution of exponential equations. 

1. Given 2* = 10, to find the value of x. 

Suppose the logarithms of both members of the equation to be 
taken. We shall have, by (401, 5), 

X log. 2 = log. 10 ; 
loi?. 10 1 

2. Given 5' = f , to find the value of x. 

Raising both members of the given equation to the power denoted 
by X, we have 

Taking the logarithms of both members, 

log. 25 = a: log. 3 — x log. 7 \ whence, 

log. 25 1.897940 o ^nor^*^ 

^ = log.3--log.7 = .477121^.845098 = -^-'9899+, A^^.. 

3. Given ra? = Z»'c, to find the value ol x. 

Taking the logarithms of both members of the equation ,we have, 
by (404, 3 and 5). 

log. r-[-x log. a = 2 log. h -[- log. c ; 
2 log. h + log. c — log. r 



whence, as = 



log. a 



EXAMPLES FOB PBACTICE. 

1. Given 7' = 8, to find the value of x. Am, x = 1.06862. 

2. Given 5* = 30, to find the value of x. Ans. x = .94640. 

3. Given a* = Z»V, to find the value of x, 

2 log. h+S log. c 

Ans, X =3 2_^ -2 — 

log. a 
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4. Given ^ J^ = m, to find the value of x. 

log.(m/f+c)— l og, a 

^~-*= hiiTb 

5. Given ma' s= ft, to find the value of x. 

log. a 
Ans, x = 



log. b — log. m 
C. Given a' + &»'=2c and a*— 6^=2^, to find x and y. 

Ans. a.=l^iit^ log. (c-(/) ^ 



log. a ' log. 6 



7. Given 729 • = 8, to find the value of x. Ans. a; = 6. 

L 9 Icr. 6 

8. Given 210" = 12, to find the value of x. Ans. ar= j^;;^^—- 

9. Given 510" = 12, to find the value of x. 

3 log. 43 ^ 
Ans. x= . ^__ +3. 
lug. 12 



10, 



Given 0' = '' }.- , to find the value of x. 



18 log. 24+log. 17—8 l og. 71 



Jm x = - 8to^ 
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SECTION VIII. 

PROPERTIES OP EQUATIONS. 

410. Let ns assume the equation, 

«*+ J[x"^'+^x-^+ • . . . + Tx+ U=0, (1) 

in which m, the exponent of the degree, is a positive whole number. 
An equation not given in this form may be readily reduced to it, by 
transposing all the terms to the first member, arranging them accord- 
ing to the descending powers of the unknown quantity, and dividing 
through by the coefficient of the first term. 

In this equation the coefficients. A, B, C, etc., may denote any 
quantities whatever ; that is, they may be positive or negative, entire 
or fractional, rational or irrational, real or imaginary. 

Tlie term U may be regarded as the coefficient of x^, and is called 
the absolute term of the equation. 

4SO. If the equation contains all the entire powers of x, from 
the mth down to the zero power, it is said to be complete ; if some 
of the intermediate powers of x are wanting, it is said to be incom- 
plete. An incomplete equation may be made to take the foim of a 
complete equation, by writing the absent powers of x with ±0 for 
their coefficient. 

431. It has been shown (SOS) that any expression of the 
second degree whatever, containing but one unknown quantity, may 
be resolved into two binomial factors of the first degree with respect 
to the unknown quantity, — the first term in each factor being this 
quantity, and the second term one of the roots (with its sign 
changed) of the equation which results from placing the expression 
equal to zero. We therefore conclude that every expression of the 
second degree may be regarded as the product of two binomial 
factors of the first degree. 

So likewise the product of three binomial factors of the first 
degree with respect to any unknown quantity, will be an expression 
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of the third degree, and we readily see that hy varyino: the values 
of the secoud terms of the factors, corresponJiug changes arc pro- 
duced iu the product. Thus, 

(x— 2)(x+3)(x— 6) =a:«— 4u;«— 11^+30, 

and, (x— 2+l/^)(x— 2— l/^)(a:+ J) = x'— lc^+ V J 

also, (x+l— l/Il3)(x+lH-l/^)(x— 2) = x«— 8. 

From thase and other examples, which may be increased at pleasure, 
it is inferred that any expression whatever of the third dc«rrcc 
would result from the multiplication of some three factors of the 
^irst degree in respect to x. And in general, any expression of the 
With degree with respect to its unknown quantity, may be regarded 
aa the result of the multiplication of m binomial factore of the firet 
degree with respect to that unknown quantity. 

4^^, If then we have any equation formed by placing a poly- 
nomial containing the unknown quantity, x, equal to zero, and we 
discover the binomial factor x — a in the first member, it is evident 
that a is a root of the equation ; for, when substituted for x, it . 
reduces the first member to zero. 

If wo can succeed, therefore, in discovering the binomial factors 
of the first degree, of the first member of any equation, the roots 
of the equation will be the values of x obtained by placing each of 
these factors, successively, equal to zero. 

This reverse process of resolving the first member of an equation 
into its binomial factors of the first degree, is one the difficulty of 
which increases rapidly with the degree of the equation ; and 
algebraists have as yet discovered no general method for eflecting 
this resolution for those of a higher degree than the fourth. By 
special processes, however, the roots of numerical equations may be 
found exactly, when commensurable, and to any degree of approxi- 
mation when not commensurable. 

433. In order to discover the law which governs the product 
of any number of binomial factors, such as x+ci, x+/>, x+r, etc., 
having the first term the same in all, and the second terms differ- 
ent, let us first obtain the product of several of these factoi-» by 
actual multiplication ; thus. 
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x+b 



x^+a 
X -|-c 



^+«^} = (:c+a)(x+6) 






x*+ab 
-fie 



x-|- ahc 



. = (x-j-a) (x+Z») (x-j-c) 



a;*+a 


x*+ab 


x'4-*'^^ 


+^ 


-f-ac 


+tti</ 


+^- 


+ ^,c 


-|- act/ 


+^ 


-{-ad 


-\.hcd 


+bd 






+c<Z 





x-f-aict/x 



= (a!+a)(x+6)(a;+c)(x+d) 



From an examination of theso several prodacts we arrive at the 
following conclusions : 

• 1. — The exponent of the leading letter, x, in the first term is 
equal to the number of binomial factors used, and this exponent 
decreases by 1, from term to term, towards the right, until we come 
to the last term, in which it is 0. 

2. — The coefficient of the first term is 1 ; that of the second, 
the sum of the second terms of the binomial factors ; that of the 
third, the sum of all the different products formed by multiplying, 
two and two, the second terms of the binomial factors ; that of the 
fourth, the sum of all the different products formed by multiplying, 
three and three, the second terms of the binomial factors ; the last, 
or absolute term, is the continued product of the second terms of 
the binomial factors. 

It might be inferred from what has been now shown, that however 
great the number of binomial factors employed, the coefficient of 
that term of the arranged product which has n terms before it, would 
be the sum of all the different products that can be formed by mul- 
tiplying the second terms of the binomial factors in sets of n and n. 

Assuming that the above law holds true for a number m, of bi- 
nomial factors, if it can be proved that it still governs the product 
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wbeD an additional factor is introduced, it will be establishid in all 
its generality. Let us suppose then, that in the product, 

of the m binomial factors x-\-ay x-|-6,. . . ., ar+P» *^® ^^ ®^ form- 
ation is the same as that found by the actual multiplication of 
several factors. 

Introducing the factor x-^-q, we have 

a;"+.4x— > +5x— '2+ .... i/x"-^ > 4-iNV"+ .... Tx+ (7 
x+q 






+Aq 



+Mq ^ +Tq\ +rq 



It is at once seen that, in this new product, the law in respect to 
the exponents is unbroken. As to the coefficients, that of the first 
term is still 1 ; that of the second term is A-\-q ; and since A is the 
sum of the second, terms of the m factors in the a^umed product, 
A-\~q \s the sum of the second terms of the m-\-\ binomials. The. 
coefficient of the third term is JB-\-Aq. Now B is, by hypothesis, 
the sum of the different products of the second terms, of the m 
binomial factors, taken two and two in a set, and Aq la all of the 
additional products to which the introduction of the factor wr+^ 
can give rise ; hence B-{-Aq is the sum of all the products, taken two 
and two, of the second terms of the m-j-l binomials. And the 
coefficient of the general term, that is the coefficient of the term 
having n terms before it, is JV-j-i/^; but AT is the sum of all the 
products of the second terms, taken n and n, of the binomial factors 
which enter the assumed product ; and because M is the sum of all 
the products of these second terms, taken n — 1 and n — 1, Mq is the 
sum of all the additional products, taken n and w, which can result 
from the introduction of the factor x-{-q. 

Now we have proved, by actual multiplication, that the law of the 
prod ict, assumed to be true for m binomial factors, is true for four 
factors ; hence by what has just been demonstrated, it is true for 
five factors ; and being true for five, it must be true for six, and so 
on. Therefore the law is jreneral. 
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424. The composition of the coefficients of an equation in 
terms of its roots. 

Let us take any number, m, of binomial factors, as x — a, x — ft, 
X — €,. . . .X — -p, X — J, in which a, />, c, etc., mny represent any quan- 
tities whatever. Now it has been shown (423) that the contin- 
ued product of these factors, arranged according to the descending 
powers of x, will be of the form, 

ar+Ax'^^+Bx'^^ + Cx-^»+ .... Sx*^ Tx-\- U, 
in which 

A := — a — h — c— . • . • — p- — q^ 

B = -\-ab-\'ac-\-hc-\- .... '\-op-\-nq^ 

C=: — ahc — bed — acd — . . . . — ahp — ahqy 



S =: dzcbcd. . »pq„^^^'±.hcde, . •pqm-o'^ ^*®*> 
T = "^ abide, . •pq^nr^i'^bcdef , . •pq^-x H^ cte«> 
U -=• ■±,abcd, . . .pq^y 
the subscript expressions m — 2, m — 1, m, denoting the number cf 
literal factors which enter each term. 
We thus have the identical equation, 
(x— a)(a:— Z»)(x— c). • • I ( x-4-^a;"^»+Az:'*-2^. ^ • " I UN 

and placing the second member of this equal to zero we have 
x'^^Ax'^''-{-Bx^^^....Sx^^Tx-{-U^^ (2) 
an equation of which a, 6, c, . . . . |5, g are the roots, since these 
values substituted in succession for x in the first member of the 
eq. (1) will cause this first member, and consequently the second 
member, to vanish. The relations between the coefficients A, B, Cy 
etc., and the roots of eq. (2), may be expressed as follows : 

1. — The coefficient of the second term is equal to the algebraic 
sum of all the roots j with the signs changed. 

2. — The copfficient of the third term is eqwtl to the algebraic sum 
of all tlie different products formed bg multiplging the roots^ two and 
two. 

3. — The coefficient of the fourth term is equal to the algebraic 
»um of all tlie different products formed by mvltiplging the rootsi^ 
with their signs changed, three and three. 
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4. — And in general ; The coefficient of the term havhg n terms 
he/ore it, is equal to the ahjehraic sum of all the different products 
formed hy multiply iny tlie roots, with their signs changed if n is 
oddf n and n. Hence, 

5. — The absolute term is the continued product of aU the rootSj 
with tJicir signs changed wlien tJie number denoting the degree of 
the equation is odd. 

This principle will enable us to construct an equation, tLe roots 
of which arc given, and the composition of eq. (1) shows that eq. 
(3) thus consti-uctcd can have no other than the assumed roots ; for 
there is no value of x differing from one of these roots which can 
cause the first member of eq. (1) to disappear. 

From this we might conclude that every equation involving but 
one unknown quantity, has as many roots as there are units in the 
exponent of its degree, and can have no more. 

43tS« Admitting that every equation containing but one 
unknown quantity has at least one root, real or imaginary, it may 
be demonstrated that the first member of every equation of the 
mth degree, the second member being zero, may be regarded as the 
continued product of m binomial factors of the first degree with 
respect to the unknown quantity. 'SVq will first prove that, 

Jf VL is a root of an equation of the form, 

x*-\-Aa^'-\-Bx^*-\r .... Tx+ U = 0, (1) 

Us Jirst member can be exactly divided by x-^a. 

For if we apply the rule for division, we shall finally arrive at a 
remainder which will not contain x ; since for each quotient term 
obtained, the new dividend is at least one degree lower than that 
which precedes. 

Calling the entire quotient Q and the remainder J?, we shall have 
x-+^x-»+^x— + ....Tx-^Uz^ Q(x—a)J^R, (2) 
an identical equation. The substitution of a for x causes the first 
member, and also the first term in the second member of this equa. 
tion, to vanish. Hence, 7? = 0. But by hypothesis R does not 
contain a-; it is therefore equal to zero whatever value be attributed 
to a:, and the division is lexaut. 
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4 SO* The converse of the last principle is also true ; that is, 
If tJie first member of the equation, 

Clin he exactly divided hy x — a, then slis a root of the equation. 

For, suppose the division performed, and that the quotient is Q; 
then we shall have the identical equation, 

x'^+Ax'^'+Bx'^*+ Tx+ U= Q(x—a). 

But x = a causes the second mcmher of this equation to vanish ; 
it will therefore cause the first member to vanish, and consequently 
satisfy the given equation. 

4S7, Every equation containing hut one unknown quantity hat 
a number of roots denoted by the exponent of its degree, and no 
more. 

Kesuming the equation, 

a^+^x— ''+^x"^*+ .... Tx-\- U=z 0, 

and admitting that it has one root, a, x — a must be a factor of its 

first member ; (43S). The quotient which arises from the division 

of the polynomial, 

a;-+^x~"'+ Tx+ U, 

by x — a, will be of the form 

a:"^'+^'x"-'+ .... rx+ W ; 
we 'shall therefore have the identical equation, 
x-^Ax^^^Bx^' 1 = (x-a) (x-«+ J'x— + .... Tx^- U^ 

Now the second member of this equation will vanish for any 
value of X which reduces the second factor to zero. 
If then the assumed root of the equation, 

a;-^»+ J['x-^'+ .... rx+ U' = 0, 

be denoted by h, we shall have 

x^'+A'af^'+ I ^ ^^_j^ (X— +^''a:— + .... ^'xJ J"). 
. . . . ^ "^i" ^ ' 

A third equation may be formed in the same way, and «hen a 
fourth, and so on, until the (m — l)th equation is finally reached, in 
which the second factor in the second member is of the first degree 
with respect to x, 
35* 
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Taking this la^t equation, and substituting for its first member the 
second, in the next preceding er|uation, and thus coutinuiu<]; the 
process of substitution until the hvat equation of the series is ariived 
at, the result will be the following identical cc|uation : 

The second member of this equation vanishes for any one of the 
m values, 

sc r= a, X := 6, 2C = C, . • • • X = p, X ^z q^ 

and coDSoqucntlj these values are severally roots of the equation, 
af'+AjT'^+Bx^^ .... Tx^ U= 0. 

Moreover, no value of x that differs from some one of these 
values, can satisfy the equation ; for no such value will cause any 
one of the factors in the second member of the identical equation 
to be zero, a condition requisite to make the product zero. The 
equation therefore has m roots and no more. 

438. From the foregoing principles we conclude, 

1. — That in an equation in which the second term does not ap- 
pear, — that is, the term containing the next to the highest power of 
the unknown quantity, — the algebraic sum of the roots is 0. 

2. — If an equation has no absolute term, at least one of its roots is 0. 

3. — The absolute term being the continued product of all i the 
roots of an equation, it must be exactly divisible by each of them. 

4. — An equation may be constructed, which shall have any 
assumed roots. 

5. — The degree of an equation may be reduced by I for each of 
its known roots. 

EXAMPLES. 

1. TVhat is the equation having -f 2, — 8 for its roots ? 

An». ar'+a:— 6 = 0. 

2. What is the equation having the roots -[-1> — 2, — 4 1 

Am. a;*+5a;«-f 2j:— 8 = 0. 
8. What is the equation having for its roots +3, — 2, — 1, +5 ? 
Am. x*— 6x*— 7x'+29x+80 = 
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4. What is the equation of which the roots are 1-f v'^^, 
1 -l/— 5, +|/5, — 1/5 ? Ans, x'—2x'+x*+l0x^m = 0. 

5. What is the equation of which the roots arc — 1, — 2, -\-S, 
2+1/1:3, 2~l/Il3 ? Ans. «•— 4x*+22a;«— 25x— 42 = 0. 

6. One root of the equation 

aj«-_5aj«+13x— 21 = 
is +3 ; what is the reduced equation ? Aiis. x'—2x-\-7 = 0. 

7. One root of the equation 

a;*4.2x'— 34x'+12x+35 = 
is — 7 ; what is the depressed equation ? 

Ans. X* — 6a;'+a;-f-5 = 0. 

8. Two of the roots of the equation 

x'^Sx^—ix'+SOx^SQ = a 
are -(-2, — 3 ; what is the depressed equation, and what are its 
roots ? f The depressed equation is 

Ans. ) a'— 4a:+6 = ; 

( and iw roots are 2+1^—2, 2— V"^. 
4:S0« Ant/ equation having fractional coefficients can he trans- 
formed into another in which tlie coefficients are entire, that of the 
first term heing unity. 

If the coefficient of the first term of the given equation is not 
unity, make it so by dividing through by this coefficient. Then the 
equation will be of the form 

a;-+^x'»-'-t-i?x~"»-f Tx+ U=0, 

in which it is supposed that some or all the coefficients, A, B, etc., 
are fractional. 

Assume a; = —, a being entirely arbitrary, and substitute this 
a 

value of X in the equation ; it then becomes 

a" ^ tt"*"* ' a"^^ ' a • 

Whence, by multiplying through by a*", 

y"'+^(/^"^ > +5aV'*"^ + Ta'^^y+ Ua"^ = 0. 

Now since a is arbitrary, its value may be so selected that it and its 
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powers will contain the denominators of the fractional coefficients o^ 
the original equations. We present the following examples fur illus- 
tration. 

1. Transform the equation, 

ax* hx e 
a:'+ — + - + - = 0, 

into another which shall have no fractional coefficients, and which 
shall have unity for its first coefficient. 

Make x = -^ : substituting this value of x, the equation be 
comes 

fii*it*j)* ni*n*p* ^^mu^p '^ p 
Multiplying every term of this by m*n*p*, we have 

When the denominators of the coefficients have common factors, 
we may make x equal to ^ divided by the least common multiple of 
the denominators. 

2. Transform the equation x*H -A -| — = 0, into anothei 

pin m * p 

which shall have no fractional coefficients, and that of the first term 
be unity. 

To effijct this it is sufficient to put x = — . With this value of 

Jim 

x the equation becomes 

p^m' ^^»w» ^ pm^'^ p """• 
Multiplying every term by j[?'m*, we obtain 

for the transformed equation required. 

3. Transform tlie equation *•+ ^' + ^' + ^| + jV, = inU 
another having no fractional coefficients. 

An*. y+20y+18-24y +7C24)V+2r2 1)' = 0. 
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In transforming an equation having fractional, into another with 
entire coefficients, in terms of another unknown quantity, it is im- 
portant to have the transformed equation in the lowest possible 
terms. The least common multiple of the denominators will not 
necessarily be the least value of a that will give the required cquar 
tion. If, in each case, the denominators be resolved into their 
prime factors, it will be easy to decide upon the powers of these 
factors to be taken as the factors of a. 

The following illustration will render further explanation unnec- 
essary. 

4. Transform the equation, 

• _3 , , J3^ 17 _^ 

"" ""35^ ■^2450'^'" 68600""' 

into another of the same form with the smallest possible entire 
coefficients. 

Writing y for x and multiplying the second, third and fourth 
terms, by a, a', a', respectively, we have 

q 1 q 1 »T 

y* - 35 '*y*+ 2450 ''**- 68600"' = ^- 
The denominators, resolved into their prime factors, are 

7-5, 7*-5'-2, 7'-5«-2*; 
and assuming a = 7 * 5 * 2, the equation may be written 



, 3'7'5'2 , 13'7'5*'2« 17 - 7' - 5' - 2* 
^ 7-5 ^"^ 7*-5*-2 ^ 7'-5»-2* ~ ' 

which reduces to 

y«_6/+26y— 85 = 0. 
In this example, the least common multiple of the denominators is 
7* • 5* • 2* ; and had this value been taken for a, instead of 7 • 5 • 2, 
the coefficients of the transformed equation would have been much 
larger than they are, as found above. 

When a root of the transformed equation is known, the corres- 
ponding root of the original equation will be given by the relation 

a 
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COMMENSURABLE ROOTS. 

430* A number is commensurable with unity when it can b€ 
expressed bj an exact number of units or parts of a unit; a num- 
ber which cau not be so expressed is incommensurable with unity. 

431* Every egitathn having unity for the eoeffurient of the finX 
temi^ and fur all the other cofjfficieiitg, whole numbers^ can have ou/y 
whole numLer$/or its commemurable roots. 

This being one of the most important principles in the theory 
of equations, its enunciation should be clearly understood. Such 
equations may have other roots than whole numbers -, but its roots 
can not be among the definite and irreducible fractions, such as §, |, 
J^L, etc. Its other roots must be among the incommensurable 

quantities, such as y^2, (3)^, etc.; tl e., surds, indeterminate deci- 
mals, or imaginary quantities. 

To prove the proposition, let us suppose — , a commensurable but 

o 

irreducible fraction, to be a root of the equation, 

x'^-\-Ax'^'+£2f^\ . . . Tx+ U=0, 
Af B^ etc., being whole numbers. 

Substituting this supposed value of x, we have 

Transpose all the terms but the first, and multiply by &•"*, and 
wo have 

o 

Now, as a and b are prime to each other, b can not di 
vide o, and it can not possibly divide any power of a ; because 

— being irreducible, t- X« is also irreducible, as the multiplier a will 
I o * b 

not be measured by the divisor b ; therefore j- can not be expressed 

a* 

in whole numbers. Continuing the same mode of reasoning, — 
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can not express a whole number, but every term in the other mem- 

ber of the equation expresses a whole number. 

a . « 

Hence, the supposition that the irreducible fraction , is a root of 

the equation, leads to this absurdity, that a series of whole numbers 
is equal to an irreducible fraction. 

Therefore, we conclude that any equation corresponding to these 
conditions can not have a definite commensurable fraction among its 
roots. 

433. It hns been shown (429) that an equation having fraction- 
al coefficients, that of the first term being unity, can be changed in- 
to another of the same form, with entire coefficients. The expres- 
sion entire must there be understood in its algebraic sense ; that is, 
the new coefficients being entire merely in algebraic form, may be 
irrational or imaginary. In the preceding article it is proved that 
if these coefficients are whole numbers, all the commensurable roots 
of the equation are also whole numbers ; moreover, these roots must 
be found among the divisors of the absolute terra ; (428). If tlie 
divisors of the absolute term are few and obvious, those answering 
to the roots may be found by trial substitutions } but in most cases 
the labor will be abridged by the rule suggested by the following 
investigation : 

Suppose a to be a commensurable root of the equation, 
a;-+^x-^ ' + .... -\.Bx*+Sx*+Tx+U=0, 
Writing a for a:, transposing all the terms except the last to the 
second member, and dividing through by a, we have 

U 

a 

But, since a is a root of the equation, — is an entire number ; trans 

pose — r to the first member of the last equation, make h ^ = 

a 

-AT, , and divide both members of the resulting equation by a ; it 

then becomes 

^. 

a 
The second member of this equation is a whole number; the first 
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member is therefore entire ; and if — She transposed to this mcm- 
ber, and — --^-S be denoted by JN^j, we shall have, after again di- 
viding through by a, the equation, 

^ = -a--*— Ja— ^— . . . . —n, 
a 

of which the second, and therefore the first member, is an entire 

umber. 

By continuing this process of transposition and division, we shall 

finally arrive at the equations, 



a 



= — a — Af 



il=zl=_i or -^^^=:^ +1 = 0. 
a 'a 

Every whole number which is a root of the proposed cquatijr. 
will satisfy all of the above conditions, from the fii-st down to ^liac 
expressed by the equation, 

by which the root will be recognized. 

All of the commensurable roots of an equation of the asr i4.'/icd 
form may then be found by the following 

Rule. — ^I. Write ail of the exact diotsors of the ahtolute twm in 
a line, and beneath them lorite their respective quotients. 

II. Add to these quotients, severalli/, the coefficient of the next to 
tJie last term, with its proper si/n, 

III. Divide svch of these snm^ hy the divisors to which they cor^ 
respond as trill yive exact quotients, neylectiny others, 

IV. Add to these quotients the coefficient of the third term from 
the last, with its proper sujn, and divide again as he fore, and so on, 
until the coefficient of the second term has been added to the preced- 
ing quotients, and these last in turn are divided by their resj^ective 
divisors. Those divisors icJUch correspond to the final quotients^ 
minus 1, are roots of the equation. 

Note —Absent powers of the unknown quantity must be introducec 
with ±0 for their coefficient 



-5, 


-21, 


—5. 


-5, 


21, 


1. 


4 
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EXAMPLES. 

1. Required the commensurable roots (if any) of tLe equation, 

a;*^4x«— 3x'+8j:— 10 = 0. 

OPERATIOX. 

Divisors, 10, 6, 2, 1, — 1, —2, —5, —10. 

--10 

Quotients, — 1, —2, —5, —10, 10, 6, . 2, 1. 

Add _8 

7, 6, 3, —2, 18, 13, 10, 9 

2d quotients, —2, —18, —2. 

Add —3 

3d quotients. 
Add 

—1, 25, 5. 

4th quotients, — 1, — 25, — 1. 

Thus, there are two final quotients equal to — 1 ; and the corres* 
ponding divisors are 1 and — 5. Hence, the given equation has two 
commensurable roots, 1 and — 5. 

If we divide the given equation by (x — l)(x-|-5), or x"+4j5 — 5, 
the quotient will be x" — 2. Hence, 

x*— 2 = 0, x= db|/2 ; 

and the four roots are 1, — 5, -\-\^% — 1/2. 

2. Reffuired the commensurable roots of the equation, or* — 6x* 
+ 1U— G = 0. Am. 1,2,3. 

3. Required the commensurable roots of the equation, a'*-t-4x* — 
."--IG.c— 12 = 0. Auk 2, —1, —2, —3. 

4. Required the commensurable roots of the equation, x* — 6a:" — 
16x+21 = 0. An%, 3 and 1. 

Note. — Supplying the absent term, the equation will be jr*±Oj^— (Ib* 
— 1(5jj-I-21 = 0. In tlie operation, go tlirough the form of adding 0. 

5. It is required to find all the roots of the equation x^ — Gx'-f- 
5x»+2cc— 10 = 0. Am. —1, -\ 5, l+V"— 1, 1— V — 1 
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DERIVED POLYNOMIALb. 

433* The first rocmbcr of an equation involving but one 
unknown quantity, to which all the terms have been transposed, is 
a polynomial in the most general sense of the x/ena, and may be 
operated on as an algebraic quantity, without reference to the equa- 
tion and to the particular values of the unknown quantity which 
will reduce the polynomial to zero, or satisfy the equation. 

If we take the polynomial, 

^x"+i?x—»+ ac-^*+ . . . . -f &■+ Tx+ u, 

and multiply each term by the exponent of x in that term, then 
diminish this exponent by unity, and form the algebraic sum of the 
results, we shall have 

mXx— +(w— l)5x-^*+(m— 2) Cx— •+ .... +2Sx+ T. 
Constructing a third polynomial from this, in the same way that 
this was derived from the first, we have m(m — l)^u:"^"-j- 

(m—l)(m—2)^x— •+(/»— 2)(m~8) Cx"^+ .... +2^. 
A fourth may be formed from the third according to the same 
law ; and so on, until we arrive at an expression which will be 
independent of x, because the degree, with respect to x, of any 
polynomial thus formed, is one less than of that which immediately 
precedes it. 

Denoting the given polynomial by X, the second by X,, the third 
by Xj, etc., then 

Xj is the first derived polynomial of XJ 
X, « « « Xi, 

X, " « " X^, etc. 

And X,, Xj, Xg are the successive derived polynomials of X, 
and are called yfr«^, second, third, etc., derived polynomials. 

Preserving the above notation, we have for the successive derived 
polynomials, the following 

KuLE. — To form X , , multiply every term of ^ by the exponent 
of small X in the term, then diminish this exponent by unity and take 
the algebraic sum of the results, Xj m derived from X,^ in the same 
way that X | is derived from X ; and so on. 
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What are the successive derived polynomials of 

/1st, 6 • 3x*+4 • 5x'— 3 • 9a;'+2 • 7x— 8; 
V2d, 4-6-3x»+3-4-5x'— 2-3-9a;+2-7; 
Am. ^ 3d, 3-4-5-3x«+2-3-4-5x— 2-3-9; 
i4th, 2-3-4-5-3X+2-3-4-5; 
V5th, ; 



,2-3-4-5-3. 



COMPOSITION OF DERIVED POLYNOMIALS. 

434* Let US take the polynomial, 

and suppose that its binomial factors of the first degree with respect 

to X are 

X — a, X — 5, X — Cj . • • • jSc — 7W, 05— ». 

"We shall then have the identical equation, 
a;*+ilj:*"*+ • - • • + ^^+ ^ = (^ — «)(aJ — ^) .... (pc — m)(jt — n), 
which will subsist as a true equation, whatever quantity be substituted 
for X in its two members. Replace x by y-\-x ; then 

in which the terms x — a, x — 6, may be regarded as single, and 
hence the factors of the second member as binomial. Now the 
terms of the first member of this equation, developed and arranged 
with reference to the ascending powers of y, will give 

And if the second member be developed, and arranged in the 
same manner, then by (494j 6), the coefficient of y* will be 
{x — a)(x — U) .... {x — m){x — n). 

The coefficient of y must be the algebraic sum of the products 
of the factors x — a, x — 6, etc., taken m — 1 in a set. 

The coefficient of y* must be the algebraic sum of the products 
of these factors taken m — 2 in a set. 

In short, these coefficients may all be formed according to the law 
which governs the product of any number of binomial factors. 
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But the coefficients of the like powers of y in these two devel- 
opments must be equal; (308, III). Hence, 

X = (x — a)(x — h){x — c) .... (x — rn){x — n) ; 
and since the sum of all the products that can be formed by multi- 
plying m factors in sets of m — 1 and m — 1, is the same as the sum 
of all the quotients which can be obtained by dividing the continued 
product of the factors, by each factor separately, it follows that 

^.= — +-^+....+— +— • 

X — a ' X — b ' X — m x — n 

So likewise the sum of the products of the binomial factors 
taken m — 2 and m — 2, is the same as the sum of all the quotients 
obtained by dividing the continued product by all the different 
products of the binomial factors taken 2 and 2 ; that is, 

^ ^ , X X^ 

2 - (x— «)(x— 6) "*" (x— a)(x~c) "t" • • • • "T ^a;__a)(a>-'«)' 

By like reasoning it may be shown that 

^s^ ^ , . ^ . 

2-3 (jc — a){x — i»)(x — c) "•••••"• (x — a) (x — m) (x — «) ' 
and so for the next coefficient in order, etc., etc. 



EQUAL ROOTS. 

433* It has been seen (427) that if a, ft, c,. . . .,m, n arc the 
roots of the equation, 

X = x«+^x—"+5x— •+ . . . . + Tx+ r= 0, 
it may be written, 

X=i {x — a){x — h){x — c) . . .(a: — nt)(x — n) = 0. 
Now if a number p of these roots are each equal to a, a number 
q equal to h^ and a number r equal to c, the last equation becomes 

X = (x^ay{x—h)\x-H:y (x— w)(a:— 7i) = 0. 

But since A'' contains p factors equal to x — a, q factors equal to 
X — 6, r factors equal to x — r, its first derived polynomial will con- 

X X 

tain the term p times, the term — -i 2' times, the term 

X — a a>— o 
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r times, besides the terms > , etc., corrcspond- 

X — m X — n 



iug to the single roots, (434) ; that is, 

, X — a X — 6 X — c ' X — m ' x — n 

The factor (x — a/ is found in every term of this expression for 
X, except the first, from which one of the p ecjual factors, x — a, 
1 as been suppressed by division. Hence, (x — (i)'"* is the highest 
power of X — a, which is a factor common to all the terms of A',. 

For like reasons (x — i)*"*, (x — r)*^* are the highest powers of 
the factors x — 6, x — c, which are common to all the terms of X^ ; 
hence, 

(s^-^dy- 1 (x— 2»)»- ' (x—cy- » , 
M the greatest common divisor wJiich exists between the first member 
of the proposed equation and its first derived poli/nomiaL 

The supposition that the given equation contains one or more sets 
or species of equal roots, necessarily leads to the existence of this 
greatest common divisor. Conversely : — if there be a common di- 
visor between X and JT, there must be one or more sets of equal 
roots belonging to the equation. 

For, if {x — a)' be a factor of the greatest common divisor, then 
the composition of X, shows that (x — «)*+' is a factor of X, and 
that a is therefore ^+1 times a root of the equation X = 0. Hence 
the conclusions : 

1. — An equation involving but one unknown quantity, x, and of 
which the second member is zero, has equal roots ii there be between 
its first member, X, and its first derived polynomial X^ , a common 
divisor containing x. 

2. — The greatest common divisor, Z>, of X and JT, , is the product 
of those binomial factors of X^ of the first degree with respect to x, 
which correspond to the equal roots, each raised to a power whose ex- 
ponent is one less than that with which it entera X. Therefore, 

To determine whether an equation has equal roots, and if so, to 
find them, if possible, we have the following 

Rule. — I. Seek tlie greateM common divisor between the first 
member of the proposed equation and its first derived poli/nomMl 
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If no common divisor hefound^ there are no equal roots; hut i/otie 
he/oumi^ tliere are equal roots; in which case 

II. 3/ake an equation hy placiru/ the greatest common devisor^ D, 
equal to zero; t/ien any quantity which is once a root of D =^0 
will be twice a root of X = j any quantity which is twice a 
root j/* D = will he three times the root ofK = 0; ^and so on. 

It will at once be seen that, if D contains a factor of the form 
(x — ay, t being a positive whole number greater than unity, and 
we denote the greatest common divisor which exists between D and 
its first derived polynomial /^,, by D\ then D' will contain the 
factor (jr — a)*"*. And, again, denoting by D\ the first derived 
polynomial of />', and by Z>" their greatest common divisor, 
(x — a)*~* will be a factor of D", This process being continued, as 
the exponent of {x — a), — ^and consequently, the degree of the 
greatest common divisor, — diminishes by one for each operation, it 
is plain that when the degree of the equation, 

i> = 0, 
is too high to be solved, we may in certain cases make the determin- 
ation of the equal roots depend upon the solution of equations of 
lower degrees, until finally one is obtained which can be solved. 

To illustrate, suppose that for the equation, 

2r==o, 

it is found that 

D = (x—aY{x—hy(x—c)', 
then D* = (x— a)*- » (x— «»)— » , 

2>" = (jx^^Y-^(j3c—hy^^, 

2><"-»> = (x— a)(x— 5). 
The equation, 

i><-»= (x—aXx—h) = 0, 

may be solved, giving the roots x r= a, x r= 5, and 
(x— a)'H-i, (x— 6)"+i, (x— c)', 

are factors of X, or a and h are each n-\-\ times roots, and c twice a 
root, of the equation, 

X=0. 
Dividing the given equation by the product, 

\ts degrcA will be depressed 2n+4 units. 
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EXAMPLES. 

1. Does the equation x* — 2x* — 7x* |-20x — 12 = 0, contain equal 
roots, and if so, what arc they ? 

The first derived polynomial of the first member is 
4x*—6^'— 14x^+20. 
The greatest common divisor between this and the first member of 
this equation b x — 2 ; therefore a; = 2 is twice a root of the equa- 
tion, and 

a:*_2a-«— 7x*+20x— 12 

may he divided twice by x — 2, or once by (x — 2)* = x' — 4x-|-4. 
Pcribrming the division, we find the quotient to be x*-\-2x — 3, and 
the original equation niay now be written 

(x»— 4x+4)(a;«+2ar— 3) = 0. 
This equation will be satisfied by the values of x found by placing 
each of these factors equal to zero. From the first we get x = 2, 
a; = 2, and from the second x = l x =z — 3 ; hence the four roots 
of the given equation are 1 , 2, 2, — 3. 

2. Find the equal roots of the equation 

aj»+2x*-llx»— 8x«+20a;+16 = 0. Ana. j !_7aDd'-l 
8. What are the equal roots of the equation 

a;»— 2it;*+3x*— 7x*+8x— 3 = 0? 

Aiis, It has three roots, each equal to 1. 
4. What are the roots of the equation 

«*— 2x'— llx'+12x+36 = J 

Ans. Its roots are 3, 3, —2, —2. 
6 What are the roots of the equation 

X= x»— 6x«— 2x»+38a;*— 31x»— 61aj'+96;c— 36 = 0? 
We find 

-y, = 7a;«— 30x»— 10x*+152x'— 93x«— 122a;+96, 
D = x'—Sx*—dx' + llaj-e. 
2>, = 4x'— 9x«— 6x+ll, 
D' = X— 1. 

Hence x = 1 is twice a root of the equation 2> = 0, and three times 
a root of the given equation. 



880 



PKOPERTIES OF EQUATIONS. 



Dividing D = x^Sx^-Sx^^llx-Q by Z>'* = x'— 2r+l, we 
find for tlic quotient x* — x — 6 = (x — 3)(a;-i-2). Tlicrclore, 

D = (x-3)(x+2)(x-l/, 

and A'= (x— 8/(a;+2)'(3— 1)'. 

Hence the roots of the given equation are 

Ah,. 3, 3, —2, —2, +1, +1, +1. 

4:3G* Ilavirig an eqttation involoivg hut one unknown quanttf^^ 
to tt-aitn/orm it into another, the roots of tchich sliall differ from 
tJioae of tlie proponed eqnation by a constant quantitj/. 

Assume a;-+^x— '+ i?x-^«+ 6'x*-*+ |- Tx+ U=0, 

and denote the new unknown quantity by y, and by x' the arbitrary 
but fixed diiference which is to exist between the corresponding 
values of x and y; we sliall then have x = y,-^x\ 

Substituting this value of x in the ^ivcu equation, it becomes 

^T y^x')^l'=^. 

Developing the terms separately, by the binomial formula, ana 
arranging the aggregate of the results with reference to the ascend- 
ing powers of y, we have 

m — 1 . 



x'^ 

-\-Tx' 



fm^X I 



y+ rnx 



y+ 



m- 



+^(m— 1)-— - x'— » 
+i?(m-2)!^7?a;'— 



y*+. 



-j-i» 



«t— 1 



2 



iT-'+y' 



= 0. (1) 



+^ 

+A(m—l)x' 

An examination of this developed first member leads to the^ 
conclusions : 

1. — The absolute term of the transformed equation, or the eoeffi- 
cient of y*, is what the first member of the given equation becomes 
when x' is substituted for x. 
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2. — The coefficient of y, the first power of the unknown quantity, 
is what the first derived polynomial of the first member of the given 
equation becomes, when in it x* takes the place of x. 

3. — The coefficient of y^ is what the second derived polynomial 
of the first member of the given equation becomes when it is divided 
by 2, and x* takes the place of x. 

4. —And in general, the coefficient of y^ is what the wth derived 
polynomial of the first member of the given equation becomes when 
it is divided by the product of the natural numbers from 1 to w in- 
clusive, and X is replaced by x\ 

llepresenting the first member of the given equation, and its suc- 
cessive derived polynomials, after x* has been substituted fur wC, by 
X! ^ ^,, A''^, -tY'3, etc. respectively, the transformed equation may 
he written 

Or, by inverting the order of terms, 

437. By comparing eqs. (1) and (1') of the preceding article it 
is seen that, 



1-2.. (m—1) 



= mx'+-4> (2) 



tt"d 1..2 " ("71 :2) "" "^ ~2^ a:^+^(m— l)x^+^; (3) 

the degree of the coefficients of equation (1), with respect to x', 
increasing by at least one from term to term as we pass from left to 
right, the absolute term being of the /nth degree. 

Now, since a/ is an arbitrary quantity, such a value may be as- 
sumed for it as will cause it to satisfy any reasonable condition. We 
may therefore form an equation, by placing any one of these coeffi- 
cients equal to zero, regarding x' as the unknown quantity, and any 
root of this equation will cause the corresponding term of the 
transformed equation (1'), (436), to disappear 
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Suppose 

maf-\-A = : whence a/ = • 

m 

If this value of x' be substituted in the equation just referred to, it 

takes the form 

Hence, to transform an equation into another which shall be in- 
complete in respect to the second term: Subatitute /or (Jie unknown 
quantify another^ minus the coefficient of the second term divided by 
the. exponent of the degree of the equation. 

4:38. The third term will disappear from the transformed equa- 
tion when x' is made equal to either of the roots of the equation, 

m -!^ x'^+A(mr-l)x'+B = 0. 

But there may exist such a relation between m, A, and B, that the 

value, a:' = , will satisfy this equation : in which case the van- 

m 

ishing of the second term of the transformed equation will involve 
that of the third. To find what this relation is, substitute this 
value of x' in the above equation, and it becomes 

m— 1 A^ ..^* . r. ^ 

J m m 

This, reduced as follows, 

wi — 1 A^ ^ ,v -4* 
J m m 

(wi— 1)^«— 2(m— l).4«+2mi? = 0, 
(wi— 1)Jl« = 2mB, 

gives finally A = . 

When the values m, A, and B, will satisfy this equation, the third 
term of the transformed equation will disappear with the second. 
In general, to find the value of x' which will free the transfonned 
equation of the third term, an equation of the second degree must 
be solved ; and to free it of the fourth term, the equation to be 
solved would be of the third degree ; and finally, to make the abso- 
lute term disappear, would require the solution of the original equation 
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EXAMPLES. 

1. Transform the equation x*-\-2px — q = 0, into another which 
l^hich shall not contain the second term. 

This is done hy making x = y ~- = ^— ;p (437) ; 

whence, by (436), 

A" = (py-2p(p)^ = ^-^- ; 

JTo 2 
2 ""2 "" 

Therefore, the required equation is 

from which we find y = ±:V q-{-p* ; and since x = y— p, the 
values of x are given by the formula, 

X = — p±yq-\'P^- 
the same as that found by the rule for quadratics. 

2. Transform the equation a;'-|-j)ap*-f gx+r = 0, into one not 
having the second term. 

Make x = y — "^ } th^n 

^=H-)V-(-f)V.(-f)+^=|f-f+^. 

X.=3(_f)V2.(-f)+.= -f+„ 

;r, V 3 ; , 2;, _ ^ 

"2~= 2 +T-"' 

2-3~2-3~ 

Ilcnce, the equation sought is 

or, by making |. ~^ = m, and -^- — -?| +r = n, 
y" — wy-f n = 0. 
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3. Transform the equation 

into another which shall not contain the 3d power of the unknown 
quantity. 

By(437),putx = y+^j or « = 3+y. 

Here x' =s 3 and m = 4. 

A" =(3y— 12(3)«+17(3)'— 9(3)+7,or 

J-, = 4(3)'-36(3)'+34(a)— 9, or 



y = 6(3)»-36(3)+17, 



or 



or 



JT 


= 


—110. 


^. 


= 


—123. 


2 


=: 


- 87. 


23 


= 






Therefore the transformed equations must he 
y*— 37/— 123y— 110 = 0. 
4. Transform the equation 

x«—6x«+13aj— 12 = 0, 
into another wanting its second term. 
Puta; = 2+y; then 
JT = (2)"— 6(2/+ 13(2)— 12, 
27 ^ = 3(2)'-12(2)+13, 

^ = 3(2)'-6, 

F3 -^' 

Therefore, the transformed equation must ho 
y+^-2 = 0. 

6. Transform the equation 

x*— 4x»— 8x+32 = 0, 
i to another whose roots shall be less by 2. 

Put X = 2+y. Am. y-f 4^—24^ = 0. 

As this transformed equation has no term independent of y^ 
y r= is one of its roots, and x = 2 is therefore a root of the 
orijinal equation. 



or 


A'' =—2 


or 


A^ = +1 




A", 


or 


T-= «• 




^^ 


or 


- •— 1 

2 3 - ^' 
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6. Transform the equation, 

into another whose roots shall be greater by 3. 

Arts, y*+4/+ V— 42y = 0. 

7. Transform the equation, 

a*— 8x"+a;«+82x— 60 = 0, 

into one incomplete in respect to its second term. 

Ans. ^*— 23y+22y+60 = 0. 
439. Resuming the transformed equation (1'), (4:36), which is 

and replacing y by its value, y = x — a;', it becomes 

^ ; -r i.2....(7n— 1) ^"^ -^^ ^ •• 
+ f^ (^-^')'+ ^- ix~xy+jL\Cx-.x')+jr 

Now it is evidcmt that, by developing the first member of this 
equation and arranging the result with reference to the descending 
powera of X, the first member of the original equation will be repro- 
Jaced ; fur, by this operation we will have merely retraced the steps 
*^v which eq. (1') was derived from eq. (1) in the article referred to 
Hence we have the identical equation, 
-;*+^x*-» +J5^-^2+ .... Sx*+ Tx+ U 

- (^--')"+ f^^T) ('=-^')"-'+ • • • • ^ (,) 

The quotients and remainders obtained by the division of the first 
member of this equation by any quantity, will not differ from those 
arising from the division of the second member by the same quan- 
tity. Dividing the second member by x — x\ the first remainder is 
X\ and the quotient, 



-^(a>-<r7+^»(a^ «0+X.; 



as 
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and this divided again by x — x\ will give for the second remainder 
X\ and the quotient, 

It is unnecessary to continue this process fuither, to see that 
these successive remainders are the coefficients of the transformed 
equation (1') beginning with the absolute term, or the coefficient of 
y^. The divisor to be employed is x — x* if the roots of the trans- 
formed equation are to be less, in value, than those of the given 
equation by the constant difference x* \ if greater, the divisor must 
be x-\-x\ Hence, an equation may be transformed into another of 
which the roots are greater, or less, than those of the given equation 
by the following 

Rule. I. Divide the first member of the given equation (the sec" 
and member being zero) by x plus the constant difference between the 
roots of the tico equcitions, continuing the operation until a remain- 
der is obtained which is independent of x; then divide the quotient 
of this division by the same divisor, and so on, until m divisions have 
been performed, 

II. Write the transformed equation^ making these successive re- 
mainders the coefficients of tlie different powers of the unknown 
quantity, beginning with the zero power. 

It must be borne in mind that the term plus in this rule is used 
in its algebraic sense. 

By a little reflection, it will be seen that the mth quotient will be 
the co-eflScient of jr"* in the original equation, and that this will also 
be the coefficient of the highest power of the unknown quantity in 
the transformed equation. 

EXAMPLES. 

1. Transform the equation, 

a;*_-4u.»— 8x4-32 = 0, 
into another of which the roots shall be less by 2. 
This is example 5 of the last article. Make 
x = 2+y, or y=x — 2; 
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then the operation is as follows : 

-2)x*— 4x*— 8aj+32(x»— 2x*— 4i;— 16 
a:*— 2x* 



— 2x*— 8x 






— 2x'4.4.e* 


-2)x'- 




— tx*— 8j! X- 


_2x'— 4x— 16(x*— t 


-Ax*-\-%x 


x*~ 


-2x' 


— 16:r+32 




— 4j: 16 


— leix+32 


r 


—4^+ 8 


0^. 


. —24 = J.", 


»— 2)a!'— 4(a!+2 


X- 


-2>+2(l 


«•— 2a; 




SB— 2 


— 2a>-4 




A ^» 


—2x-A 




*-2.8 


" 1-2 





Hence, the transformed equation is 

y*+4y ±0/— 24y+0 = ; 
or, y*+4y* — 24y = 0, as before. 

2. Transform the equation, »* — 12x*+17aj* — Ox-f 7 = O,into one 
having roots less by 3. 

Here x=y-f-3, ory = x — 3. 

OPERATION. 

»-5X— 12x»-f.l7aj*— 9aj4-7(x*— 9jc«— lOx— 39 

g*— 3x' 

— 9x»+17aj* 

— 9x»+27x' . 

— lOx*— 9aj 

. --39.r+ 7 
--39X+117 

— 110 s= ^, lit ranuunder. 
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a;— 3)x»~9x« -lOx— 39(x«— 6a>— 28 

— 6x*— lOx 

— 6««+18x 



— 28x— 39 

— 28x+84 



a;— 3)jc«— 6x— 28(a?— 5 x-5)x— 5(1 

X*— 3x 05—3 



-3.-28 Q^iT^ ^^ 

—Sx+ 9 2 3 ' 

— 37 = -H^> SdraoialiidM; 
2 

Hence, y*±0/ — 37/ — 123y — 110 = 0, is tlie transformed 
equation. 

We shall have 4 remainders, if we operate on an equation of the 
4th degree ; 5 remainders with an equation of the 5th degree ; and, 
in general, n remainders with an equation of the nth degree. 

The transformation of equations by division, treated of in this 
article, if performed by the ordinary rule, would be too laborious for 
practical application ; but by a modified method of division, called 
Synthetic Division, it becomes expeditious and easy. 

As preliminary to the explanation of thb method of division, we 
must explain the process of 



MULTIPLICATION AND DIVISION BY DETACHED 
COEFFICIENTS. 

44 O* It has been seen that when two polynomials are homoge- 
neous their product is also homogeneous, and the number which de- 
notes its degree is the sum of the numbers denoting the degrees of 
the factors. It is evident that if the polynomials contain but two 
letters, and both are arranged with reference to the same letter, the 
product will be arranged with reference to that letter. Since, in 
the operation of multiplying the terms of the multiplicand by the 
€rms of the multiplier, the products of the coefficients are not 
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nffected by the literal parts to which they are prefixed, these coeffi- 
cients may be detached and written down with their signs in their 
proper order, and the multiplication performed as with polynomials. 
The partial products, numerical or literal, being carefully arranged 
as if undetached, are then reduced and the literal parts annexed. 



EXAMPLES. 

1. Multiply a*-\-2ax-\-x^ by a-^-x. 

OPERATION. 

l-|-2-|-l, Detached coefficiente of multiplicand. 

.1-f-l «« " multipUer. 

1+2+1 
1+2+1 

1 -|-3-f 3-f 1 Prodnet of ooeffidente. 

Now by annexing the proper literal parts to the several terms 
thui) obtained, wc have 

This method of multiplication maybe employed when the two 
polynomials contain but one letter. 

2. Multiply 3x«-2x-l by 3x+2. 

OPERATION. 
3—2—1 

3+2 



9—6—3 

+6—4-2 

g-tO— 7— 2 
whence, 

Qx'lhOx*— 7a:— 2, 
or, 9a;* — 7a;— 2, Ans. 

When any of the powers of the letters, between the highest ana 
lowest, do not appear in either factor, the terms corresponding to 
such powers must be supplied, with the coefficient 0. 
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8. Multiply a;«+2x«— 1 by x«+2. 

The fttctors completed are x*+2x'4-0jd— 1 and x*+0x+2 
Hence the operation is 

1+2+0—1 

1+0+2 

1+2+0—1 

2+4+0-2 

1+2+2+3+0—2 
and the prodact^ 

a;»+2x*+2x*+3a;*+0x— 2, 
or, ar»+2x*+2x»+3x*— 2. 

4. Multiply 3x«-2x— 1 by 4x+2. Am. 12x»-2x«— 8x— i! 
6. Multiply 3x'—5x— 10 by 2x — 4. Ans. 6ir*—22j:' + 40. 

6. Multiply aj*+ay+y* '^J ^' — ^+y'* -^'**- aj*-|-xy+y*. 

7. Multiply a:*— 4x*+5x— 2 by ^•+4x— 8. 

' Ans. «•- 14x»+30x*— 23x+6. 
44 1. Now, if detached coefficients can be used in multiplication, 
80 in like cases, they may be employed for division. When the divi- 
dend and divisor contain but two letters and are homogeneous, the 
degree of the quotient will be the excess of the degree of the div • 
idend over that of the divisor. 

EXAMPLES. 

1. Divide a*— 8a'a>— 8aV+18ax«+16x* by a^— 2aaj— 2x\ 

OPERATION. 

l--8_8+18+16|l--2— 2 
1_2— 2 1—1—8 



_1_6+18+16 
-1+2+ 2 



-_8+16+16 
—8+16+16 
Hence the quotient is 

a* — ax — 8a5*. 
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2. Divide a*^ba*b^+a*h*+Qah*— 21" by a*—Zah'+l\ 

In this example we must supply the term 0'a*b in the dividend, 
and the term O'a^L in the divisor. The operation then is, 
1+0—5+1+6—2 I 1+0—3+ 1 
1+0—3+1 1+0—2 

0—2+0+6—2 
—2+0+6—2 

Therefore we have, for the quotient, 

a«+0-a6— 26*, 
or, a'—2b\ 

3. Divide x»— 4x*— 17x'— 13u;«— llx— 10 by x*+3x+2. 

OPERATION. 

1—4—17—13—11—10 | l+3+2 

1+3+ 2 1—7+2-6 

_7— 19-13— 11— 10 
—7—21—14 

+ 2+ 1—11—10 
+ 2+6+4 

— 5—15—10 

— 5—15—10 

Hence the quotient is 

a;»^7x'+2x— 5. 

When the dividend and divisor contain but a single letter, absent 
terms in either, answering to powers of this letter between the 
highest and lowest, must be inserted with the coefficient 0. 

In the examples we have wrought to illustrate the method of 
division by detached coefficients, the coefficients have been taken 
entire, that of the first term of the divisor, in each case, being 
unity; the process, however, will be the sama whatever these 
coefficients may be. When the coefficient of the first term of the 
divisor is not unity, it may be made so by dividing both dividend 
and divisor by this coefficient. The quotient term will then be the 
first term of the corresponding dividend, as is seen in all the abovo 
examples. 
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SYNTHETIC DmSION. . 

4'13. To explain what synthetic division b, and to deduce a 
rule for executing it, let us take the first example in the preceding 
article. If the bigns of the second and third terms of the divisor 
be changed, each remainder will be found, bj adding the terms of 
the product of these two terms by the term of the quotient, to the 
corresponding terms of the dividend ; observing that by the nature 
of the operation, the product of the first term of the divisor by the 
term of the quotient, equals the first term of the dividend. Be- 
Bides, since the first term of the divisor is unity, any quotient term 
is the same as the first term of the partial dividend to which it 
belongs. 

The process may now be indicated as follows : 
1_3_8+18+16 [ 1+2+2 

2—2—16 
2— 2—16 

Quotient, 1 1 — 8 

Ilence the quotient is a* — ax — Sx', as before found. 

The dividend and divisor are written in the usual way, after 
changing the signs of the last two terms of the latter ; and a hori- 
zontal line is drawn far enough beneath the dividend for two inter- 
vening rows of figures. Bring down the first term of the dividend 
for the first term of the quotient. The products of the second and 
third terms of the divisor by the first term of the quotient are 
written, the first in the first row under the second term of the div- 
idend, and the second in the second row under the third term of 
the dividend. The sum of the second vertical column is then 
written for the second term of the quotient. The next step is to 
multiply the second and third terms of the divisor by the second 
term of the quotient, placing the first product in the first row under 
the third term of the dividend, and the second in the second row 
under the fourth term of the dividend. The sum of the third 
vertical column is the third term of the quotient. The sums of the 
fourth and fifth columns each reduce to zero. 

The operation for the last example in the preceding article is 
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1—4— 17--13— 11-^101 1— 3—2 
—3+21— 6+15 
-« 2+14— 4+10 



1—7+ 2—500 
and for tLc qnotient we have 

a*— 7aj*+2x— 5. 
No difficulty will now be experienced in understanding this 
general 

Rule. — I. If ike coefficient of the first term of the arranged 
divisor 18 not unity ^ make it so hy dividing both dividend and divisor 
hy this coefficient. 

II. Write down the detached coefficients of the dividend and di- 
visor in the usual way, changing the signs of aU the terms of the 
of the latter except the first ^ and draw a line far enough below 
the dividend for as many intervening rows of figures as there are 
terms, less owe, in the divisor, and bring down the first term of the 
dividend, regarded as forming a vertical column, for the first term 
of the quotient, 

III. Write the products of the second, third, etc., terms of the di- 
vhor by the first term of the quotient, beneath the second, third, etc, 
terms of the dividend in their order, and in the first, second, etc., rows 
of figures; and bring down the sum of the second vertical column 
for the second term of the quotient, 

IV. Multiply the terms of the divisor, exclusive of the first, as 
before, by the second term of the quotient, and write the products in 
their respective rows, beneath the terms of the dividend beginning at 
the third ; bring down the sum of the third vertical column for the 
third term, of the quotient, 

V. Continue this process until a vertical column is found of which 
the sum is zero, the sums of all the following also being zero when 
the division is exact ; otherwise continue the operation until the e?c- 
sired degree of approximation is attained. Having thus found the 
coefficients of the quotient, annex to them the proper literal parts. 

In applying this method of division it is unnecessary to write the 
first term of the divisor, since it is unity and is not used in the oper- 
ation. 
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EXAMPLES. 

1. Divide 1— x by 1+x. Ans. 1— 2x+2x*— 2x»-(-etc. 

2. Divide 1 by l-^x. Ans. 1 — x-^-x* — a;*+x*^^tc. 

8. Divide a»— 6a*x+10aV— 10a'x"+5ax*-^» by a}—2ax+x\ 

Ans, a»— 8a«x+3ax'— X*. 

4. Divide x*— 5x»+15x*— 24x»+27x«— 13x+5 by x*— 2x*+ 
4x*— 2x+l. Ans. x*— 3x+5. 

5. Divide x'— y' by x — y. 

Ans. x-+xv+xy+xy+xy+xy+y*. 

4143* The transformation of an equation into another having 
roots less or greater than those of the given equation by a fixed 
quantity, may now be expeditiously made by the method of synthetic 
division. 

1. Transform the equation x* — ix* — 8x+32 = 0, into anothei 
whose roots shall be less by two. 

The second power of x not appearing in this equation, it must be 
introduced with HhO for its coefficient. 

FIRST OPERATION. 

1— 4±:0— 8+32|2 
2—4—8—32 

1—2—4—16, = 27 

SECOND OPERATION. 
1— 2— 4— 16|2 

2±0— 8 



IdtO— 4,— 24 = JT^ 

THIRD OPERATION. FOURTH OPERATION. 

l-»-0_4|2 ^+2|L. 
2+4 2~ 

1+2,0='^ l,+4 = ^3 

Hence the transformed equation is 
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Instead of keeping the above operations separated, they may be 
anited and arranged as follows : 

1-4 ±0 — 8+32|2__ 
2 --4 — 8— 32 

—2 —4 —16, = -T 
2 0—8 

-4, — 24 = X, 
2 +4 

2, 0=^» 
2_ 

2-3 

To understand this, it is only to be borne in mind that the divisor 
is the same throughout, and that the firet term, 1, of the successive 
dividends, which if written would fall in the vertical column at 
the left, is omitted. 

Transform the equation x* — 12x'+17x' — 9a:+7 = 0, into an- 
other whose root shall be 3 less. 

OPERATION. 

1 —12 4-17 — 9 + 7 (3 
+ 3 —27 — 30 —117 
_ 9 —10 — 39, —110 = 27 
+ 3 —18 — 84 
_ 6 —28, —123 =X, 
+ 3 — 9 

- 3,-37 =^» 

±J 

= -?!». , 

23 
Hence the transformed equation is 

y*4.0y»— 37y«— 123^— 110 = 0. 
Transform the equation x* — 12a; — 28 = 0, into another iKrhos© 
roots shall be 4 less. Make x =: ^-{-4. 
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(4 



OPERATION. 





—12 


—28 


4 
4 


+10 
4 


+16 
—12 


4 


32 




8 


36: 


= J7. 


4 
12 


~ 2 





Hence the transformed equation must be 

y'+12/+3Gy— 12 = 0. 
Transform the equation x* — 10x*-\-^x — 6946 = 0, into another 
whose roots shall be less by 20. We make x = 204-^. 



(20 





OPERATION. 


—10 


3 —6946 


20 


200 4060 


10 


203 —2880 


20 


ouu 


30 


803 


20 




50 









The three reniainders are the numbers just above the double Unest, 
which give the following transformed equation : 
y4.50y«+803^— 2886 = 0. 
Transform this equation into another whose roots shall be less bj 

(3 



Put 


;y = 3+z. 


50 


803 


—2886 


3 


159 


+2886 


53 


962 





3 


•168 


. 


56 


1130 




8 






59 
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Qeace the transformed equation is 

5»-f 59«'+1130^ = 0. 
This equation may be verified by making « = ; whicli giveti 
y = 3, and X = 20+3=23. 

444. If the signs of the alternate terms of any complete equa- 
Aon involving hut one unknown quantity he changed^fhe sigrs of all 
*he roots will he changed. 

In the general equation 

aj-+^x"^'+^a;"^*+ .... 4- Tx+ U= 0, (1) 
let the signs follow each other in any order whatever. Changing 
the signs of the alternate terms of this equation, beginning ^nih the 
second, we have 

a"— ^a:"^*+^x"*-»— ± Txqi U=0} ©) 

but if the change begin with the first term, we have 

— a:"4--4x"^i— ^x"^*+ qi7!r±:C7'=0, (3) 

Now, if a be a root of equation (1), its' first member reduces to 
zero when a is substituted for x ; that is, the sum of the positive 
terms becomes equal to the sum of the negative terms. But if 
— a be substituted for x in equations (2) and (3), the numerical val- 
ues of the terms of these equations will be equal to the values of 
the corresponding terms of equation (1), while the signs of the 
terms in equation (2), if m is an even number, will be the same, and 
those of equation (3), opposite to the signs of the terms of like 
degree in equation (1). If m is an odd number, the reverse will be 
true in respect to signs. In either case however, if a is a root of 
equation (1), — a is a root of both equation (2) and equation (3). 

An obvious consequence of this proposition is, that the roots of 
an equation are not affected by changing the signs of all its terms 

EXAMPLES. 

1. The roots of the equation x* — 7a;*-|-13x— 3= 0, are 3, 2+|/3, 
and 2— f^3; what will be the roots of tbe equation x* + 1x*-{- 
13a? + 3=0? Ans. -3, -2-f3, —2+1^3. 

2. The roots of the equation a;*— 3x' + 3aj'-J- :7a:— 18=0, are 



!- 
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1, _2, 2+K^^, and 2— V^^; what are tlie roots of the 
equation a;*-|-3x"+3x*— 17x— 18 = ? 

Am, —1, +2, —2—V~b, — 2+l/^. 

44tS. If aU the coefficients of an equation he real and rational^ 
9nrd and imaginary roots can enter the equation only by pairs. 

Let the coefficients A, B,^.».UyO£ the equation 

a"+^x-^> +B3r-^+ .... Tx+ U= 0, (1) 

be all real and rational, and suppose that a+V+i is one of the 
roots of this equation. 

Substituting this value for x, we have 

+ T(^a±\/±h)+U 

Expanding the several terms of this equation by the binomial 
formula, we have 

Aa'^'±A(rnr--l)a^* V±b+A(m—1) *^ a— • (V^Tlydi.... 

Ta±T\/±bj 

observing, in reference to the final terms, iCV^i^)*, iCV'ift)'*-*, 
etc., that the sign dt is to be used before those only which have 
odd numbers for their exponents ; when the exponent is even, the 
plus sign is to be understood. 

If the root of equation (1) be a-^^/h, the aggregate of these 
developments will be composed of two parts, the one rational and 
the other surd. The rational part will be the algebraic sum of those 
terms which have the even powers of |/ft for factors^ the aero pow- 
er being included. Represent this part by Jf. 
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The irrational part will be the algebraic sum of the terms haying 
the odd powers of |/& for factors. But since (|/&)" = ^|/^, 
(|/6)* = ^*|/^, etc., the different terms of this part can be repre- 
sented by a single term of the form iV|/6, N being the algebraic 
Bum of the coefficients of ^/h. Hence equation (2), under the sup- 
position that a-\-y^h is a root of equation (1), becomes 

i/^4.J\ry/6 = 0; (3) 

which can be true only when we have separately if = 0, j/V=: 0; 

(ara, 4). 

In reducing equation (2) to equation (3), the upper 8ifi:ns in the 
expansions of the terms of equation (2) were used. If the lower 
signs in the equation and the expansions of its terms be used, — which 
is equivalent to supposing a — y^h to be a root of equation (1), — the 
reduced equation will be 

M—N'i/h = 0. (4) 

in which Jlfand iVare evidently the same as in equation (3). Hence 
if equation (1) has a root, a-f-j/6, it has also the root a — y^b. 

Now let us suppose that a-^-V — b is a root of eq. (1); then since 
the even powers of V^ — b are real and the odd powers imaginary, 
the developed first member of eq. (2) will be composed of two parts, 
the one real and the other imaginary. Represent the real part by M\ 

The imaginary part is the algebraic sum of the terms having the 
odd powers of V" — b for factors. But since (l/ — b)* = V^b* ( — b) 
= bV^, (y~by =zVV(^) = b^V~b, etc., the different 
terms of this part can be reduced to a single term of the form 
K'V — 6. Hence, under the supposition that a-^-V — b is a root 
of equation (1), equation (2) becomes 

Jtf'+iNT'l/— 6 = 0, (5) 

#hich requires that we have separately if' = 0, iV' = ; (267). 
By using the lower signs of the terms and their expansions in equa- 
tion (2), — which supposes a — V — b to be a root of eq. (1), — ^we find 

M'-^N" V^b = ; (6) 

and by a simple inspection of the expanded terms of equation (2), 
we see that if' and N' in equations (5) and (0) are the same. 

Whence we conclude that if equation (1) have a root, a-|-V — 6, 
it has also the root, a — 1 — 6. 



400 PKOPERTIES OF EQUATIONS. 



RULE OF DES CARTES. 

446* An equation can not have a greater numher of positive 
oofs tJian there are variations in the signs of its terms, nor a greater 
numher of negative roots than there are permanences of signs. 

Note.— A varintJon is a change of sign in passing from one term to 
anotlier; a permanence occurs when two successive terms Iiave the same 
sign. It is obvious that the number of variations and permanences taken 
together must be equal to the number of terms, less 1. 

Let the signs of the terms of an equation be 

+ + - + + + -, 

the second, sixth, and eighth terms ^ving permanences, and the 
other terms variations. 

To introduce a new positive root into the equation, we mnst mul- 
tiply the equation hy some hinomial factor in the form of x — a ; 
and the signs of the partial and final products will be as follows : 

lit. 2d. 8d. 4th. 5th. 6th. 7th. 8th. 9th. 

+ +- + + + - 

+ - + + + 

Now we ohserve, in the final result, that the 2d, 6th, and 8th 
terms, or the terms which give permanences in the proposed equa- 
tion, are ambiguous ; consequently, let these ambiguous signs be ta- 
ken as they may, the number of permanences has not been increas- 
ed. But the number of terms has been increased by 1 ; hence, the 
number of variations has been increased by 1, at least 

Again, to introduce a new negative root into the proposed equar 
tion, we must multiply by some binominal factor in the form of x+a; 
nd the signs of partial and final products will be as follows: 

lit 2d. 8d. 4th. 9th. 6th. 7th. 9th. Mh. 

+ + - + + + - 

+ + - + + + - 

+ + d^±± — ± + ± — 
ITcre, in the final result, the 3d, 4th, 5th, 7th and 9th terms, oi 
the terms which give variations in the proposed equation, are am- 
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biguous ; consequently, the number of variations has not been in- 
creased. But the number of terms has been increased by 1 ; hence, 
the number of permanences has been increased by 1, at least. 

Thus we have shown that the introduction of each positive root 
must give at least one additional variation, and the introduction of 
each negative root must, give at least one additional permanence. 
Hence the whole number of positive roots can not exceed the num- 
ber of variations, and the whole number of negative roots can not 
exceed the number of permanences; the proposition is therefore 
proved. 

447. Although the introduction of a positive root will always 
give an j.dditional variation of signs, it is not true that a variation 
of signs in the terms of an equation necessarily implies the presence 
of a real positive root. Thus, the equation, 
x^—x^—lx+lb = 
has 2 variations of signs, and 1 permanence. But its roots are 
2+l/IIi, 2— l/~l, and —3, 

no one being positive and real. 

But when the roots are all real, the number of positive roots is 
equal to the number of variations , and the number of negative roots 
is equal to the number of permanences. 



CARDAN'S RULE FOR CUBIC EQUATIONS. 

448. It has been shown, (437), that any equation can be 
transformed into another which shall be deficient of its second term 
That is, every cubic equation can be reduced to the form of 
x*+Zpx = 2q*, (1) 

and the solution of this equation must involve the general solution 
of cubics. We make 3p the coefficient of x, and 2q the absolute 
term, in order to avoid fractions in the following investigations : 
Assume x = v+y ; then eq. (1) becomes 

(v+2fy+^p(v+2/) = 2q. (2) 

Expanding and reducing, we have 

^•+y"+3(vy+p)(t;+y) = 2q. (3) 



iT 



402 PROPERTIBS OF EQUATIONS. 

Now as the diyision of x into two parts is entirely arbitrary, we are 
permitted to assume that 

ty+2> = 0; (4) 

whence, from cq. (3), «*+^* = ^q* (5) 

If we obtain the value of y from (4), and substitute it in (5), we shaU 
have, after reducing, 

t;'— 2gt;' =j>'; (6) 

whence, • «• = q±:Vq^-\-p*- (7) 

Substituting this value of v' in (5), we have 

y = q^Vq*+'p\ (8) 

But by hypothesis x = v+y ; hence, taking the sum of the cube 
roots of (7) and (8), we have 

X = (j+i/^qy)*+(j_i/^i4y)*, (A) 

which is Cardan's formula for cubic equations. 

440. When p is negative, in the given equation, and its cube 
numerically greater than j", the expression yq*-^p* becomes imag- 
inary ; this is called the Irreducible Case, We must not conclude, 
however, that in this case the roots of the equation are imaginary ; 
for, admitting the expression \^q^-^p^ to be imaginary, it can be 
represented by aV — 1 ; whence the value of a; in formula (A) be- 
comes 

X = (^+al/=i)*+(^_al/— l)*; (1) 

or, x^ 2*(i+ V=i)*+?*(i-V=i)* ; (2) 

- :-.=('+?'^)*+('-M'- ^ 

Now by actually expanding the two parts in the second member 
of (3), and adding the results, the terms containing V — 1 will disap- 
pear and the final result will be read. Hence, in the irreducible case 
all the roots of the equation are real ; formula {A) is therefore prac- 
tically applicable only when two of the roots are imaginary. In this 
case the real root can be found directly by the formula ; the equa- 
tion may then be depressed, by division, to a quadratic, which will 
give the two imaginary roots 
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EXAMPLES. 

1. Find the roots of the equation, 

a;«-7a;«+14aj— 20 = 0. 
To transform this equation into another deficient of its 2d term, 
according to (437), put a;=y-|-|; and we shall have for the 
transformed equation, 

To apply the formula to this equation, we have 
8p = — J, oip = —l; 

y = (\.V± W )*+( W+ W)* = l+l = I- 

X = |-|-| = 6, the real root. 
Dividing the given equation by x — 5, we obtain for the depressed 

equation 

a'— 2x4-4 = 0; 

whence, x = 1±:V — 3. 

Hence the three roots are 5, 1+ k — 3, and 1 — v— 3. 

2. Given x*-\-6x = 88, to find the values of x. 
To apply the formula, we have 

8jj = 6, or J? ^ 2 ; 
2q = 88, or gr = 44. 

whence, V^jH? = 1^1936+8 = ±44.090815+. 

And we have 

X = (44+44.090815)*+(44— 44.090815)*; 

or, X = 4.4495 — .4495 = 4, the real root. 

The depressed equation will be x'-|-4x— 22 = 0; whence 

X = — 2ih3l/^ ; 

and the three roots are 4, — 2+3l/^, and —2 — Sl/II^. 

3. Given x* — 6x = 5.6, to find one value of x. 

This example presents the irreducible case ; the solution, by the 
method of series, is as follows : 
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Wo have p ^ — 2, j = ^-^ > hence, 

« = (2.8+1/7.84— 8)*+ (2.8— i/L84^)* ; 
or, a; = (2.8+.4l/^)*+(2.8— .41/— l)i; . 

Put h = 41/-I; then f = — A. ** = AX,V 
Also, (I+41/— 1)* = (l+i)*; (l_4i/— i)*=(i_j)». 
By the binomial theorem 

1 12 2-6 2-5-8 

(1—^) = 1— 3 2^ 3^^'~ 3^^*"" 3^42^*~ • • • • 

/ 2 \ / 2-5-8 \ 
Sum =2-2(3:^^')-2(3:^,:y2^^ )-.... 

= 2+.004535— .000034 = 2.004569. 
Bence, we have 

-^=L = 2.004569 ; x = (2.0045G9) 1^2:8 = 2.82535, An», 

4. Given X* — 6x— 6 = 0, to find one value of x. 

Ans. X = ^2+^4 = 2.8473+. 
6. Given x*'\'Ox — 6 = 0, to find one value of x. 

Am. X = ^d+^~B = .63783+. 
6. Given x*4-6x*— 13jc+24 = 0, to find the values of x. 

Am. x =r —8, 1+|/— 2, or \—V—2. 
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SECTIOM- IX. 

SOLUTION OF NUMERICAL EQUATIONS OB HIGHER 
DEGREES. 

LDIITS OP REAL ROOTS. 

430« All positive roots of an equation are comprised between 
and -|- 00, and all negative roots between and — oo. But in the 
solution of numerical equations of higher degrees, it is necessary 
to be able at once to assign much narrower limits. As preliminary 
to this, we will first show how an equation is affected by substituting 
for the unknown quantity numbers greater or less than the roots, 
and numbers between which the roots are comprised. 

4SI« If an equation, in its general form, be regarded as the 
product of the binomial factors formed by annexing the roots, with 
their opposite signs, to ar, we observe that the siyn of this product 
can not be affected by the imaginary roots. For, according to 
(445), if an equation have one root m the form of a-\-V — i>, it 
will have another in the form of a — V — h. But we have 

(x-^a-^V^h) (x— a-f-l/^) = (x— a)'+i>, 
a result which is in all casef* positive. 

4S3. Let a, 5, c, d, etc., be the real roots of an equation, ar- 
ranged in the order of their algebraic values ) then the equation may 
be represented as follows : 

(a: — a)(x — h){x — c)(x — d) .... =0. 
if we substitute h for a;, the first member will become 

(Ji—d)Qi---h)Qi—c)(h-^ 

Now if h be less than the least root, a, every factor will be neg- 
ative ; and the whole product will be positive or negative, according 
as the number of factors is even or odd. But the number of factors 
is equal to the degree of the equation, (427); hence, 

1. — If a number less than the least root he substituted /or x in an 

A* 
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equation J the result wiU he positive when the equation is of an even 
degree^ and negative when the equation is of an odd degree. 

Agaiu, if A be greater titan the greatest root, tlien every factor will 
be positive, and consequently the whole product positive. Hence.^ 

2. — If a number greater than the greatest root be substituted for 
Tin an equation^ the result will in all cases be positive. 

Still again ; suppose A to be at first less than a, but afterward 
greater than a and less than b. This change in the value of h will 
change the sign of the factor (h — a), and consequently the sign of 
the whole product. If in the next place h be made greater than b 
but less than c, the sign of the product will be changed again, for 
the same reason as before. And in general, there must be a change 
of sign every time the variable h passes the value of a real root of 
the equation, and at no other time. Hence, 

3. — If when two numbers are substituted in succession for x, in 
an equation, the results have contrary/ signs, iJiere must be at least one 
real root included between these numbers. 

It may be observed, also, that if one, three, fve, or any odd num- 
ber of roots be included between the two numbci's substituted, the 
results will show a change of signs. But if an even number of roots 
be included, there will bo no change of signs. 

4tS3. If P denote tJie numerical value of the greatest negative 
coefficieut in an equation, and n the number of terms which precede 
the first negative coefficient , then VP+1 '^iH be a superior limit of 
the positive roots of this equation. 

Let x'^+^x— '+^^— "+ ac*-'+ . . . . + Tx-^ U:=z 0. (1) 
If we omit those positive terns, if any, which occur between .r** and 
the firat negative term, and then put — P for the coefficient of every 
other term after o:^, the first member of eq, (1) becomes 

a;-»— (Px««-|-i>x"— »+ .... +Px+P) (2) 

Now it is evident that any value which, substituted for a, will 
give a positive result in (2) will give a positive result also in eq. 
(1). For, the sum of all the negative terms in (1) can not possibly 
be greater than the negative part of (3) ; besides, there may be one 
or more positive terms in (1) which are omitted in (2). 
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Dividing every term of (3) by x**, we obtain 

(P P P P P\ 

Make x = Vi^+1 = '*+l> where r is put in the pAce of yP 
for the sake of simplicity. Kemembering that -P = r*, we have 

\ (r+l)» + (r+l)«+» +••••+ (r-f-l)-^* + (r+l)"/ 
Summing the geometrical series found in the parenthesis, by 
[360, (^')] the expression becomes 

. H-ch:i)-»-(,43) <*> 

Now since — - is a proper fraction, and therefore less than 

unity, the value of (4) is positive. Moreover, the negative terra, 

(r \"~^ 
I , must always be less than unity ; consequently, no value 

of r, however great it may be, will render (4) negative. Thus 
we have shown that if we substitute for x the quantity VP + 1, or 
any greater vahie, the result will be positive in (3) ; the result will 
therefore be positive in (2), and also in equation (l). Hence, by 
(452, 2), V-P + 1 is a superior limit of the positive roots in any 
equation, which was to be proved. 

In applying the principle just established, the absolute term must 
be regarded as the coefficient of x* ; and if the equation is incom- 
plete, the deficient terms must be counted, in finding w. 

It should be observed also, that an equation Imvivg no negative 
term can have no positive roots. For, every positive number sub- 
stituted for X will render the first member positive. That is, no 
positive value of x can reduce the first member to zero. 

EXAMPLES. 

1. Find the superior limit of the positive roots of the equation 
a;»+5jc*4-2x»— 14^*— 26x+10 = 0. 

Here n = 3 and P =. 26. Hence we have, in whole numbers, 

VP+\ = ^26+1 = 4, Am. 
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2. Find the superior limit of the positive roots of the equation 
a:*-|_5x»— 25x«— 12a;+68 = 0. Am, 6. 

3. Find the superior limit of the positive roots of the equation 
rr*— 5x'— 9x+12 = 0. Ans. 4. 

4. Find the superior limit of the positive roots of the equation 
x*-\-r*-\-Sx—S = 0. Alls. 3. 

4tl^4« To determine the superior limit of the negative roots of 
an equation, numerically considered, 

Chtinge the sit/ng of tht alternate terms, covnting the drjl, lent 
terms wJien the equation is incomplete; then apply the preceding rule. 

For, according to (44:4), the positive roots in the new equation 
will be numerically the negative roots in the given equation. 

EXAMPLES. 

1. Find the superior limit of the negative roots of the equation 
X* — 3x*-(-5x-|-7 = 0. Ans. ^7+1 = 3, in whole numbers. 

2. Find the superior limit of the negative roots of the equation 
ic*— 15.C*— lOx+24 = 0. Ans. 6. 

3. Find the superior limit of the negative roots of the equation 
a;«__3x»+2j;*+27x'— 4x'— 1 = 0. Ans. 4. 

LmrriNG equation. 

4titS« If there be one equation whose roots, taken in the order 
of their values, are intermediate between the roots of another, the 
former is said to be the limiting equation of the latter. 

4t]^6. Any equation being given, its limiting equation may he 
formed hy putting its first derived polynomial equal to zero. 

If a,hyCj.. ,,k, I are the roots of the given equation ^==0, and 
a', 6', c', .... A;' are the roots of the derived polynomial ^j = 0, 
each set being arranged in the order of their values, then we are to 
bhow that all these roots, taken together, and arranged in the order 
of their values, will be as follows : 

a, a', 6, h\ c, c', . . . . k, k\ l. 

In both equations, put x = x'+w, developing the terms, and ar- 



(3) 
(4) 
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ranging the results according to the ascending powers oi u. Ob- 
serve that X.2 is the fii-st derived polynomial of Xi ; hence^ adopt- 
ing the same notation as in (436), we have, from the two equations, 

^ = JT +JC,u+ £««•+ ^u'+ . . . . = 0, (1) 

Z, = X\+JC^u+ :|iu'+ ^u'+ . . . . = 0; (2) 

where, it will be observed, X, X\^ X\^ etc., represent what JT, X,, 
Xj, etc., become, when x* takes the place of x. 

Now suppose a;' = r ; that is, x = r-}-w, r being any root of the 
given equation. Then J7 = ; and oa X\y X^j X ^^ now receive 
definite values^ the values of X and Xj may, or may not become 
Ecro by giving a particular value to u. Dropping X' from (1), and 
factoring the result, we have 

where the different terms may be essentially positive or negative, 
according to the values of r and w, upon which they depend. 

Now, it is evident that by causing u to diminish numerically, each 
term after the first, in the parenthesis, may be made as small as we 
please ; and by making u sufficiently sinall, the mm of the terms 
containing u^ in each parenthesis, may be made less than the first 
term X ^)m which case the essential sign of the quantity in either 
parenthesis will depend upon the sign of X\. Thus, when u is 
indefinitely small, the signs of the functions, Xand JT,, will depend 
upon the signs of u (X,) and X ^, respectively. Hence, when u 
is negative, X and X^ will have opposite signs ; but when u is pos- 
itive, X and Xj will have the same signs. 

4:S7* Thus we have shown, that if we substitute in a given etpm- 
tion X = 0, and its first derived polynomial Xj = 0, a quantity 
T — u, which is insensibly less than the root r, the results will have op- 
posite signs ; but if we substitute the quantity r-f-u, which is insensibly 
greater than the root r, the results will have the same sign, 

4:S8. Consider the quantity substituted in the two functions to 
be insensibly less than a, the least root of X= 0, and let it increase 
85 
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till it is inseDBibly greater than a. In passing the root a, the fiino- 
tioQ X will change sign, (493^3); hence the signs of the Amo- 
tions will be as follows : 

XX, X X^ 

{x^a^u + — , — +, 

x=za — , or else +, 

a;=a+tt — — , + +. 

Now let the substituted quantity increase from x = a-\-u to 
X r= h — M, a value insensibly near to Z», the next root of X = 0. 
According to the principle already established (4S7), X and X, 
must now have opposite signs. And since X can not have changed 
its sign during the change of x from a-\-u to b — u, there must have 
been a change of sign in the function X^. Hence^ by (^tHS^S) 
one root of X| =0 is found between a-|-u and b — u, or between a 
and b. In like manner, it can be shown that X, = has one root 
between b and c, one between c and d, and so on. Hence the prop- 
osition is proved. 

STUrarS THEOREM. 

4«S0. The object of Sturm's Theorem is to determine the num- 
ber of the real roots of an equation, and likewise the places of these 
roots, or their initial figures when the roots are irrational. 

NoTB.— This difficult problem, which for a long time baffled the skill 
of mathematicians, was first solved by M. Sturm, his solution being sub- 
mitted to the French Academy in 1829. 

460. We have seen, (433), that the equal roots of an equa- 
tion may always be found and suppressed. Now let 

X = x''+Ax^'+Bx'^^+ .... Tx+U=0 
represent any equation having no equal roots, and Xj = its first 
derived polynomial, or its limiting equation. 

We will now apply to the functions, X and Xj, a process similar 
to that required for finding their greatest common divisor (10t5)> 
but with this modification, namely ; that we change the signs of the. 
successive remainderSy and neither introduce nor reject a negative 
factor, in preparing far division. 

Denote the successive remainders, with their signs changed, by 
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B, R^j E.2y' -^i*-!) ^n* Since the given equation has no equal 
roots, there can he no common divisor between X and X,, (43t5) , 
hence, if the process of division be continued sufficiently far, the 
last remainder, i2„, must be diferent/rom zero, and independent o/t. 

Now in the several functions, X, X^y Ry R^^ Rc^^... --^i*-!? -^m 
let us substitute for x any number, as A, and having arranged the 
signs of the results in a row, note the number of variations of signs. 
Next substitute for x a number. A', greater than A, and again note 
the number of variations of signs. The difference in the number of 
variations of sv/ns, resulting from the two substitutionSj wiU be equal 
to the number of real roots comprised between h and h'. 

This is Sturm's Theorem, which we will now demonstrate. 

Let ©, ©1, Ca, . . . . Cv_i, Qn denote the quotients in the 8ucoe&- 
sive divisions. Now in every case, the dividend will be equal to the 
product of the divisor and quotient, plus the true remainder^ or 
minus the remainder with its sign changed. Hence, 

(1) X =z X,Q — E \ 

(2) X^ :=z R Q^ — ^U 

(3) R = R^Q^ — Ri 

(4) R^ = R^Q^ —R^^ 



(n) R^^ = R^^ Q, — R^ 

From these equations, it follows^ 

1. — If any number be substituted for x in the functions X, X|, 
R, Ri,. . . .Ra, no two of them can become zero at the same tims. 

For, if possible, let such a value of A be substituted for x as will 
render Xy and R zero at the same time. Then the second equation 
of {A) will give jf?, =0; whence, the third equation will become 
i^a = ; and tracing the series through, we shall have, finally, 
R^ = 0, which is impossible. 

2. — If any one of the functions become zero by substituting a 
particular vahie for x, the adjacent functions will have contrary 
signs for the same value. 

For, suppose 22^ in the third equation to become zero ; then this 
equation will reduce U> R = — R^. That is, R and i?^ have con- 
trary signs. 

Having established these principles, suppose the quantity h, which 
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18 to be Bubstituted simultaneonslj in all the fxmctions, to be a vari- 
able, changing bj insensible degrees from a less to a greater value. 
As it passes any of the roots, the function to which this root b^ 
longs will reduce to zero, and change sign, (4«S3^ 3). 

Let p he A little less than a certain root of ^29 ^^^ 9 ^ ^^^^^ 
greater than the same root, the two values being so taken, however, 
that no root 0/ R^ or R, shall be comprised between them. As h 
changes from j> to ^, R2 will reduce to zero, and change sign. But 
neither jf?, nor B^ will change sign ; and since, according to th^ 
second principle, these functions have opposite signs when B^ = 0. 
they must have opposite signs also when h =p or h =zq. No> 
when h=p, the arrangement of signs must be 

j^i 1^2 B^ R-^ R^ Rg 

+ ± — , or - ± +; 
giving one variation and one permanence, whichever way the doubk 
sign be taken. When h = q the signs must become 

jRi R2 R^ Ri R2 ^t 

+ T — , or — q: +; 

giving, as before, one variation and one permanence, so that the 
whole number of variations is neither increased nor diminished. 

This reasoning obviously applies to any function which is situated 
between two other Junctions. Hence, 

3. — When h passes a root of any function intermediate between 
X and Rn , the number of variations of signs will not be altered. 

As the last function, R^, is independent of x, its sign will not be 
changed by any substitution for x. It follows, therefore, that if av^ 
change is produced in the number of variations of signs^ it mn^t re 
suit from the alternation of signs in the original function X. 

Let a,b,c,d, .... I ho the roots of X, taken in the order of theii 
values. Then the roots of X, will be found, the first between a 
and b, the second between b and r, and so on ; (4«I8). The de- 
gree of X, is less by 1 than the degree of X; hence, if the degree 
of X is odd the degree of Xj will be even, and if the degree of X 
is even the degree of Xj will be odd. Now take h less than a ; ac- 
cording to (452, 1), the signs of X and Xj will be unlike, giving 
a variation. Let h increase till it is insensibly greater than a ; X 
will change sign^ and the variation between X and X| will be lost 
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Now let h increase till it is insensibly less than h. It will pass the 
first root of Xj, causing the signs of X and X^ to be again nnlike; 
but by (3), this change in the sign of Xj will not alter the whole 
number of yariations -in the signs of the functions. Again let h 
increase till it is insensibly greater than h ; X will again change sign, 
and another variation will be lost. In like manner it may be shown 
that the number of variations wiH he diminished hy 1 every tivae h 
•pnses a root of X; hence the truth of the theorem. 

461* If we substitute for x in the several functions h :=. — oo 
and A' = -)- oo, successively, we shall determine at once the whole 
number of real roots in the given equation. To ascertain the sign* 
of the functions resulting from these substitutions, we require the 
following principle : 

If in any polynomial involving the descending powers of x, in- 
finity he substituted for x, the sign of the whole expression wHl de- 
pend upon the sign of the first term. 

Let Ax'^+Bxr-'+Cixr-*+Daf^+Ihr-*+.... be the given 
polynomial If a; = oo, then 

^>-+-.+^+-,+...., (1) 

because every term in the second member is less than any assigna- 
ble quantity, or zero, (188, 2). Multiplying both members of (1) 
by cc"*, we have 

^x" > Bx'^^+ aB"^'+ J9x-^*-f-i5'x*-*+ (2) 

That is, when x = oo, the first term of the given polynomial is 
numerically greater than the sum of all the other terms. Henjse 
the sign of the whole will be the same as the sign of the first term. 
463* In the application of Sturm's Theorem, we may always 
suppress any numerical factor in any of the functions X,, jf?, i?|, 
etc. ; for this will not a£fect the sign of the result. 

1. Given the equation x* — 3x* — 12x-|-24 = 0, to find the num 
ber and situation of the real roots. 

Suppressing monomial factors, we have for the several functionsj 

X = X* — 3x* — 12x + 24, 

-X:, = X* — 2x — 4, 

R = X — 2, 

/?, «= 4, 
86* 
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Substituting in these fiinctions a; = — oo and x =-j-qo succes- 
sivelj, we obtain the following results, in respect to signs : 

(x7=z — 00, — + — +>8 variations. 

U = + oo, + + + +, _0^ « 

Hence, the giyen equation has 3 real roots. 

Since the signs in the given equation present two variations and 
one permanence, two of the roots must be positive, and the other 
negative, (446). To ascertain the situation of the positive roots, 
let us substitute in the functions, a; = 0, a; = 1, x = 2, etc., sue- 
lively, noting the variations of signs in the results. 
x = 0, signs, + — — 
+ 

For < :-;' « Z Z + 
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Since one variation is lost in passing from a; = 1 to x = 2, and ona 
also in passing from a; = 4 to x = 5, one positive root must be situ- 
ated between 1 and 2, and the other between 4 and 5. 

To ascertain the situation of the negative root, substitute a; = 0, 
X = — ^1, X = — 2, etc. ; the signs are as follows : 

xz= 0, signs, + — — +,2 variations. 

a; = -l, « + +,2 « 

For <( a; = ^2, " -f. -|- — 

x = -3, " + + - 
x = -4, " - + - 

Hence, the negative root is situated between — 3 and — 4. The 
initial fibres of the several roots will be 1, 4, and — 3. 

2. Given the equation, x*—2x* — 7a;*+10x+10 = 0, to find the 
number and situation of its real roots. 
In this example, we have 
X = X*— 2x»— 7a;«+10x+10, X, = 2x*— 3x*— 7x+5, 
R = 17x'— 23x— 45, R^ = 152x— 305, R^ = 524785. 
Let X = — oo; we have + — + — +,4 variations. 
« x = +oo; " " + + + + +, « 
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Hence, the roots are all real. And since the signs of the given 
equation give 2 yariations and 2 permanences, two of the roots are 
positive and two are negative. To find the situation of the roots, 

+ + 

+ + + + 
— + + - 
+ - 

+ - + - 

Hence, there aro two roots situated between 2 and 3, one between 
and — 1, and one between — 2 and — 3. 

We wish now to find limits which will separate the two roots that 
lie between 2 and 3. Let us transform the given equation into 
another whose roots shall be less hy 2. By (443), the operation 
will be as follows : 

1 —2 —7 +10 +10(2 
+2 -14 — 8 
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The transformed equation is therefore 

F=:yM.6/+5y— lOy+2 = 0. 

Now since the two positive roots of the original equation are found 
between 2 and 3, the two corresponding roots of the transformed 
equation must lie between and 1. The situation of these roots 
may be found from F alone, by trials as follows : 

Substitute y = 0, .1, .2, .S, .4, .6, .6, .7, .8. 

The signs of Fare + + H +. 
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EXAMPLES. 



1. Given x*— 2x* — 20x — 40=0, to find the approximate value of as. 

By Storm's Theorem we find that this equation has cnlj one 
real root, the initial figure being 6. We now obtain the decimal 
part^ to 2 pkces, as follows : 



OPERATION. 



—2 
6 

6 


—20 
24 

-H 

60 
<i> 64 
8.24 


— 40J6.28 
24 

(I) —16 
13.448 


10 
6 


») —2.552 


' 16 
0.2 


67.24 
8.28 




16.2 
.2 


«> 70.62 




16.4 
.2 





«> 16.6 

Explanation. — ^We first transform the given equation into an- 
other whose roots arc less by 6, using the method of Synthetic Di- 
vision, explained in (443). The coefficients of the transformed 
equation are 16, 64 and — 16, marked (1) in the operation. Divid- 
ing the absolute term — 16, taken with the contrary sign, by the 
penultimate coefficient 64, we obtain .2, the next figure of the root. 

We next transform the equation whose coefficients are marked (1), 
into another whose roots are less by .2, the resulting coefficients be- 
ing marked (2). Dividing 2.652 by 70.52, we obtain .03, the next 
figure of the root. The operation may thus be continued till the 
root is obtained to any required degree of accuracy. 

2. Given a:*+x»— 30x"— 20x— 20 r^ 0, to find one value of x. 

By Sturm's Theorem^ we find the initial figures of the two real 



hobner's method. 
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roots to be 5 and — 5. Changing the signs of the alternate terma 
of the equation, we obtain the decimal part of the negative root, hj 
tho following 



rv. 

-1 

6 

+4 
5 

9 
5 

14 
5 

' 19.0 

0.7 

19.7 

J_ 

20.4 

21.1 

J_ 

<«■ 21.8 



m. 

—30 

20 

—10 
45 

+35 

70 

<«> l05.00 
13.79 • 

118.79 
14.28 



OPEBATIOM. 
IL 

+ 20 

— 50 

— ~30" 
175 

<»>+145.000 
83.153 



133.07 

14.77 

<»> 147.84 

M 

148.49 

M 

149.14 
.&5_ 

<»> 150. 
<4) 2 



— 201 5.731574 
—150 



(1). 



(»). 



228.153 
93.149 


<«> 321.302 
4.455 


325.757 

4.474 


<»> 330.23 
.15 


830.38 
.15 


"> 330.5 
.1 

330.6 
.1 


<»> 331. 
<•> 33 



-170.0000 

159.7071 

- 10.2929 

9.7727 

<«— .52^2 
.3304 

<4)— .1898 
.1653 



<»^— 245 
232 

(6). 



-13 




Ans. —5.731674. 

Explanation. — We proceed as in the preceding example till we 
obtain the terras marked (2), in the operation. Dividing 10.2929 by 
321.302, we obtain .03 for the next figure of the root. 

At this point we commence to apply decimal contractions, accord 
ing to the principles employed in the contracted method of cube 
root; (343). Let it be observed, that each contracted term in 
the operation contains one redundant figure at the right. 
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Commencing with column IV, we have 21.8 X -03 = .65, which 
added to column III gives 148.49. Then 148.49x03 = 4.455, 
which added to column II gives 325.757. Then 325.757 X.03 = 
9.7727, which added to column I gives — .5202. Again adding .65 
to column III, we have 149.14. Then 149.14x03 = 4.474, which 
added to colunn U gives 330.23, after dropping one place. Again, 
adding .65 to column III gives 150 after dropping two places. In 
liVe maLnor we continue till the work is finished. 

NoTF- - Observe, as a general rule, to contract the several columns, for 
each po?*. figure, as follows: — Column I, phMse; column II, 1 place; 
coluno III, 2 places ; column IV, 3 places ; and so on. 

Find the real roots of the following equations : 

3. ^•+2aj'— 23aj— 70 = 0. Am^ 5.1345787253. 

Am. 3.7387936782. 

Am. 7.6172797559. 



4. «•— ^•+70a;— 300 = 0. 

5. x'+o;'— 500 = 0. 

6. «■— X* — 40x+108 = 0. 

7. «•— 4a;«— 24x+48 = 0. 

8. ««+«•+ x«— ac— 500 = 0. 



{3.3792053825, 
4.5875369541, 
—6.9667413367. 

1.7191292611, 

6.5461457261, 

—4.2652749871. 



Am. 



An$. 



( 4.46i 
t —4.92! 

( 

9. ^— 9«*— llx«— 20a;+4 = 0. An$. j ^^' 

10. «•— 12x«+12a>— 8 = 0. 



4604168201, 
.9296646474. 

1796840250, 
2586086356. 



Aru. 



2.8580833082, 
.6060183069, 
.4432769396, 
—3.9073785547. 



^—3.06.53157913, 

.6915762805, 

.1756747993, 

I .8795087084, 

V 3.0530581627. 
NOT/. —Full solutioM of the examples above maj be found in the Kej. 



11. «•— 10x«+6x+l = 0. 



i^— 3.0 

U.6 
Ans. / — .1 
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